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Abstract: The chromatic index of a graph
denotes the number of colors needed for such
a coloring of this graph, that no two adja-
cent edges are colored with the use of the
same color. The value of this graph property
is commonly used in several real-world prob-
lems, such as the determination of the num-
ber of time slots for traffic lights placed in the
intersection system, or the allocation of reg-
isters to variables in the compilation of code.
Since the problem of chromatic index identifi-
cation is NP-complete, the conventional com-
puting methods are of high time complexity.
This motivated the recent use of machine and
deep learning models for the approximate de-
termination of the value of the graph prop-
erty. In this study, the Kolmogorov-Arnold
Network is designed, implemented, and exper-
imentally evaluated in the context of the se-
lected task. This model has been utilized for
its high decision-making quality and strong in-
terpretability, which are both explored in the
presented work through conventional classifica-
tion metrics such as accuracy and precision and
through means of visualization and symbolic
approach to the interpretation of the decision-
making process.
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1. INTRODUCTION

RAPHICAL structures and problems defined
G on them are widely used in several com-
puter science and interdisciplinary applications,
while all of them are based on the represen-
tation of the state space of the problem via a
graph G such that [16]:

G=(V,E),ECV? (1)

where V' denotes a set of vertices intercon-
nected using a set of edges F.

The specific graph problem arising in vari-
ous areas, from transportation to register allo-
cation, is the problem of proper edge coloring
of a graph. This type of edge coloring can be
described as a task of assignment of colors to
the edges of a graph in such a way, that no two
edges, incident to the same vertex, are colored
with the use of the same color [27]. The num-
ber of colors needed for proper edge coloring of
a graph G is determined by the so-called chro-
matic index of a graph, denoted by \'(G) for
which Vizing's theorem specifies [27]:

A(G) <X'(G) < A(G) +1 (2)

where A(G) is the highest degree of a graph G,
meaning the highest number of edges incident
to one of the vertices of the graph.

This work focuses strictly on cubic graphs,
where A(G) = 3. Therefore the value of 3 <
X'(G) < 4 is relevant, where cubic graphs with
X'(G) = 3 are called standard 3-edge colorable
cubic graphs and those with x/(G) = 4 can
be called either 3-edge uncolorable graphs or
snarks. Even with this constraint, the problem
of proper edge coloring of a graph remains N P-
complete.



Conventional methods for the determina-
tion of the chromatic index value of a graph
are computationally expensive, which is natu-
ral due to the NP-completeness of the problem
[20]. This computational complexity led to the
use of machine and deep learning methods for
the solution of the task, similar to the problems
from other areas of interest, eg. transportation
[14, 22] or mycology [5] where the time and
computational complexity are of the essence.

The main objective of the work is the uti-
lization of Kolmogorov-Arnold Networks as a
classifier for the identification of the chromatic
index of a cubic graph. Even though other clas-
sification approaches, such as Support Vector
Machines, Decision Trees and Random Forests,
or Multilayer Perceptron Networks were used in
the studied problem, the proposed Kolmogorov-
Arnold Network-based model presents a more
complex, yet more interpretable solution to the
approximation of the chromatic index values
[18, 19].

Hence, the novelty of the work can be sum-
marized into the following three points:

= Proposal of Kolmogorov-Arnold Network-
based approach to unambiguous identifi-
cation of the chromatic index of the cubic
graph through the classification process.

= Identification of cubic graph properties
relevant to the decision-making of the
proposed network model.

» Interpretation of the decision-making of
the created network model through visu-
alization and symbolic representation ap-
proaches.

The body of this study is structured as fol-
lows — Section 2 presents a brief overview of
conventional methods used in edge coloring of
cubic graphs, utilization of machine and deep
learning models in graph property value esti-
mation, and summarization of results of our
previous work focused on the use of prediction
models in the context of identification of cu-
bic graph’'s chromatic index value. In Section
3 the original cubic graph property dataset is
introduced and described. This dataset is then
used for the training and testing procedures of
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Kolmogorov-Arnold Network described in Sec-
tion 4. Lastly, the main results of the study and
potential future work areas are summarized in
Section 5.

2. RELATED WORKS

Since the work presented in this study is fo-
cused on the use of machine learning models
for the estimation of the value of graph proper-
ties, in this section, we offer a brief description
of focal points and results in the area of mod-
ern graph theory applications, incorporation of
the machine and deep learning approaches to
the determination of graph property values, and
overview of previous results in the area of chro-
matic index identification with the use of pre-
dictive analysis methods.

The concepts from the area of graph theory
are commonly used as a component of several
real-world problems — from geospatial sciences,
to blockchain technology, and medical sciences.

Specifically, the work described in [13] high-
lights the role of graph theory in various as-
pects of geospatial sciences, such as transporta-
tion, urban planning, environmental manage-
ment, and disaster studies. Research presented
in this work emphasizes the potential of graph
theory for innovative spatial analytics, including
digital twin technology, and links these applica-
tions to internationally set policies.

On the other hand, in [7], authors uti-
lize graph theory concepts to model and an-
alyze blockchain networks, focusing on decen-
tralization, security, privacy, and scalability.
The study uses a graphical representation of
blockchains and their properties to provide in-
sights into the structure of the systems, their
properties and disadvantageous points.

In [15] the main focus is put on the explo-
ration of the use of graph theory as a valuable
tool in liver research, facilitating advancements
in the detection, treatment, and understanding
of liver diseases by analyzing complex interac-
tions across various organizational levels.

The machine and deep learning methods are
applied in a number of modern approaches to
graph theory problems.

Among others, the study [1] addresses the
register allocation problem, a critical phase in



compiler optimization commonly solved using
graph coloring, where the number of needed
registers corresponds to the number of col-
ors needed for proper vertex coloring of the
graph. This study focuses on the lack of suit-
able datasets for machine learning approaches
by developing a code interference graph gener-
ator and creating the first dataset for training
machine learning models in this domain. With
the use of this dataset, authors build machine
learning models to explore novel register allo-
cation strategies and refine conventional tech-
niques.

In [11] authors design and implement a
graph convolutional network model as the sur-
rogate for the greedy algorithm of computation
of the zero-forcing sets in graphs — a color-
ing problem with applications in network sci-
ence and control systems. The main benefit
of the presented work lies in the addition of
natural scalability, when compared to the tra-
ditional heuristic-based method, thus achieving
significant speed improvements over the base-
line heuristic approaches.

The use of machine and deep learning mod-
els in chromatic index identification has been
explored to some depth in our previous works,
mainly [2, 3, 4]. Hence, as a last part of
the works related to the presented article, we
present a brief overview of the focuses and re-
sults reached in these studies.

The first of these works [2] focuses on the
design and gathering of datasets of graph prop-
erties suitable for machine learning tasks and
the building of decision tree models for effective
identification of chromatic index value. The
most significant contribution of this work lies in
the creation of a small graph property dataset
for machine learning purposes, which was ex-
perimentally verified via the construction of de-
cision tree models.

In [4] the main objective concerns the appli-
cation of an interpretable random forest ensem-
ble method to analyze the edge 3-colorability of
cubic graphs and identify critical graph proper-
ties influencing this edge colorability, and there-
fore chromatic index value. A random forest
model trained on the data presented in the pre-
viously mentioned work achieves the accuracy
of classification of 97.35% while the utilization
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of the Shapley value method highlights the im-
portance of individual graph properties in the
process of supervised learning.

Finally, the research [3] explores the effec-
tiveness of various machine learning-based clas-
sification models in the problem relevant to
this study and presents an in-depth compara-
tive analysis of their qualitative and explaina-
tive properties.

Even though the results of these works are
relatively satisfactory, there are two aspects of
the approach, which need to be improved upon:

= The size of the training and testing
dataset used in the previous studies was
limiting for proper generalization of the
edge-coloring properties.

= The quality and interpretability of the
models offered only constrained decision-
making guidelines to replace conventional
models for the identification of chromatic
index value.

Both of these problems create the focus
of the presented Kolmogorov-Arnold Network-
based apporach to the task of chromatic index
value determination.

3. CuBiCc GRAPH PROPERTY DATASET
FOR MACHINE LEARNING MODELS

As mentioned briefly in Section 2, as a part of
our previous work presented in [2, 3, 4] the cu-
bic graph property dataset of limited size was
created. Specifically, this dataset uses 27 struc-
tural and algebraic graph properties to describe
2,000 cubic graphs distributed equally between
standard 3-edge colorable cubic graphs with
X' = 3 and 3-edge uncolorable cubic graphs
having X’ = 4. The dataset has been collected
using the House of Graphs portal [9] in combi-
nation with the Graph Filter [6] and Sage Math
[26] tools.

Other than the limited size of the dataset,
some of the measured graph properties were re-
dundant, which resulted in the model either not
using these properties at all, or using them and
reducing its decision-making quality (eg. the
time of the training process was significantly
increased). Therefore, this dataset served the



feature selection purposes for future sets of
data.

These disadvantages of the datasets and
tools used in the previous work motivated the
design and implementation of the original graph
property data generator based on the Python
language. With the use of this generator, a
set of graph property datasets consisting of one
main dataset of a million graphs and its four
subdatasets of various sizes and distributions
was created [24]. For the training and testing
of the Kolmogorov-Arnold Network, the main
of these datasets which consists of 13 attributes
and 1,000,000 graphs in equal distribution be-
tween the standard cubic graphs and snarks is
used. The attributes of this dataset include the
following graph properties:

= The number of vertices of a graph.

= The smallest eigenvalue of the adjacency
matrix of a graph.

= The matching number of a graph.

= The second largest eigenvalue of the ad-
jacency matrix of a graph.

= The radius of a graph.

= The diameter of a graph.

» The girth of a graph.

= The group size of a graph.

= The vertex connectivity of a graph.
= The density of a graph.

» The largest eigenvalue of the adjacency
matrix of a graph.

= The independence number of a graph.

= The chromatic index of a graph.

From the point of view of supervised learn-
ing, the first 12 attributes represent input data
for the designed model and, naturally, the chro-
matic index is considered the output data value
from the approximation task. The distribution
of values of these attributes in the dataset is
described in Figure 1.
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4. APPLICATION OF
KOLMOGOROV-ARNOLD NETWORKS IN
THE IDENTIFICATION OF CHROMATIC

INDEX OF CUBIC GRAPHS

Since this study focuses on the application of
machine learning principles in the identification
of the chromatic index of cubic graphs based on
their simply computable properties, the main
process of the presented work consists of the
following:

= Splitting the labelled graph property data
described above into training and testing
samples in the ratio of 80 : 20.

= Training procedure, in which the function
for the classification of a graph described
by its properties into one of two consid-
ered classes is approximated. For the se-
lected problem, we consider the class of
standard cubic graphs and the class of
snarks.

= Testing procedure for evaluation of the
quality of the decision-making done by
the model created in the training proce-
dure.

= Interpretation of the results using visual-
ization methods and symbolic represen-
tation of the created model.

As mentioned above, for this work an al-
ternative to Multilayer Perceptron Networks
— Kolmogorov-Arnold Networks — are consid-
ered as the main classifier. The main reason
for the utilization of this type of model is its
strong interpretability features, namely its abil-
ity to identify relevant features, reveal modular
structures, and discover symbolic formulas [19].
This interpretability is caused by the fact that
the Kolmogorov-Arnold Networks are based on
the generalized Kolmogorov-Arnold representa-
tion theorem [17], which consists of univariate
functions with learnable coefficients of local B-
spline basis functions [18].

The proposed approach is implemented in
Python language with the use of pandas,
numpy, torch, sklearn, matplotlib, and kan
packages on the Intel i7 10700F processor with
32 GB of RAM.
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Figure 1: Visualization of the key values in the attributes of the used graph property dataset

4.1 Evaluation of Quality of the Proposed
Model in Chromatic Index Identification

A well-known problem in the design and im-
plementation of any neural network model is
the definition of its structure and setting of the
so-called hyperparameters of the model. Other
than the number of layers of the network and
the number of neurons in these layers, various
activation functions often produce vastly differ-
ent results. However, Kolmogorov-Arnold Net-
works are not dependent on user-defined activa-
tion functions, and instead, learn their own ac-
tivation functions from the training data sam-
ple, which simplifies the hyperparameter tuning
process slightly [19].

Therefore, in this work, the following struc-
tural properties and hyperparameter values are
tuned [25]:

= Structure of the network — consists of
the number of layers and the number of
neurons in individual layers of the pro-
posed neural network. This structure
for a network of [ layers is denoted by
[n1,ng, ..., ng], where n; is the number of
neurons in the i-th layer of the network.
Since the dataset used in this work con-
tains 12 input attributes and two output
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classes, the number of neurons for the in-
put and output layers is set accordingly.
The tuning process itself, therefore, con-
cerns the structuring of hidden layers of
the network.

= The number of grid points — determines
the level of the input domain discretiza-
tion.

= Piecewise polynomial order — the degree
of the polynomials used in each piece of
the partition.

= Optimizer — the optimization algorithm
used in the training process.

= The number of steps — the total number
of iterations in the process of training of
the network.

= Learning rate — the size of the step used
by the selected optimizer when updating
model parameters in the function approx-
imation process.

For chromatic index identification several
network structure and hyperparameter config-
urations were examined. Table 1 presents five



Table 1: Description of individual Kolmogorov-Arnold Network models and their hyperparameters

Structure of | Number of PneceW|s_e i Number of .
Model . . polynomial | Optimizer Learning rate
layers grid points steps
order
model; [12, 6, 2] 3 5 Adam 100 0.05
modely | [12, 8 ,4, 2] 5 5 Adam 100 0.05
model; | [12, 6, 3, 2] 5 3 Adam 200 0.05
model, 12,6, 3,2 5 3 Adam 100 0.01
models 12,6, 3,2 5 3 LBFGS 100 0.01

of the considered model configurations, which
reached the highest quality results.

Each of the models presented in Table 1
was applied to the conventional training and
testing processes and for each of the models the
following quality metrics were measured [8]:

» Accuracy of the model (A) — the pro-
portion of correct predictions among to-
tal predictions. For two classes (C; and
() the accuracy of a model is computed
as:

A= nc(cl) + nc(CQ)

nc(C1) + ne(C2) +ni(C1) + ni(Co)

(3)

where n.(C1) denotes the number of cor-
rectly estimated instances of the class (7,
ne(Cs) is the number of correctly esti-
mated instances of the class Cs, n;(Ch)
is the number of incorrectly estimated in-
stances of the class C, and n;(C}) de-
notes the number of incorrectly estimated
instances of the class Cy. Such a notation
is used in all of the measured decision-
making quality metrics.

» Precision of the model (P) — the pro-
portion of correct predictions in individual
classes to the amount of falsely positive
classifications into the other class. The
precision for a class C'7 is computed as:

nc(cl)

Pey = n(C1) + ni(Ch)

(4)

= Recall of the model (R) — the proportion
of correct predictions in individual classes
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to the amount of falsely negative classifi-
cations in another class. The recall for a
class C7 is computed as:

R01 _ nc(Cl )

o TLC(C1) +7’Li(02) (5)

= F1 score of the model (F'1) — computed
as the harmonic mean of precision and
recall metrics:

Flo =2 x Precisionc, x Recallc,

Precisionc, + Recallc,

(6)

= Training time of the model (7') — total
time needed in the training process of the
model, computed as:

#s
T=>t (7)
i=1
where #s denotes the number of steps
used in the training of the model, and ¢;
is the time needed for the computation of
the i-th step of this process.

A summarization of the measured qual-
ity metrics for all of the abovementioned
Kolmogorov-Arnold Networks is presented in
Table 2 and Figure 2. Best results for indi-
vidual metrics are marked with the use of bold
lettering.

Based on the results of the qualitative
analysis of the considered network configura-
tions, the decision-making conducted by the
models can be perceived as the most fitting
for this study. The model consists of two
hidden layers of neurons using pairs of ad-
ditive and multiplicative neurons — the first



Quality of the model

Table 2: Quality metrics of considered Kolmogorov-Arnold Network models

Traini
Model A Pstandard Psnark Rstandard Rsnark Flstandard Flsnark rtimleng
[%] | (%] | [%] | [%] | [%] [%] (%1 | [min]
model; | 81.71 80.26 83.31 84.11 79.31 82.14 81.26 60
models | 97.51 99.26 95.94 95.79 99.29 97.5 97.58 105
models | 97.77 99.14 96.47 96.37 99.16 97.74 97.8 90
modely | 97.81 99.12 96.57 96.48 99.15 97.78 97.84 60
model; | 98.15 99.5 96.87 96.78 99.51 98.12 98.17 60
100 4
80 A
60 -
40 1
20 A
0 m
& &0&\” &oé@\“

Accuracy

Precision (standard)
Precision (snark)
Recall (standard)

mm Recall (snark)

F1 score (standard)
F1 score (snark)

Figure 2: Quality metrics of considered Kolmogorov-Arnold Network models
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of the hidden layers is composed of six pairs
of such neurons, while the second contains
three pairs of neurons. The Limited-memory
Broyden—Fletcher—Goldfarb—Shanno algorithm
(LBFGS) [12] is utilized for the optimization in
the process of learning, while having 100 steps
in training, each with a learning rate of 0.01.
Regarding the quality of the model, the
accuracy, precision, recall, and F1 score of
the models is comparable to, or marginally
higher, than other complex machine learn-
ing approaches used for the chromatic in-
dex value identification in cubic graphs, like
Multilayer Perceptron Networks or Random
Forest [3]. However, the strong advantage
of the Kolmogorov-Arnold Network-based ap-
proach to the problem is its inherent inter-
pretability and explainability.
4.2 Interpretability of the Proposed Model in
Chromatic Index Identification

Even though large and complex machine learn-
ing models reach a high quality of decision-
making, the problem of interpreting these de-
cisions is often of great significance to human
experts and analysts. The lack of such an inter-
pretation of the decision-making leads to lack-
ing description of the problem’s state space,
and therefore, new knowledge is hard to obtain
from these models. The area of interpretabil-
ity of machine learning approaches consists of a
large number of methods and algorithms, which
can be used to explain various aspects of auto-
mated decision-making processes based on ar-
tificial intelligence [23].

In the context of Kolmogorov-Arnold Net-
works, the natural interpretability is one of the
model’s strong advantages, implemented in the
form of [19]:

= Visualization of the network and strength
of the contribution of individual neurons
to the decision-making process leading to
natural model-based feature selection.

= Possibility of symbolic representation of
the network’s decision-making via gener-
ated, learned decision-making equations.

Figure 3 presents a visualization of the
models network with the input layer being pre-
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sented on the bottom of the visualization and
the output layer on the top. Each of the neu-
rons of the input layer represents of the input
attributes, specifically from the left — the num-
ber of vertices, smallest eigenvalue, matching
number, second largest eigenvalue, radius, di-
ameter, girth, group size, vertex connectivity,
density, largest eigenvalue, and independence
number. The output layer contains two neu-
rons, each for one of the considered classes of
cubic graphs — standard cubic graphs on the
left and snarks on the right.

This visualization of the proposed network
contains highly usable information sought after
in the area of interpretability — the strength of
influence of individual input graph properties
or their subsets on the decisions made by the
model as a whole. Specifically, in Figure 3 the
stronger the influence of the property on the
model, the higher the alpha of the connection
between two neurons. Therefore, the strongest
influence of graph properties on the model is
denoted by the darkest neuron-to-neuron con-
nections. This leads to the possibility of cat-
egorization of input graph properties based on
their influence on the proposed network:

= Strong influence — the number of ver-
tices, second largest eigenvalue, and girth
of the graph.

= Significant influence — smallest eigen-
value, matching number, diameter, den-
sity, and independence number of the

graph.

= Marginal influence — radius, group size,
and vertex connectivity.

= No influence — largest eigenvalue of the
graph.

The strength of the contribution of individ-
ual graph properties is significant for the po-
tential building of less complex models in the
future, where only the properties of strong or
significant influence can be used for decision-
making purposes.

Besides the visualization usable in graph
property selection, the proposed model com-
putes a symbolic representation of the decision-
making process done by the network in the



Figure 3: Visualization of the proposed Kolmogorov-Arnolds Network for chromatic index identifica-
tion (for the better readability of learned activation functions of the model, see Appendix A)
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form of a formula. For a graph G described
by its properties [z1, 9, ...,Z12], this formula
computes a value of decision metric d as noted
in Appendix B. Based on this value, the chro-
matic index x’ of a G can be estimated as fol-
lows:

4,
X' (G) = {3

The value of the threshold for this decision
metric d was determined via exploration of the
data from the dataset used for the training of
the model (see Figure 4). Even though the sym-
bolic formula of the model is complex and con-
tains a large number of elements, its computa-
tional complexity is very low, and therefore, it
is easily usable to compute the chromatic in-
dex of a cubic graph based on the values of its
properties.

if d(G) > —12.0292,
otherwise.

5. CONCLUSION

Since the identification of the chromatic index
of a cubic graph is relevant as a subtask of
several larger complex problems, such as trans-
portation planning, machine scheduling, or reg-
ister allocation, the development of fast and
inexpensive solvers is necessary [10, 21]. This
work focuses on the design and implementa-
tion of the Kolmogorov-Arnold Network-based
method for the identification of the value of
this graph property with a particular emphasis
on the system's quality of decision-making and
interpretability.

The main results of this work include the
proposal of the aforementioned type of neural
network model reaching the accuracy of 98.15%
on the used dataset of 1,000,000 cubic graphs,
identification of cubic graph properties relevant
to the decision-making of the proposed net-
work model, and interpretation of the decision-
making of the created network model through
visualization and symbolic representation ap-
proaches. This symbolic representation offers a
solution to the problem of identification of the
chromatic index of a cubic graph with the need
for minimal computational costs — memory-
and time-wise. Specifically, the time of com-
putation of the symbolically represented net-
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work created in this work takes approximately
10% of the time necessary for other, more con-
ventional, approaches to the problem (such as
chromatic index identification heuristics).

Regarding future work, there are three main
areas, which need to be explored for a poten-
tial improvement of the results reached in this
study:

= Since this work focuses on the identifi-
cation of the chromatic index of strictly
cubic graphs, in the future this task needs
to be generalized to the graphs of any size
and degree of vertices.

= Kolmogorov-Arnold Networks are noto-
riously well adapted for their pruning
and building of small models, which can
be trained fast and still maintain their
decision-making quality and interpretabil-
ity. Such pruning would be fitting for the
model in order to reduce the computa-
tional complexity of the produced sym-
bolic representation of the network even
further.

= Lastly, the employment of the proposed
system in the context of real-world prob-
lems is needed in the future. Mainly the
scheduling of traffic light patterns in in-
tersection systems of urban areas neces-
sitates the use of a similar system.

DATA AND CODE AVAILABILITY

The data used in the experiments presented in
this work are freely available under Create Com-
mons Attribution 4.0 International License in
the following repository:
https://gitfront.io/r/bmodrovicova/
nujnQqs7C9bp/SnarkGenerator/

The code for the proposed Kolmogorov-
Arnold Network is available at:
https://github.com/bibisvk/KAN



APPENDIX A: LEARNED ACTIVATION FUNCTIONS OF THE PROPOSED
KOLMOGOROV-ARNOLD NETWORK

Since activation functions of the Kolmogorov-Arnold Network are not set by a user, but instead, are
learned from data, Figure 5 presents activation functions learned by the network with the highest
decision-making quality described in Section 4.1. This figure contains only those activation functions,
graph properties, and neurons of the network, which contributed to the decision-making process of
identification of cubic graph chromatic index.

The proposed network consists of two hidden layers of neurons — the first of six pairs and the
second of three. Therefore, in Figure 5, these neurons are denoted simply by the numbers 1-6 for the
neurons of the first hidden layer from left to right and by 7-9 for the neurons of the second hidden
layer.
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Figure 5: Activation functions between (a) the input layer and the first hidden layer, (b) the first
and the second hidden layer, (c) the second hidden layer and output layer of the proposed network
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APPENDIX B: SYMBOLIC REPRESENTATION OF THE PROPOSED KOLMOGOROV-ARNOLD
NETWORK

The proposed Kolmogorov-Arnold Network can be written symbolically in the form of the formula
presented on the following pages. It is important to note, that the formula utilizes all 12 input graph
properties (coded into z1,x2,...,z12 in the order specified above) and is based on simple arith-
metic operations on functions of low computational complexity, such as sinus or exponential function.

dz1,x2,...,z12] = 0.0107095266773318 * z; + 0.205407675711068 = x10 — 0.242535025206612 * x12 —
3.85891316097653 * x> + 0.0229479383564535 * x3 — 10.4837526362644 * x4 — 47.678909902052 * x6 —
0.227666069893135 * x5 + 1256.13758131579 * (0.0949923110198147 — x6) * *2 — 5.22791701938276 * sqri(l —
0.0277508375039543 * 1) + 0.938824018333019 * (1 — 0.251976060154688 * x7) * *2 + 0.0220615816233658 * (1 —
0.761163582712494 * xg9) * %2 — 2.18324837685857 * (1 — 0.415002474199746 * z9) * 2 — 6.69533749999619¢ —
8 % exp(3.87999963760376 * x11) — 8.20252752349714e — 7 x exp(4.0479998588562 * x11) + 0.722986264912735 *
erp(0.1872798204422 * x9) — 0.000343120202141907 * exp(0.869759798049927 x x9) + 810998.515851917 x
exp(—0.217508074538778 x x1 — 0.0777717749532465 * 10 — 0.171460502731447 * z12 — 1.0177368606997 *
o — 0.0518738074314326 % x4 — 71.9600432616145 x x6 — 0.0412249592387055 * exp(0.869759798049927  xg) +
0.137130454056456 * sin(6.98776006698608  x3 — 6.02040004730225) —0.214402511897815 * sin(9.59679985046387
x5 —1.18351984024048) +0.179022479707269 * sin(5.208640098571 78 x 17 — 8.23416042327881) 4 3.5706993480165 *
$1n(3.10967993736267 * x5 — 6.21591949462891)) + 0.0270585469243417 * exp(—0.0758680214659809 * 210 +
0.0166777460135076 * x12 + 0.616987674080374 * x> + 0.00306169428553416 * w3 + 0.448459029647388 * x4 +
0.00851199068506341 * xg — 795.312133623488 * (0.0949923110198147 — x¢6) * *2 + 3.31000831512147 * sqrt(1 —
0.0277508375039543 * x1) + 1.38230393760736 * (1 — 0.415002474199746 * x9) * *2 + 0.0953550300214872 x*
5in(2.44479990005493 * =5 + 6.20807981491089) — 1.08828319852829 = sin(4.23672008514404 * z7 +
8.25799942016602)) + 0.112397667819086 * exp(0.0846979957553083 * x12 + 0.991672524366427 * xz2 +
16.4511034308287 * x¢ + 0.0794403354256281 * xs + 3.04175824992699¢ — 7 * exp(4.0479998588562 * x11) —
1.24447809117906 * sin(8.00008010864258 x z1 — 7.80599975585938) + 0.109579705408338  sin(7.22832012176514 *
210 — 7.79504013061523) — 2.18611613683477 * sin(4.73056030273438 * x4 — 2.00808000564575) —
0.090498896259128* sin(8.01175975799561 * x5+ 6.74535989761353) —0.696572994290733 * sin(1.77279961109161 %
x7 + 8.70903968811035) — 0.086369729858581 = sin(9.03264045715332 * x9 — 3.13176012039185) —
6.21403559611692 * exp(—0.134959861636162 * x3)) + 0.585080807839796 * sin(3.79584002494812 * x; —
2.264240026474) + 3.35590962744342 * sin(8.00008010864258 * z1 — 7.80599975585938) — 0.295497036837222 *
sin(7.22832012176514 % x10 — 7.79504013061523) — 0.0104218321340591 * sin(7.82839965820313 * x10 —
9.58400058746338) +0.00114135295666917 * sin(6.98776006698608 * 23 — 6.02040004730225) + 5.89516861912969
sin(4.73056030273438 * x4 — 2.00808000564575) — 0.150606323874081 = sin(2.44479990005493 * x5 +
6.20807981491089) — 0.245980648028537 * sin(7.16328001022339 x x5 — 8.83207988739014) + 0.244042960162737 *
sin(8.01175975799561 * x5 + 6.74535989761353) — 0.0144349445001026 * sin(8.03687953948975 * w5 +
5.62815999984741) — 0.00178449741565884  sin(9.59679985046387 x x5 — 1.18351984024048) + 1.878406726 74487 *
stn(1.77279961109161 * x7 + 8.70903968811035) + 1.71886403713931 = sin(4.23672008514404 * =7 +
8.25799942016602)+0.00149002523130288* sin(5.20864009857178xx7 —8.23416042327881) —0.0290301723586934 *
5in(8.40824031829834 * =z + 6.96704006195068) + 0.0297193521765595 * sin(3.10967993736267 * xs —
6.21591949462891) — 7.42675299615256 * sin(3.12784004211426 * x5 + 9.43072032928467) — 0.415405447047944 «
sin(3.1560001373291 * xs + 9.41520023345947) + 0.232908084125038 = sin(9.03264045715332 * xzg —
3.13176012039185) — 78.8442748124012 * sin(0.00694879640191669 * x10 + 0.0131942323054101 * x12 +
0.0131930057259315 * 3 — 0.172337413153575 * x4 + 0.039533069963014 * (1 — 0.664667507905802 * xg) * *2 —
0.897729475278538* sin(7.89584016799927 * x1 —4.44848012924194) —0.020820681266116 * sin(6.32735967636108 *
z2 + 9.20287990570068) + 0.0143079907340962 = sin(4.83655977249146 =+ x5 -+ 0.801280200481415) +
36.8906728260918+ sin(7.04695987701416 x 26 — 2.20424008369446) — 0.0334293809610244 * sin (1.44383955001831 *
x7 — 9.16384029388428) + 0.194241510160737 =* sin(9.43496036529541 * x5 — 6.31999969482422) +
32.1313612589991) + 0.0641252600281076 * sin(0.0403308117073846 * 10 + 0.0765793193460391 * z12 +
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0.0765722002792057 * x3 — 1.00024628122899 * x4 + 0.229449923220285 * (1 — 0.664667507905802 * xg) * *2 —
5.21042153741058 * sin(7.89584016799927 * x1 — 4.44848012924194) — 0.120843226250171 * sin(6.32735967636108 *
2249.20287990570068)+0.083043572847906+sin(4.83655977249146%15+0.801280200481415)+214.113451229834
stn(7.04695987701416 * x¢ — 2.20424008369446) — 0.194024114544732 = sin(1.44383955001831 * a7 —
9.16384029388428) + 1.12737765203336 * sin(9.43496036529541 x xgs — 6.31999969482422) + 228.428914196474) —
59.9744453430176 * sin(—0.00094571205746334 * 21 + 0.00154504134328363 * 210 — 0.00402434411662292 * 12 —
0.036542677034809 * z2 — 0.000854101907711542 * x3 — 0.144137536093254 * x4 — 0.677105061808072 * z¢ —
0.0030345435733246 * xs + 0.0168221380114972 * (1 — 0.251976060154688 * x7) * %2 — 0.00166646301593138 * (1 —
0.761163582712494 x x9) * %2 4+ 5.05744896871084e — 9 * exp(3.87999963760376 * x11) — 1.16192207641979¢ —
8 * exp(4.0479998588562 * x11) + 0.0129546906462557 * exp(0.1872798204422 * x9) + 114663886.316496 x*
exrp(—0.318181224950382 x 1 — 0.113768275838319 * x10 — 0.250820632316221 * z12 — 1.48879420546227 *
o — 0.0758834890445911 * x4 — 105.266596474702 x 6 — 0.0603058440791922 * exp(0.869759798049927  xg) +
0.20060099351349 * sin(6.98776006698608 * 2:3 — 6.02040004730225) — 0.313638259235859 * sin(9.59679985046387 *
x5—1.18351984024048) +0.261882654277088 x sin(5.208640098571 78 x 17 —8.23416042327881) +5.22338995869723 %
51n(3.10967993736267 * xz — 6.21591949462891)) + 0.0104836581778504 * sin(3.79584002494812 * z; —
2.264240026474) +0.0475378530754842 * sin(8.00008010864258  z1 — 7.80599975585938) — 0.00418583820211817 *
sin(7.22832012176514 * 210 — 7.79504013061523) + 0.000787232670175394 * sin(7.82839965820313 * x10 —
9.58400058746338)+0.0835075108637195% sin(4.73056030273438+ x4 —2.00808000564575) —0.00440755703783642 %
sin(7.16328001022339 * x5 — 8.83207988739014) + 0.0034569698449122 * sin(8.01175975799561 * x5 +
6.74535989761353)+0.00109037065234551 % sin(8.03687953948975* x5 +5.62815999984741)+0.0266084111031396
stn(1.77279961109161 * x7 + 8.70903968811035) + 0.00219284860930544 * sin(8.40824031829834 * x7 +
6.96704006195068) — 0.133074848362329 * sin(3.12784004211426 * x5 +9.43072032928467) + 0.0313784308822473 *
stn(3.1560001373291 * xs + 9.41520023345947) + 0.0032992397032048 = sin(9.03264045715332 * x9 —
3.13176012039185) — 0.336378643873537 * sin(—0.078974928336364 * 10 + 0.0173607241994499 * z:2 +
0.642254225210899 * 2 + 0.0031870751617839 * x3 + 0.466824085350357 * x4 + 0.00886056920113713 * xg —
827.881333192793 * (0.0949923110198147 — xz¢) * *2 + 3.44555801546376 * sqrt(1 — 0.0277508375039543 * x1) +
1.43891131338604 = (1 — 0.415002474199746 * x9) * %2 + 0.0992599585035379 * sin(2.44479990005493 * x5 +
6.20807981491089) — 1.13284999335299 * sin(4.23672008514404 * z7 + 8.25799942016602) + 0.45002265715685) +
1.5674624356659 * sin(0.00694879640191669 * 10 + 0.0131942323054101 * z12 + 0.0131930057259315 * x5 —
0.172337413153575 * x4 + 0.039533069963014 * (1 — 0.664667507905802 * x9) * *x2 — 0.897729475278538
sin(7.89584016799927 * x1 — 4.44848012924194) — 0.020820681266116 = sin(6.32735967636108 * x2 +
9.20287990570068) +0.0143079907340962 * sin(4.83655977249146 * x5 + 0.801280200481415) + 36.8906728260918 *
sin(7.04695987701416 * xg — 2.20424008369446) — 0.0334293809610244 * sin(1.44383955001831 * xz7 —
9.16384029388428) + 0.194241510160737 * sin(9.43496036529541 * zg — 6.31999969482422) + 47.8624017367518) +
0.0742629432676223 % Abs(6.26327991485596 * x¢ — 0.604319930076599) + 10.8645145102936 +0.237370117857327 *
exrp(—0.134959861636162 * x3)) — 0.983134920383671 % Abs(6.26327991485596 x z¢ — 0.604319930076599) +
150.618786570519 + 16.757018086616 * exp(—0.134959861636162 * x3)
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