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Abstract: Fuzzy logic is a popular logical system
used in many applications in real life. The aim of
this article is to briefly explain the basic concepts of
fuzzy sets and fuzzy logic. We define an architecture
of fuzzy logic systems and their parts. In an exam-
ple of an air-conditioning system, we show how
formal definitions of fuzzy logic are represented in
an implementation.

Index Terms: Fuzzy logic, fuzzy sets, fuzzy sys-
tem architecture, air-conditioning

1. INTRODUCTION

AT the beginning of its history, fuzzy logic was
the object of scepticism, because the word

fuzzy was usually used in a pejorative sense. Logi-
cians often underestimated it, but engineers often
used it without considering the logical system of
fuzzy logic. Nowadays, fuzzy logic is a subject
of intensive studies. The word fuzzy corresponds
to what fuzzy theory deals with. It tries to cover
reality in its inaccuracy, uncertainty and imperfec-
tion. In particular, fuzzy logic can add to existing
theories the ability to work with information that
we often tell in natural language or perception-
based information. In real life, we often encounter
vague terms, which we can handle quite well and
intuitively.

Fuzzy logic enables to express some vague
properties of objects using the concept of the truth
degree of some sentence. At present, the systems
based on fuzzy logic are widespread in many
areas, such as regulation, aviation, automotive
systems, and electrical engines of everyday life.

In our paper, we shortly introduce the basic
concepts of fuzzy sets and fuzzy logic. We define
the syntax of fuzzy formulas and their semantics,
where some degree of true in the range 〈0, 1〉 is
stated. Then we show a typical architecture of a
fuzzy system. At the end of our paper, we present
a simple example of an air-conditioning system
that can help the students to comprehend the
principles of fuzzy logic and how they are reflected
in the implementation of the fuzzy systems. Our
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aim is to show how theoretical principles of fuzzy
logic can be implemented on a system.

2. BASIC CONCEPTS OF FUZZY LOGIC

In this section, we present basic notions re-
garding the fuzzy logic that are necessary for the
further work.

2.1. Fuzzy Sets

Fuzzy logic is based on the concepts of fuzzy
sets. Zadeh [10] introduced the theory of fuzzy
sets and fuzzy logic in order to provide a system
for solving various problems in which uncertainty
plays an important role [2]. A fuzzy set can be
considered an extension of classical sets. In a
classical set, an element either belongs to the
set or does not belong. A fuzzy set is a set that
has different membership degrees for elements
of a given set. It can be full membership, partial
membership and even no membership [11]. Partial
membership contains elements that have different
degrees of membership in the set [8]. Membership
levels lie in the interval between 0 and 1 [6].

Suppose we have a set X. A fuzzy subset A of
the set X,

A ⊆∗ X, (1)

is characterized by assigning to each element
x that belongs to the set X (we write as x ∈ X)
its degree of membership in the subset A. For
example, assume we have a set X that denotes
all people and A as a fuzzy set of old people.
Everyone is from a certain age-old, but is a 45-
year-old? It appears from this example that all the
elements of set X, humans, have a certain degree
of ageing, but it is not precisely determined. Fuzzy
logic allows expressing fuzzy terms such as slow,
fast, small, large, heavy, low, tall, medium, etc.
Thus, if we consider the set X as a universe,
we can assign a certain degree of truth to each
element of this set. Let X be a universe, that is,
a set of objects we work with. A fuzzy subset A
of X, A ⊆∗ X, is defined as an ordered pair

A = {(x, µA(x)) : x ∈ X}, (2)

where
• x is an element of A,
• µA : X → 〈0, 1〉 is a function,
• X is a universe, a set of objects we work with.
The fuzzy subset A in a universe X is deter-

mined by a membership function µA. In fuzzy set
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theory, the notation x ∈∗ A is interpreted by using
the membership function in such a way that the
degree of membership of the element x ∈ X
in the fuzzy set A is determined by the value
µA(x). Therefore, we can say that the degree of
membership expresses whether a given element
belongs or does not belong to the set and to what
degree [5].

As mentioned above, fuzzy sets represent lin-
guistic variables such as slow, fast, small, large,
heavy, low, tall, medium, and so on. An element
can be a member of more than one fuzzy set at
a time. Fuzzy set A with a universe X, can be
represented as a set of ordered pairs. Each pair
in a set consists of a generic element x and its
degree of membership. For the element x ∈ X,
we define the degree of membership x in A as
µA(x), where

µA(x) = 1 (3)

means full membership of element x in a set A,
and

µA(x) = 0 (4)

means that x is not a member of A [9].

2.2. Basic Fuzzy Operators

Operations on fuzzy sets are defined using their
membership functions with values in a closed
interval 〈0, 1〉. Assume again, that X is a universe,
A and B are fuzzy sets, where µA and µB are their
membership functions, then the basic operations
on fuzzy sets [3] are:
• Intersection – intersection of fuzzy sets spec-

ifies a set whose elements belong to both
considered fuzzy sets. The degree of mem-
bership is a lower membership value in both
sets of each element, therefore the member-
ship function is defined for x ∈ X as:

µ(A ∩ B)(x) = min{(µA(x), (µB(x)}. (5)

• Union – union of fuzzy sets consists of all
elements that belong to A or B. The degree of
membership will be the greatest membership
value and is defined for x ∈ X as:

µ(A ∪ B)(x) = max{(µA(x), (µB(x)}. (6)

• Complement – complement of fuzzy sets
is denoted as Ā. Complement contains all
elements x ∈ X, which are not in the set A.
The membership function is defined as:

µĀ = 1− µA(x) (7)

2.3. Syntax and Semantics of Fuzzy Logic

The syntaxes of classical propositional logic and
fuzzy propositional logic do not differ. It is defined
by a production rule. The fuzzy formula, which we
will call ϕ, can have one of the following forms:

ϕ ::= p | > | ⊥ | ¬ϕ | ϕ ∨ ψ | ϕ ∧ ψ | ϕ⇒ ψ, (8)

where
• p is an elementary proposition,
• ⊥,> are logical constants,
• ¬ is unary logical connective, negation,
• ∨,∧,⇒ are binary logic connectives, disjunc-

tion and conjunction, respectively,
• ϕ,ψ are formulas,
• (, ) parentheses, auxiliary symbols.
An elementary proposition is a simple sentence

in which it makes sense to ask whether it is true
or not.

In the practical part of this paper, we use input
values as variables and we describe some prop-
erties or relations on them. Therefore we have to
extend the syntax of fuzzy logic by predicates, The
production rule is now as follows:

ϕ ::= p | > | ⊥ | ¬ϕ | ϕ∨ψ | ϕ∧ψ | ϕ⇒ ψ | P (t, ..., t),
(9)

where
• P is a predicate symbol,
• t denotes a term.
Each predicate symbol has defined its arity,

which is a natural number. The predicate P (t) is
an unary predicate with arity 1 and it expresses
the property P for a term t. The predicate P (t1, t2)
is a binary predicate expressing a relation be-
tween the terms t1 and t2. All predicates with
arity at least 2 express relations. Such logic with
predicates is also called relational logic [7].

Terms are defined by:

t ::= x | f(t, . . . , t), (10)

where
• x is a variable,
• f is a function symbol applied to the terms.
The difference between fuzzy logic and classi-

cal propositional logic is in their semantics. The
standard set of truth values of fuzzy logic is the
interval 〈0, 1〉 of real numbers with the ordering
relation ≤. In fuzzy logic, the semantic domain is
called G-algebra and is referred to as:

J0, 1KG (11)

where the index G means Gödel. The evaluation
function v returns a truth degree of fuzzy formula
and it is defined by:

v : Prop→ J0, 1KG, (12)

which assigns to each formula ϕ a degree of truth

v(ϕ) ∈ J0, 1KG. (13)
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We are talking about absolute truth, if v(ϕ) = 1
and absolute false, if v(ϕ) = 0. Generally, for a
fuzzy formula ϕ, we denote its degree of truth as

JϕKG. (14)

Fuzzy formulas are represented as fuzzy sets
and the degree of truth is represented as fuzzy
membership of these sets in a universe.

3. FUZZY LOGIC SYSTEM ARCHITECTURE

In practical applications, properties, relations
and actions are expressed by fuzzy rules. We
introduce them in the first subsection. Then, we
can define the architecture of a simple fuzzy sys-
tem and we describe the process of preparing the
applications.

3.1. Fuzzy Rules

Fuzzy rules form the important parts of defin-
ing practical applications. They describe on
which condition some actions shall be performed.
A fuzzy rule expresses an implication, where
premise of implication describes conditions and
the consequence of implication describes an ac-
tion. In practical application, these implications are
written in the form of if-then rules. A rule has a
form:

IF premise THEN consequence.

where
• the premise is a fuzzy formula expressing

some assumptions. It can often be a com-
plex formula containing predicates and logical
connectives as a conjunction, AND disjunc-
tion, OR or implication, ⇒. A premise is also
referred to as an assumption under which
some action shall be performed;

• consequence is a fuzzy formula express-
ing an action, which shall occur when the
premise of a rule is satisfied, and which action
shall be performed.

Simple examples of the rules can be:

IF (cold) AND (cooling) THEN (heating)

IF (hot) AND (warming) THEN (cooling).

Fuzzy rules describe a problem and provide the
ideas on how to solve the real situations, when the
following conditions are satisfied:
• We would like to control a given process, so

we would like to perform different actions.
• We can define the conditions under which

particular actions shall be performed. The
conditions are defined based on the relevant
area of solved problem, or they are generally
known information. For example, it is summer
and it is warm in the apartment. If the room

temperature is too high, the air-conditioner
will turn on and decrease the temperature.

• Input data (input variables) can be measured,
computed, or observed. For example, input
variables expressing system dynamics can be
derivatives, integrals, temperature, time, and
many others.

• A system should work automatically, i.e. un-
der valid conditions it should perform desired
actions [4].

3.2. Fuzzy Logic Architecture

The fuzzy logic architecture consists of the four
parts illustrated in Fig. 1. We shortly describe
these parts of the architecture.

1) Rule base – it consists of a large number
of if-then rules prepared by experts who
manage decision-making in a fuzzy system.
Also, fuzzy logic formulas appear in the rule
base.

2) Fuzzification – in this part inputs are man-
aged. It allows to process incoming inputs,
which are measured by sensors, observed,
or computed and transformed to fuzzy sets.
These raw inputs are then sent to the control
system for further processing.

3) Control system – this part of the system
makes decisions, it uses if-then rules for the
input data set, and it controls which rule
will apply to a given entry. Subsequently,
the applied rules are combined to determine
the fuzzy value of the output action. So we
can say that it simulates a human reasoning
process by making a conclusion on given
inputs and if-then rules.

4) Defuzzification – it transforms the fuzzy set
obtained by the control system into a sharp
value [1]. A sharp value serves for a decision
on which output action shall be performed.

We note that the whole described process per-
formed by the system is empirical. It needs many
tests, debugging, deep experience, and good
knowledge of the environment, where the system
should work. In the next section we present this
process in a simple example of air-conditioning.

4. AN EXAMPLE OF AIR-CONDITIONING USING FUZZY
LOGIC

In this simple example, we illustrate the pro-
cess of using fuzzy logic for the system of air-
conditioning. The simplicity of this example en-
ables students to understand the theoretical prin-
ciples and their usage in an implementation.
First, we consider the environment, where air-
conditioning works: a room, an office, a ware-
house, a production hall and so on. We present
a typical personal situation: we return home from
work and we want a certain temperature in our
room. Thanks to fuzzy logic, it is possible, so we
can come home and feel comfortable. We need to
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Fig. 1. Architecture of fuzzy logic system

measure temperature using some sensor(s), and
these data are inputs to the system. Now, we need
to design our system to achieve desired results.

Consider an air-conditioning system based on
a fuzzy logic system. This system sets the air-
conditioning temperature by comparing room tem-
perature with the target temperature. The target
temperature is set by the user. If we consider a
room at home, and it is winter, the desired tar-
get temperature could be 23 degrees of Celsius.
The air-conditioning system compares the current
room temperature with the desired temperature,
and it can perform an appropriate action. If the
room temperature is 17 degrees, the air condition-
ing will heat. If the room temperature is close to 23
degrees, the air-conditioning should not start, and
if is 28 degrees, the air-conditioning should cool.
Therefore, we can say that the target temperature
is a constant which we try to reach to make our
environment enjoyable.

In Fig. 2, we present the architecture of the
air-conditioning system. As shown in the previous
section, we design the air-conditioning system and
we show the interconnection between theoretical
concepts of fuzzy logic and practical usage. The
process of designing a system consists of four
parts: fuzzification, rule base, control system and
defuzzification.

1. Rule base
We consider a universe T , a set of tempera-

tures. We define linguistic variables and terms.
Linguistic variables are input and output variables
in the form of simple words or sentences. The
measured temperature t is our input value. We
consider five levels of measured temperature:

• very low,
• low,
• medium,
• high,
• very high.

Our target temperature is 23 degrees, and de-
sirable temperature should be between 20 and 25
degrees. Upon this considerations, we create cor-
responding fuzzy formulas, that express different
temperature levels:

very-low = t ≤ 12,
low = (t ≥ 10) ∧ (t ≤ 18),
medium = (t ≥ 16) ∧ (t ≤ 25),
high = (t ≥ 23) ∧ (t ≤ 28),
very-high = t ≥ 25.

These ranges are overlayed, they describe
fuzzy membership in the universe T and they can
be optimized depending on the actual situation,
desired results and environment. Our output val-
ues describe the actions to be done:
• cool,
• no change,
• heat.

Now, we formulate if-then rules:

IF very-low THEN heat,
IF low THEN heat,
IF medium THEN no-change,
IF high THEN cool,
IF very-high THEN cool.

2. Fuzzification
In this part of the system, we specify input and

output parameters and their semantics. These val-
ues (membership degrees) depend on the actual
environment, meteorological situation, and expe-
rience Our input parameters are:
• t is the measured/actual room temperature;
• c is the target temperature.
Fuzzification assigns semantics to formulas.

Predicates defined at the syntactic level are repre-
sented as a fuzzy subset of the universe T . Thus,
their semantics is a corresponding fuzzy subset of
T .

Now, we determine the truth degree of the
output parameter:

JcoolKG = 0.2,
Jno-changeKG = 0.8,
JheatKG = 0.4.

These values again come from the actual situation
and can be modulated to achieve right results.

3. Control system
In this part of a system, the rules are evaluated

on the base of input temperature. Then a degree
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Fig. 2. Air-conditioning system

of membership (degree of truth) of the tempera-
ture in the respective fuzzy subset is determined.
Let the actual measured temperature be 15 de-
grees. Based on the fact that we design an air
conditioning system for a home with an optimal
temperature range of 20 to 25 degrees, we get
the following degrees of membership (degrees of
truth) for each formula:

Jvery-lowKG = 0.0,
JlowKG = 0.0,
JmediumKG = 0.8,
JhighKG = 0.5,
Jvery-highKG = 0.0.

Then the control system combines the results
of each rule. Based on the combination of the
results of the environmental assessment and the
probability of occurrence of the event, the control
unit determines the fuzzy value of the output
action. Let it be:

JcoolKG = 0.0,
Jno-changeKG = 0.6,
JheatKG = 0.5.

4. Defuzzification
This part of the system of air-conditioning cal-

culates a sharp value of the output action based
on the truth degrees obtained in the fuzzification
and the values determined by the control unit:

sharp-value =
Σ(m ∗ o)

Σo
(15)

where
• Σ represents the sum,

• m is the degree of truth determined by fuzzi-
fication,

• o is the degree of truth obtained by the control
system.

The sharp value for our parameters is computed
as:

sharp-value =

0.2∗0.0+0.8∗0.6+0.4∗0.5
0.2+0.8+0.4 =

= 0.0+0.48+0.2
1.4 =

= 0.68
1.5 = 0.48

(16)

This value is closer to the output value of warm,
which means that the room starts to heat up.

This simplified example serves only for educa-
tional purposes, the real design of air-conditioning
system is more complex. Every change in the
environment requires re-evaluating all the param-
eters to achieve desired results.

5. CONCLUSION

Fuzzy logic enables work with fuzzy notions. Its
usefulness is observed in many applications in in-
dustry, human sciences and everyday life. Under-
standing the principles of fuzzy sets and fuzzy for-
mulas require some simplification, especially if we
teach young engineers. Therefore we presented
a short theoretical base of fuzzy logic and we
showed how these principles are represented in
concrete practical implementations. The students
are able to implement routines in programming
languages, try to design the implementations,
and modulate truth degrees depending on the
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actual environment so that their implementation
produces desirable results.
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