
 

 
Abstract: In many real-life situations, data 

consists of entities and the connections between 
them, which are naturally described by a complex 
network (graph). The structure of the network is 
often such that it is possible to group nodes based 
on the existence of connections between them, 
where such groups are called clusters 
(communities, modules). If the nodes are allowed to 
partially belong to clusters, they are called fuzzy 
(overlapping) clusters. There is a huge number of 
algorithms in the literature that perform fuzzy 
clustering, so a mechanism is needed to evaluate 
such clustering. The function that assesses the 
quality of a performed clustering is called the 
cluster quality function. One of the latest proposed 
quality functions is the E-function. The E-function is 
based on a comparison of the internal structure of a 
cluster, i.e., the connection between nodes within a 
cluster and the connection of its nodes with the 
nodes of other clusters. Due to its exponential 
nature, the E-function is sensitive to small changes 
in the membership degrees to which the nodes 
belong to clusters. As such, it has shown good 
results in evaluating clustering on known data sets. 
In this paper, the experimental results that the 
modified E-function achieves in the case of 
overlapping clusters are presented. Also, some 
possibilities for fuzzy clustering by optimizing the 
E-function are displayed. 
 

Index Terms: complex networks, clustering, 
modularity, E-function  
 

1. INTRODUCTION 

he need for clustering arises in different 
areas, starting from the analysis of social 

networks and community identification in them to 
the analysis of metabolic networks and 
determination of protein functions. Networks can 
be complex, in which case their behavior can’t be 
deduced from the behavior of the components 
themselves. Those components can be 
represented with the nodes of the graph, where 
edges represent their interactions. Mapping the 
network into a graph allows the application of 
graph theory and network science.  
 

Although complex networks have been 
studied for a long time, in the last two decades 
there has been a huge increase in the number of  
 

 
 

 
network examples, both in the real world and  
artificially generated, and thus the need for 
efficient algorithms that work with them.  

The structure of the network is often such that 
it is possible to group nodes based on the 
existence of connections between them (Figure 1) 
where such groups are called clusters 
(communities, modules).  

 
 

 
 
 
 
 
 
 
 
 
 
 
 

Nodes in complex networks that belong to the 
same cluster generally have the same roles or 
properties, and vice versa. For example, in social 
networks, people in the same community may 
have the same career, the same hobby, be from 
the same country, etc. However, one person may 
have multiple hobbies or two citizenships. 
Therefore, there is a need for identifying clusters 
that overlap in complex networks.  
 

A form of clustering in which each node can 
belong to a larger number of clusters at the same 
time is called fuzzy (soft, overlapping) clustering, 
where a node contained in two or more clusters is 
called a fuzzy (overlapping) node. Fuzzy 
clustering is especially useful when the network 
contains an edge that represents a link (bridge) 
between two or more clusters. E.g., due to the 
outbreak of the epidemic in 2020, many 
researchers have investigated the importance of 
overlapping nodes in the spread of the epidemic 
and then developed an immunization strategy 
accordingly [9]. When an epidemic breaks out, it is 
impossible to vaccinate the entire population, due 
to limited resources. Therefore, the main goal is to 
identify carriers of infection and reduce the cost of 
vaccination and the spread of infection. 
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Figure 1: Clusters in a graph. 
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In addition to the clustering itself, it is important 
to determine how well the clustering was 
performed, i. e. to measure the quality of the 
clustering. The function that assesses the quality 
of a performed clustering is called the cluster 
quality function, which we’ll discuss in more detail 
in the next section. 

2. FUZZY CLUSTERING ON COMPLEX NETWORKS 

AND QUALITY FUNCTIONS 

 A. Clusters and Partitions 
 
For complex network representation, we’ll use a 

graph 𝐺 =  (𝑉, 𝐸), |𝑉|  =  𝑛, |𝐸|  =  𝑚, where 𝑉 is 
the vertex set and 𝐸 is the set of edges of graph 
𝐺. Although intuitive at first, the problem of 
clustering over a graph is not clearly defined. 
There are many examples of real-world complex 
networks, each of which contains certain 
characteristics that distinguish it from the others. 
Therefore, many clustering methods found in the 
literature are based on these characteristics, so it 
is almost impossible to give a universal definition 
of clustering.  

 
First, we need to define the concepts of clusters 

and partitions of a graph. In the fuzzy case, since 
nodes can belong to multiple communities at the 
same time, the membership degree of node vi in 
cluster k can be marked as uki. Let 𝑐 be an integer, 
1 <  𝑐 <  𝑛, where 𝑛 is the number of vertices in 
𝑉. A c-partition of 𝑉 is a set of 𝑐 ∙ 𝑛 values 𝑢  that 
form 𝑐 𝑥 𝑛 matrix 𝑈. There are three sets of 
partition matrices: 

𝑀 = 𝑈 ∈ ℝ × ; 0 ⩽ 𝑢 ⩽ 1, ∀𝑘, 𝑖; 𝑢 > 0, ∀𝑖;

0 < 𝑢 < 𝑛, ∀𝑘 ,

𝑀 = 𝑈 ∈ 𝑀 ; 𝑢 = 1, ∀𝑖 ,

𝑀ℎ = 𝑈 ∈ 𝑀 ; 𝑢 ∈ {0,1}, ∀𝑘, 𝑖 .

 

 
These sets define, respectively, the sets of non-

degenerate (no row or column is all zeroes) 
possibilistic, constrained fuzzy or probabilistic, 
and crisp (hard) c-partitions of 𝑉 [4]. Although a 
disjoint (non-fuzzy) case can be defined 
separately, it can be considered a special case of 
the previous definition (using just partitions from 
𝑀 ). 

 
 In the context of identifying overlapping 

nodes, the loose term of clustering on graph 𝐺 
means finding c-partitions 𝑈 from 𝑀 . The 
desirable property of the nodes is that their 
membership is shared between clusters, meaning 

the total sum of one node’s membership degrees 
is 1. So, the question is: Which of the partitions in 
𝑀  is the best match for the distribution of edges 
in graph 𝐺? This question is a cluster validation 
problem and can be approached through quality 
functions. 
 
B. Quality Functions 
 

Let 𝐺 =  (𝑉, 𝐸) be a graph and let 𝑈 be 𝑐-
partition of 𝑉. Function 𝑓: 𝑀 → ℝ is called the 
quality function of partitions in 𝑀 . The strict 
definition of a quality function depends on the 
cluster definition and structure of a graph being 
clustered. The main goal is to have a function that 
gives bigger values to better partitions. However, 
a quality function can nonetheless give bigger 
values to bad partitions as well. Hence, in 
literature, there are many different quality 
functions (modularity, conductance, E-function, 
etc.). 
 
C. Modularity 
 

 One of the most popular quality functions is 
Newman-Girvan modularity, which was initially 
proposed in 2004 [5]. The main idea is to compare 
the internal edge density of a cluster 𝐶 and the 
expected edge density in some null models. Null 
models usually don’t tend to form clusters, so they 
can serve to test new clustering methods [3]. 

 
 Let 𝐺 =  (𝑉, 𝐸) be graph, and 𝐶 , 𝐶 , … , 𝐶  

disjoint nonempty subsets of 𝑉 (which unite to 𝑉). 
Modularity is given by: 

𝑄 =
𝑙

𝑚
−

𝑠

2𝑚
, 

where lk represents the number of edges inside the 
cluster 𝐶  and 𝑠  the sum of all node degrees in 
the cluster. The first part of the expression within 
parentheses represents the ratio between the 
number of edges within the cluster and the total 
number of edges in graph 𝐺, while the second part 
represents the expected value of the same ratio in 
a graph with nodes of the same degree and 
randomly placed edges (random graph null 
model).  
 

 The above definition of modularity implies a 
strict division into subsets 𝐶 , i. e. cluster 𝐶  
contains the node completely or doesn’t contain at 
all. For fuzzy case, we need a connection between 
the values 𝑢  of the partition matrix 𝑈 and the 
given definition of modularity. Havens et al. 
transformed the definition of modularity into a 
more suitable form: 

 𝑄ℎ =
‖ ‖

, 𝑈 ∈ 𝑀ℎ , 
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where 𝐵 is the modularity matrix of graph 𝐺 [10], 
and 𝐴 is a corresponding adjacency matrix. This 
equation is well-defined for all types of 𝑐-partitions, 
not only hard partitions. Therefore, the generalized 
modularity of 𝑈 can be defined as: 

𝑄 =
𝑡𝑟(𝑈𝐵𝑈 )

‖𝐴‖
, 𝑈 ∈ 𝑀 . 

Additionally, if the matrix 𝑈 is a fuzzy 𝑐-partition, 
𝑄  is called the fuzzy modularity of 𝑈. 
 

 Modularity is used as a quality function in 
many clustering algorithms, especially in 
optimization-based ones. Since the maximum 
value of modularity increases with network size 
and the number of well-separated clusters, 
modularity should not be used to compare 
clustering quality on networks of different sizes. 
 

3. E-FUNCTION 

 To overcome the problems of modularity, an 
exponential E-function has been developed to 
measure the quality of disjoint clustering ([1], [2]). 
Research has shown that E-function isn’t 
susceptible to problems that modularity 
encounters. In this paper, we modified E-function 
for fuzzy clustering on complex networks. 

 
The main idea of E-function is to quantitatively 

represent the internal structure of the cluster, as 
well as its connection with other clusters of the 
network. A good indicator of a cluster’s internal 
structure is its density 𝑑 . However, in dense 
networks, high cluster density would be a 
consequence of the high density of the entire 
network, i. e. the graph 𝐺. Therefore, instead of the 
cluster density, it’s better to observe the difference 
(𝑑 −  𝑑 ). The problem occurs in the case of 
small subgraphs. Each subgraph consisting of 2 
connected nodes would be an ideal cluster. 
Hence, the value (𝑑 −  𝑑 ) is multiplied by the 
number of nodes in the cluster 𝑘 (𝑛 ). Additionally, 
an exponential function is used for sensitivity to 
small changes in the size or density of the cluster. 
Finally, the internal structure quality of cluster 𝑘 in 
graph 𝐺 is given by: 

 

𝐸𝑄 (𝑘) =
𝑒 ( ), 𝑛 ≠ 1
0,                  𝑛 = 1

. 

On the other hand, external edges connect the 
cluster to other clusters in the network, i. e. 
connect the nodes of a cluster with the nodes of 
other clusters. Since the expected number of 
external edges increases with the number of 
nodes within the cluster 𝑘, the connection of a 
cluster with other clusters can be represented as: 

𝐸𝑄 (𝑘) = 𝑒 , 

where 𝑙  is the number of external edges of cluster 
𝑘, and 𝑟 is the correction parameter. The 
correction parameter is useful for modifying the 
influence of external edges on the final value of the 
E-function. The total quality of the cluster k can be 
defined as 𝐸𝑄 (𝑘) −  𝐸𝑄 (𝑘), what leads us to the 
final form of E-function for disjoint clustering:  

𝐸𝑄 = [𝐸𝑄 (𝑘) − 𝐸𝑄 (𝑘)]

= 𝑒 ( ) ( ) − 𝑒 .

 

For defining fuzzy version of E-function, values 
𝑚 , 𝑛  and 𝑙  require some modification, because 
they do not allow a node (edge) to partially belong 
to a cluster.  

 
Let 𝐺 be a graph and 𝑈 fuzzy 𝑐-partition of 𝑉, 

1 <  𝑐 <  𝑛. Since the value 𝑢  can be 
considered a part of the node 𝑣  that belongs to 
cluster 𝑘, the fuzzy number of nodes in cluster 𝑘 
can be written as: 

𝑛 = 𝑢 . 

Considering an edge is internal to cluster 𝑘 If its 
end nodes belong to that cluster, the part of an 
edge between nodes i and j that belongs to cluster 
𝑘 is 𝑢 𝑢  . Therefore, the fuzzy number of edges 
in cluster k can be defined as: 

𝑚 = 𝑎 𝑢 𝑢 . 

Similarly, we define the fuzzy number of external 
edges of cluster k as: 

𝑙 = 𝑎 𝑢 1 − 𝑢 + 𝑢 (1 − 𝑢 ) . 

Now, fuzzy E-function of c-partition U is given by: 

𝐸𝑄 (𝑈) = 𝑒
( )

− 𝑒 . 

 
Figure 2 shows the values of the fuzzy E-

function for different values of 𝑢 , on a graph 
consisting of 2 cliques K4 connected via a single 
node (values 𝑢  are given as (𝑢 , 𝑢 )). As 
expected, the maximum value of the function is 
reached when the "middle" node belongs to 
clusters with equal membership degrees. 
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4. EXPERIMENTAL RESULTS 

For evaluating the proposed quality function 
𝐸𝑄 , we compare its values with the values of 
fuzzy modularity 𝑄  on two well-known datasets: 

i. Zachary’s Karate Club network, 
ii. the PGP network.  

 
The Karate Club network describes 

relationships between the members of a karate 
club, where nodes represent members and edges 
represent their friendship if it exists [6].  

 
The network consists of 34 nodes and 78 edges. 

At one point instructor and the administrator got 
into an argument, resulting in the division of the 
club into two smaller ones (Figure 3).  

In terms of fuzzy nodes and clusters, we want to 
find members that connect newly created clubs. 

Pretty-Good-Privacy is an encryption algorithm 
for safe communication, and the PGP network is a 
social network in which a node represents a user 
on the web and an edge between two users 
means that they trust each other [8]. This network 
was built based on the data of 191,548 keys and 
286,290 signatures which are generated using the 

PGP algorithm. The network consists of 10680 
nodes and 24340 edges. 

 
To monitor the behavior of the two mentioned 

functions, we used the Fast Fuzzy Modularity 
Maximization algorithm (FFMM) [7], which 
iteratively improves the current solution by 
maximizing fuzzy modularity Qg. Due to its 
iterative nature, changes in the value of mentioned 
functions can be easily observed. Values obtained 
in 50 iterations of FFMM are presented in Figure 
4, normalized so that they belong to the interval [0, 
1]. The reason for this is that the original values of 
the functions belong to different scales. For 
example, on a PGP network, in 50 iterations of 
FFMM, 𝑄  ∈ [0.0735, 0.665] and 𝐸𝑄  ∈

[−240.003, 180.682]. 
 
It can be noticed that the changes in the value 

of E-function largely follow the changes in the 
value of fuzzy modularity. On the PGP network, 
although the average value of the E-function 
increases with the number of iterations, in later 
iterations there are oscillations in its value. This is 
to be expected, due to the sensitivity of the 
exponential function to small changes in the 
argument, so any changes in the c-partition U 
significantly affect its value. 

 
5. CONCLUSION 

Due to the complexity of large networks, the 
development of efficient methods for fuzzy 
clustering is of great importance. In addition to the 
methods themselves, mechanisms for partition 
quality measuring and comparing different 
partitions, which are often built into the algorithm 
itself, are also important. 

 
In this paper, a modification of the E-function for 

estimating the quality of fuzzy clustering on 
complex networks is proposed. The results 
achieved on the well-known data sets, Zachary’s 
Karate Club and PGP Network, show that the 
proposed function has great potential in 
determining the high-quality fuzzy partitions of a 

Figure 3: Karate Club network [5]. 

 

Figure 2: Different values of E-function. 

Figure 4: Comparative analysis of fuzzy E-function 
and fuzzy modularity. 
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complex network. Unlike many quality functions 
for fuzzy clustering, E-function doesn’t depend on 
additional parameters but is directly applied on 
fuzzy c-partitions of the graph. 

 
Further work will be based on the idea of direct 

maximization of the E-function, as well as 
modification of the proposed function for clustering 
overweighted and directed graphs. In order to 
increase the value of the E-function, we can 
observe its improvement when the membership 
degrees of one node change. For maximizing that 
improvement, the first derivative with respect to 
the columns of the partition matrix can be 
calculated and equaled to zero to find the 
appropriate column vector. 

 
On the other hand, due to the exponential 

function, high sensitivity of the E-function to small 
membership degree changes of nodes in clusters 
enables efficient detection of overlapping nodes. 
Therefore, we can define the neighborhood of the 
current solution, which consists of c-partitions 
close to the current solution. At each step, a set of 
c-partitions that make up the neighborhood of the 
current solution is generated, and then the best 
solution from that set is selected. In that way, we 
can approach the problem of fuzzy clustering on 
complex networks with variable neighborhood 
search algorithms. 
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