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Abstract: Pattern recognition is an operation in
which humans usually excel but it is not a trivial
task for a computer program due to the uncertainty
involved in the whole process. Sources of uncer-
tainty include incomplete data, the presence of out-
liers, and vagueness in class definitions. The theory
of rough sets is a mathematical method for handling
uncertainty, providing a formal approximation of a
crisp set in terms of a pair of sets representing
the lower and upper limits of the original set. The
aim of this paper is to investigate the influence
of several similarity measures in a rough sets
clustering context and, in this sense, datasets with
overlapping regions are of particular interest. So,
besides the variation of the overall classification
result, we are also interested in the way the overlap-
ping detection mechanism is affected by the chosen
similarity measure. Since the standard datasets do
not provide specific information about overlapping
regions, we propose an approach to obtain such
data for benchmarking purposes. The importance
of properly choosing the similarity measure is out-
lined by the experiments carried out on standard
datasets.

Index Terms: clustering, similarity measure,
rough sets, software agent

1. INTRODUCTION

CLUSTERING is the task of dividing a set of
data points into groups (or clusters) such that

items from the same group are more similar to
each other than items from different groups. For a
cluster analysis method, the decision to group two
instances together is based on a certain similarity
measure, and thus the proper selection of this
measure is critical.

One of the major issues in real-life data anal-
ysis is uncertainty management which involves
dealing with clusters of arbitrary shape, outliers,
missing data, and ill-defined clusters. In order
to deal with the uncertainty and ambiguity from
data, the principles of fuzzy sets and rough sets
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theory were employed [11], [13], [15], [16], [23].
The proper selection of the similarity measure
in a fuzzy or rough sets context could have an
even greater impact on the outcome of clustering
process if the uncertainty regions are also taken
into consideration.

Some studies on the similarity measure influ-
ence in clustering algorihms have been performed
before [1], [18], [20], but, to our knowledge, there
are no such studies for fuzzy or rough cluster-
ing scenarios, i.e., for uncertainty driven environ-
ments. In [18], the authors perform a compre-
hensive study considering several distance mea-
sures and clustering algorithms aiming to help
the research community in identifying suitable dis-
tance measures and to facilitate a comparison and
evaluation of newly proposed similarity measures
with traditional ones. In [20], the authors study
the influence of similarity measure selection in
conjunction with several clustering algorithms on
high dimensional sparse data representing web
documents. They conclude that, in this context,
the Euclidean distance performs the poorest. In
[1], the authors perform a comparative evaluation
of a variety of similarity measures for categorical
datasets observing that some measures are able
to have a consistently higher performance than
others on specific datasets.

The aim of this paper is to study the way in
which the result of a clustering algorithm based
on the rough sets theory is influenced by chang-
ing the distance measure. We are particularly
interested in the way the reported uncertainty
governed regions vary when changing the sim-
ilarity measure. Since the standard datasets on
which we conduct our experiments do not provide
too much information regarding the overlapping
clusters, we propose a methodology for deter-
mining such regions in a dataset, and hence the
instances reported by the clustering algorithm as
belonging to overlapping areas may be validated
against the regions identified by the methodology.
In this article we extended our paper from [21] by:

• providing experiments on more datasets with
possibly larger overlapping regions

• proposing a different evaluation mechanism
of overlapping regions reported by the clus-
tering algorithm

• providing a more in-depth view of the in-
stances from overlapping areas.

75



The paper is structured as follows: in Section
2 we provide a more detailed description of the
problem of uncertainty management together with
the importance of properly choosing the similarity
measure, Section 3 offers a brief background on
rough sets together with an overview on rough
sets clustering. Section 4 presents the method-
ology proposed by us in this paper. It starts
with presenting the similarity measure evalua-
tion methodology from a classification accuracy
standpoint and then from an overlapping region
detection point of view. The process of finding
and evaluating the overlapping regions is also
described in this section. Section 5 presents the
results obtained in our experiments together with
a discussion and, finally, Section 6 presents the
conclusions and ideas for future work.

2. MOTIVATION

Generally speaking, pattern recognition tasks
are designed to perform an approximate match
of all possible inputs and this requires some kind
of similarity measure. Clustering algorithms are no
exception to this situation and the primary purpose
of this paper is to investigate the effect of various
similarity measures on the result of the clustering
process.

The problem is that the datasets vary struc-
turally from one another. For example, classes in
some datasets can be linearly separated, while
there is no clear separation between classes in
other datasets. For this reason, it is important
to change the considered similarity measure ac-
cording to the dataset to which it will be applied.
Considering the just mentioned problem, we apply
several similarity measures on standard datasets
in the attempt to find whether any of these mea-
sures could be considered suitable enough for
any dataset. Similar studies have been performed
before in the literature [1], [18], [20], but, as far as
we know, there are no such studies for uncertainty
driven environments, i.e., overlapping clusters.

The presence of outliers (which could be
caused by noisy data) and the overlapping clus-
ters are some of the very important issues to be
taken into account when considering a cluster-
ing algorithm. In practical scenarios one should
probably expect the data to be noisy and the
classes not to be clearly separable which is why
we conduct our experiments on the algorithm from
[8], where a clustering algorithm that can handle
such situations is proposed. By using software
agents [22] for parallelizing the clustering process,
the approach from [8] is scalable, which is an
important aspect when dealing with large volumes
of data.

We believe that in addition to evaluating the
consistency of a clustering solution from an ac-
curacy point of view, it is also very important to

examine how the similarity measure choice affects
overlapping regions.

Nonetheless, researching the impact of various
similarity measures on the overlapping regions
raises an important issue: the fact that the stan-
dard datasets do not provide accurate information
about these overlapping areas, making it diffi-
cult to compare the effects of different distance
measures on these regions. Therefore, for bench-
marking purposes, we introduce a technique for
extracting this type of information from a dataset.

3. ROUGH SETS CLUSTERING

Incomplete data, vagueness in class definitions,
and outliers are sources of uncertainty and the
theories of fuzzy sets [23] and rough sets [13] are
used in such cases.

The rough set theory [13] is a major mathe-
matical instrument for managing uncertainty and
it consists of offering a formal approximation of a
crisp set in terms of a pair of sets representing
the lower and upper bound of the original set.

Given a set of objects U called the universe of
discourse, an equivalence relation R ⊆ U × U ,
and a subset of U denoted by X, in order to
approximate X with respect to R we consider the
following definitions:

Definition 1: The lower approximation of a set
X with respect to R is the set of all objects which
certainly belong to X:

RX =
⋃
x∈U
{R(x) : R(x) ⊆ X}

Definition 2: The upper approximation of a set
X with respect to R is the set of all objects which
possibly belong to X:

RX =
⋃
x∈U
{R(x) : R(x) ∩X 6= ∅}

Definition 3: The boundary region of a set X
with respect to R is the set of all objects which cannot
certainly be classified as either belonging to X or not
belonging to X:

RB = RX −RX

Definition 4: A rough set is a tuple 〈RX,RX〉,
where RX is the lower approximation (Definition
1) of the target set X and RX is the upper approxi-
mation (Definition 2) of the target set X .

Let RCK and RCk denote the lower and upper
approximations of a cluster Ck, and let RB =
RCk−RCk be the boundary region of Ck. The tu-
ple 〈RCk, RCk〉 is called the rough set associated
to Ck with respect to some equivalence relation R
(see Definition 4). Then the rough sets clustering
problem may be defined as in Definition 5.

Definition 5: Rough sets clustering [8] is the
process of finding a set

RC = {〈RCk, RCk〉|k = 1, p}
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of subsets of a given set of objects X = {xi|i =
1, n, 1 ≤ p ≤ n} such that:
• ∀k, l = 1, p, k 6= l : RCk ∩RCl = ∅
• ∀k, l = 1, p, k 6= l : |RCk ∩RCl| ≥ 0
•
⋃n
k=1RCk = X

• ∀k = 1, p : RCk 6= ∅
• ∀k = 1, p : RCk ⊆ RCk
• ∀k = 1, p,∀i, j = 1, |RCk| : xiRxj∧xi, xj ∈ Ck
• ∀k = 1, p,∀i, j = 1, |RCk| : xiRxj ∧ |{xi, xj} ∩
Ck| ≥ 0.

In a rough sets clustering approach, every clus-
ter Ck is defined in terms of a lower approximation
and an upper approximation. The instances from
the lower approximation certainly belong to the
cluster Ck with respect to some similarity mea-
sure. The instances from the upper approximation
possibly belong to Ck, but we cannot be certain
about this, according to the considered similarity
measure. If an instance belongs to a lower approx-
imation then it does not belong to any other rough
set. On the other hand, if an instance is in the
boundary region of a cluster Ck then it may belong
to several other boundary regions. If an instance
belongs to the lower approximation of a cluster
then it also belongs to the upper approximation of
that cluster.

In the following, we present an overview of
the main steps performed by the ABARC (Agent
BAsed Rough Clustering) algorithm introduced in
[8]. The ABARC algorithm addresses the overlap-
ping clusters problem by modeling clusters using
notions from the rough set theory. It successfully
identifies outliers and, by using software agents,
it is scalable. The algorithm uses the following
arguments:
• X — the dataset
• imax — the number of iterations
• λ — the maximum number of times an agent

may search for a similar one
• σ1 — the similarity limit
• δ — the similarity measure.
The main steps of the algorithm are as follows:
1) Initialize data and parameters:

X, imax, λ, σ1, δ.
2) Let AG be a set of agents, where each agent

is associated with one instance from the
input dataset X.

3) Each agent from AG will asynchronously
start to search for a similarAgent :

a) Nondeterministically select an agent
from AG.

b) If they are not in the same cluster and
if their similarity is less than σ1 then a
similarAgent is found. GOTO Step 4
with the similarAgent.

c) Decrement λ.
d) If λ = 0 then GOTO Step 5 with no

similarAgent.
e) If λ > 0 then GOTO Step 3a.

4) If a similarAgent is found then the agent
moves to its cluster.

5) Decrement imax.
6) If imax > 0 then GOTO Step 3.
7) Stop.
The clustering process described above starts

by initializing the input data and parameters. The
dataset X is normalized using Min-Max normal-
ization [9] and each instance is associated with
one agent. There is one cluster for each agent so,
in the beginning, the number of clusters is equal to
the number of agents which is equal to the number
of instances.

Each agent executes in parallel (Step 3) and it
searches for a similar one based on the provided
similarity measure δ and the similarity limit σ1. If
a similarAgent is found then they are grouped
together (Step 4) otherwise the search process
continues. After λ failed attempts the search for
similar process is aborted for the current agent,
leaving the task to a different agent or to another
iteration (Step 5). Agents are implemented as
lightweight processes in the Elixir programming
language, yielding a highly scalable solution.

Since agents are grouped together only if they
certainly belong to the same cluster (based on the
similarity limit, σ1), the first phase of our approach
will probably produce a large number of clusters.
A second phase (introduced in [8]) unifies similar
clusters producing rough clusters. In this phase,
the unification process is based on a second
similarity limit, σ2, denoting the level up to which
two instances are possibly similar.

Even after the second phase there might be a
significant number of clusters remaining, but most
of them are normally composed of a very small
number of entities which are not similar to either
of the ‘normal’ clusters. The instances from these
small clusters will be marked as possible outliers.
Nevertheless, in the third phase of our approach
(presented in [8]), we assign them to the closest
cluster and we get the final clustering structure.
Thus, the algorithm produces a set of clusters
such that:
• all instances from the dataset belong to at

least one cluster
• given any two clusters their intersection might

not be the empty set, i.e., the clusters might
overlap; we refer to the instances from the
overlapping regions as rough instances

• even if they are assigned to the closest clus-
ter, the outliers are clearly marked as such

4. METHODOLOGY

This paper aims primarily at examining the ef-
fect of different distance measures on a cluster-
ing algorithm’s performance and this section is
dedicated to explaining the methodology used in
this study for determining the impact of similarity
measures on a clustering process outcome.
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The experiments are conducted on several
standard datasets: Iris [4], Seeds [10], Wine [5],
Ionosphere [19], Ecoli [12], Glass [7]. For each
dataset we evaluate the accuracy of the ABARC
algorithm (from [8]), as well as the reported rough
instances (instances that are close enough to
more than one cluster), by selecting in turn each
of the distances that we want to evaluate. The
clustering algorithm (Section 3) is implemented in
Elixir [3], while the analysis part (Sections 4-A,
4-B and 4-C) is implemented in Ruby [17]. Elixir
was chosen because it has a great multi-threaded
performance making it one of the best choices
for highly-concurrent scenarios. Ruby was chosen
because of its elegant syntax and its focus of
software development productivity.

In order to have a better insight of the cluster
overlapping problem, we have generated charts
showing the clusters as per the official documen-
tation of all the considered standard datasets (see
Figure 1).

For each dataset we have performed a Principal
Component Analysis (using scikit-learn [14]) utiliz-
ing the first two principal components for the chart
generation. The total variation captured by the
first two principal components is, for each dataset,
as follows: 97.76% (Iris), 99.98% (Wine), 99.67%
(Seeds), 44.46% (Ionosphere), 72.52% (Ecoli),
74.04% (Glass).

As it may be seen from Figure 1, the charts
corresponding to the first three datasets are very
similar to the reality, as given in the official doc-
umentation for each dataset. In all cases the
vagueness in cluster boundaries is clear: some of
the clusters are very close to each other, others
overlap. Also, some instances are far away from
the denser cluster regions.

4.1. Similarity Measure Evaluation Based on Ac-
curacy

In order to study the influence of various simi-
larity measures on a rough clustering process, our
first approach is to compute the accuracy of the
algorithm described in Section 3 for each similarity
measure.

In this study, we examine the following similarity
measures: Manhattan, Chebyshev, Euclidean and
Minkowski [2], [6], [9]. Actually, the Minkowski
distance between two instances x and y is a
generalized form of the other three distances and
it is defined by

dMIN =
( n∑
i=1

∣∣xi − yi∣∣p) 1
p

where p ∈ R, p ≥ 1, and x, y ∈ Rn. For p = 1 it
corresponds to the Manhattan distance, while for
p = 2 it corresponds to the Euclidean distance.
The Squared Euclidean distance (which is just
the square of the Euclidean distance) is also

considered in our study. When p reaches infinity,
the Chebyshev distance is obtained

lim
n→∞

( n∑
i=1

∣∣xi − yi∣∣p) 1
p

= max
1≤i≤n

∣∣xi − yi∣∣
We consider several standard datasets and,

given a similarity measure, we execute the cluster-
ing algorithm several times for each dataset. We
collect the accuracy from each execution and we
compute the minimum, maximum and average ac-
curacy. This process is repeated for each similarity
measure.

4.2. Identifying Rough Instances for Benchmark-
ing Purposes

The evaluation process from Section 4-A uses
the accuracy to compare similarity measures in a
rough clustering context. However, a more suitable
approach when dealing with hybrid data would be
to compare the rough instances produced by the
algorithm using a certain similarity measure with
the actual or true rough instances. By rough in-
stances we mean instances that are close enough
to more than one cluster (instances from overlap-
ping regions may fall in this category). By hybrid
data we understand any instance for which the
membership to a cluster is arguable (this includes
rough instances and outliers — instances that are
far away from any cluster).

The accuracy of a clustering algorithm is com-
puted based on the actual or true cluster structure
given in the official dataset documentation. In the
same fashion, we would like to find some index
(like accuracy) that measures the roughness of
an approach, i.e., an indicator for the quality of the
reported rough instances. Such an index should,
of course, not be biased and one possible way in
achieving this would be to tie its calculation to the
actual or true rough instances in a similar way the
accuracy does.

Unfortunately, the first problem in achieving the
aforementioned goal is the fact that the official
documentation of any dataset (as far as we know)
does not specify the actual rough instances. In
practical scenarios, the hybrid instances could be
validated by a domain expert, but there should
be other possibilities as well, at least for bench-
marking purposes. This is why our first intent is
to propose an objective approach for finding the
actual or true rough instances from a dataset and,
secondly, to introduce a first attempt for a rough-
ness index that takes into account this information.

Algorithm 1 shows the proposed process of
finding the actual rough instances.

The algorithm receives as a first argument the
set of clusters C = {Ck|k = 1, p}, as specified
in the official dataset documentation, where p
represents the number of clusters and Ck are
subsets composed of elements from the dataset
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Fig. 1: Overlapping clusters in the considered datasets.
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X = {xi|i = 1, n, 1 ≤ p ≤ n}. The second
argument, τ , denotes the rough threshold and
it is used for deciding if an instance should be
considered a rough one. The last argument, δ,
represents the distance function used in the anal-
ysis process. The algorithm returns the set RI of
instances that will be considered truly rough.

Algorithm 1: Find Rough Instances
Data: C, τ, δ
Result: RI — the set of actual rough

instances
1 RI = ∅
2 while true do
3 ID = computeMeanDistances(C, δ)
4 RI1 = computeRoughInstances(ID, τ)
5 if RI1 = ∅ then
6 break
7 end
8 C = C 	RI1
9 RI = RI ∪RI1

10 end

The algorithm starts by computing a mapping,
ID, between each instance and the mean dis-
tance corresponding to each cluster

ID = X
m−→M

where the m−→ symbol denotes a mapping be-
tween each element of X and a set

M = {mk|k = 1, p}

of mean distances.

Given an instance xi ∈ X, the mean distance
corresponding to cluster Ck is

mk =

∑|Ck|
j=1 δ(x

i, xj)

|Ck|
, xj ∈ Ck, j 6= i

In line 4 from Algorithm 1, the set RI1 of rough
instances is computed by selecting all instances
from ID having the following property

∃ i, j 3 |mi −mj | ≤ τ

where mi,mj ∈ M represent, respectively, the
mean distances of clusters Ci and Cj for a given
instance, and τ is the rough threshold.

The instances from RI1 are removed from the
set of clusters, as indicated by the 	 operator, and
they are added into the result set, RI.

The whole process is repeated until the set RI1
is empty.

4.3. Similarity Measure Evaluation Based on the
Rough Instances

In order to evaluate the influence of a certain
similarity measure on the rough instances, we
compare the rough instances reported by the
algorithm described in Section 3 with the rough
instances proposed by the Algorithm 1 from Sec-
tion 4-B.

Given a similarity measure, we execute the
algorithm several times (N ) on a certain dataset
and we collect the reported rough instances from
each execution.

For each rough instance xi we compute the
occurrence rate

occxi =
n

N
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where n denotes the number of occurrences of
the instance in the series of N executions.

For a given distance d, we compute the rough
score as shown in Definition 6.

Definition 6: The rough score of a given similarity
measure is the ratio between the sum of the occurrence
rates of the validated rough instances and the sum of all
occurrence rates:

RSCκd =

∑|RId|
i=1 1RIκ(x

i) · occxi
|RIκd |

where:
• RId is the set of rough instances reported by

the clustering algorithm for a certain similarity
measure (or distance, d)

• RIκ is the set of actual rough instances produced
by the Algorithm 1 from Section 4-B for which
occxi ≥ κ, where κ ∈ [0, 1] represents the
minimum confidence of the rough instance xi

• 1RIκ is the indicator function of RIκ:

1RIκ(x
i) =

{
1, if xi ∈ RIκ ∧ occxi ≥ κ
0, otherwise.

• RIκd is the set of rough instances reported by the
clustering algorithm for a distance, d, and mini-
mum confidence, κ.

As seen in Definition 6, the rough-score de-
pends on a fixed parameter κ denoting the con-
fidence of each rough instance xi — so only
the instances having an occurrence rate higher
than κ are taken into account. Given a similarity
measure, we compute the rough score for several
values of κ.

5. RESULTS AND DISCUSSION

This section presents the experimental setup of
our study and discusses the obtained results. The
experiments are conducted on several standard
datasets: Iris [4], Seeds [10], Wine [5], Ionosphere
[19], Ecoli [12], Glass [7].

The Iris dataset [4], one of the most widely
used datasets in pattern recognition, contains 150
instances with four attributes denoting geometric
information regarding three species of Iris plants.
There are three classes with 50 instances each,
one of the classes being linearly separable from
the other two. The data is scaled in the [0, 1] range
using Min-Max normalization [9] and the algorithm
described in Section 3 is applied with the following
parameter setting: imax = 100, λ = 100, σ1 =
0.0115, and σ2 = 0.1. For each of the considered
distances, the clustering algorithm is executed 50
times computing the accuracy and rough score as
described in Section 4. Table 1 shows the minimal,
maximal and average accuracy for each similarity
measure.

The Seeds dataset [10] contains 210 instances
with seven attributes describing geometric param-
eters of wheat kernels. There are three classes

of 70 instances each. After normalization (as
described before), the algorithm from Section 3
is applied with the following parameter setting:
imax = 100, λ = 100, σ1 = 0.024, and σ2 = 0.2.
The clustering algorithm is executed 50 times for
each of the considered similarity measures and a
result summary in terms of accuracy is presented
in Table 1.

The Wine dataset [5] contains 178 instances
with 13 attributes describing information of a
chemical analysis of wines grown in the same
region in Italy but derived from three different
cultivars. The data is normalized in the same
fashion as for the other datasets and the algorithm
described in Section 3 is applied 50 times with the
following parameter setting: imax = 100, λ = 100,
σ1 = 0.145, and σ2 = 0.45. Tables 1 shows the
minimal, maximal and average accuracy for the
Wine dataset.

The Ionosphere dataset [19] contains 351 in-
stances with 34 attributes and two classes. After
normalizing the data, the algorithm from Section
3 is applied 50 times with the following parameter
setting: imax = 100, λ = 100, σ1 = 0.1583, and
σ2 = 1.04 and the results in terms of accuracy are
shown in Table 2.

The Ecoli dataset [12] contains 336 instances
with 8 attributes and 8 classes out of which three
classes contain few instances. After normalizing
the data, the algorithm from Section 3 is applied 50
times with the following parameter setting: imax =
100, λ = 100, σ1 = 0.02, and σ2 = 0.16 and the
results in terms of accuracy are shown in Table 2.

The Glass dataset [7] contains 214 instances
with 10 attributes and 7 classes. After normalizing
the data, the algorithm from Section 3 is applied 50
times with the following parameter setting: imax =
100, λ = 100, σ1 = 0.1112, and σ2 = 0.586 and the
results in terms of accuracy are shown in Table 2.

The rough instances together with their oc-
currence rates for each similarity measure are
available in our previous work from [21] and are
excluded from this paper for brevity reasons.

The analysis process described in Sections 4-B
and 4-C is then applied for each dataset obtaining
the rough scores displayed in Table 3. A NaN
value in Table 3 indicates that no rough instances
have been reported by the clustering algorithm in
that case.

Considering Table 1, the best results on the
average are for the Minkowski distance where
p = 2.3 and, in our previous work from [21],
we observed approximately the same situation for
the rough scores. Moreover, the following order
relations between the scores (accuracy, rough)
of different Minkowsky distances (expressed as
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TABLE 1: Accuracies for the Iris, Seeds and Wine datasets.

Similarity Acc Iris (%) Acc Seeds (%) Acc Wine (%)
measure Min Avg Max Min Avg Max Min Avg Max

Manhattan 86.0 95.69 96.67 61.43 86.17 87.62 78.65 88.33 91.01
Chebyshev 83.33 84.07 85.33 83.33 90.36 90.95 89.89 91.52 92.7
Euclidean 91.33 96.49 96.67 79.52 91.1 91.43 72.47 96.81 98.31

Squared Euclidean 88.0 96.36 96.67 90.95 90.98 91.43 72.47 96.57 97.75
Minkowski p =

√
2 85.33 96.39 97.33 89.05 91.32 91.43 82.02 92.07 92.7

Minkowski p = 2.3 96.0 96.65 96.67 90.95 91.39 91.43 84.83 97.48 97.75
Minkowski p = 2

√
2 96.0 96.65 96.67 89.52 90.97 91.9 84.83 95.34 96.63

Minkowski p = 3 94.0 96.6 96.67 73.81 90.29 91.9 78.65 92.62 95.51

TABLE 2: Accuracies for the Ionosphere, Ecoli and Glass datasets.

Similarity Acc Ionosphere (%) Acc Ecoli (%) Acc Glass (%)
measure Min Avg Max Min Avg Max Min Avg Max

Manhattan 60.29 65.54 66.57 63.99 65.51 70.24 86.92 88.69 90.19
Chebyshev 58.29 58.29 62.29 45.54 47.77 50.89 0.0 75.42 89.72
Euclidean 69.71 69.77 70.29 59.82 64.11 71.13 88.32 89.72 90.65

Squared Euclidean 62.0 68.46 70.57 59.23 63.63 67.86 88.32 89.58 90.65
Minkowski p =

√
2 46.0 63.94 68.86 61.01 66.16 72.92 87.38 88.41 89.25

Minkowski p = 2.3 62.57 69.6 70.57 61.01 64.64 71.43 88.32 88.88 90.19
Minkowski p = 2

√
2 51.43 65.86 70.0 63.39 65.09 67.26 0.0 71.59 90.19

Minkowski p = 3 51.14 64.74 70.86 59.82 59.82 72.62 86.92 87.99 89.72

values of p) appeared to emerge

(p = 1) ≤ (p =
√
2) ≤ (p = 2) ≤ (p = 2.3)

(p = 2.3) ≥ (p = 2
√
2) ≥ (p = 3) ≥ (p =∞)

where (p = n) is the score (accuracy or rough) of
the Minkowsky distance for p = n.

One of the goals of the current work was to
check to what degree do these relations hold for
other datasets and in doing so we have tried
to choose datasets with many hybrid instances.
As we can see in Table 2, the aforementioned
relations do not hold, but still, for p = 2.3 we obtain
results very close to the best one in all cases.
In what concerns the rough scores (Table 3), it
seems that the best results (high rough scores
for high confidence values) are obtained in most
cases for values of p close to 2.3. For example,
for Wine and Seeds the best results are obtained
for p =

√
2, while for the other datasets p = 2

√
2

gives the best results, but these values of p are
both close to 2.3.

Even though the results from our previous work
[21] suggested that the Minkowsky distance with
p = 2.3 is the best one, our current study shows,
as expected, that this is not the case, but still,
the best result is in general obtained for val-
ues of p close to 2.3. This is probably caused
by the fact that the clusters from most datasets
have a similar spherical shape. The scores tend
to decrease for p > 2.3 probably because the
value of the Minkowsky distance decreases with
increasing values of p and hence more instances
are accepted as similar including possible outliers.
Moreover, with increasing values of p the sphere
like shape of clusters expands, becoming a square
for p =∞. Similarly, for decreasing values of p the

spherical shapes shrink accepting fewer and fewer
instances, which could explain why the scores
tend to degrade for smaller values of p.

6. CONCLUSIONS AND FUTURE WORK

An important challenge in classification prob-
lems is the proper selection of the similarity mea-
sure because the outcome is greatly influenced by
this decision. A widely used similarity measure is
the Euclidean distance and we wanted to know
whether this is the best choice when dealing
with hybrid data, with situations where the cluster
boundaries are not clearly defined. In this regard,
we have tried to select some standard datasets
having clusters with large overlapping regions and
we have studied the influence of each consid-
ered similarity measure from two perspectives: the
influence on the classification accuracy and the
influence on the hybrid data detection (particularly,
rough instances). Our experiments indicate that
the best results are obtained in general for the
Minkowsky distance with values of p close to 2.3,
but, as discussed in the paper, this might be
caused by the fact that most clusters have similar
spherical shapes.

A major issue in pattern recognition is outlier
management, which could have a major impact on
the result if handled improperly. For example, in a
regression analysis context, even a single outlier
could greatly influence the outcome. Our algorithm
is able to detect outliers and outputs the result
with and without outliers. We would like to direct
our future efforts to outlier management first, by
validating our results and second, by investigating
the way outliers are influenced by the similarity
measure selection.
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TABLE 3: Rough scores with minimum confidences (κ) ranging between 0 and 1 with a step of 0.1.

Similarity measure 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Ir
is

Manhattan 2.61 11.0 25.5 25.5 25.5 20.0 20.0 NaN NaN NaN NaN
Chebyshev 6.36 9.5 13.13 14.31 19.5 11.0 11.0 0.0 0.0 0.0 0.0
Euclidean 5.9 38.5 38.5 38.5 38.5 51.33 51.33 45.0 45.0 45.0 0.0

Squared Euclidean 14.88 15.25 18.39 18.39 59.33 89.0 89.0 89.0 89.0 98.0 NaN
Minkowski p =

√
2 5.56 36.0 36.0 36.0 36.0 48.0 46.0 46.0 46.0 46.0 0.0

Minkowski p = 2.3 15.71 18.17 27.25 43.6 43.6 54.5 80.0 80.0 86.0 NaN NaN
Minkowski p = 2

√
2 7.61 18.88 25.17 31.71 62.0 62.0 62.0 62.0 93.0 98.0 NaN

Minkowski p = 3 6.12 16.0 17.33 29.71 59.33 59.33 59.33 89.0 89.0 96.0 NaN

W
in

e

Manhattan NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN
Chebyshev 7.73 11.94 20.24 20.0 20.29 33.33 33.33 33.33 50.0 100.0 100.0
Euclidean 5.36 8.0 10.47 15.33 23.0 0.0 0.0 0.0 0.0 NaN NaN

Squared Euclidean 3.65 6.83 10.91 6.4 0.0 0.0 0.0 NaN NaN NaN NaN
Minkowski p =

√
2 5.72 8.66 10.63 11.47 14.0 16.55 10.57 12.33 0.0 NaN NaN

Minkowski p = 2.3 4.99 8.87 9.39 10.67 0.0 0.0 0.0 0.0 0.0 NaN NaN
Minkowski p = 2

√
2 4.03 6.33 8.29 8.5 0.0 0.0 0.0 0.0 NaN NaN NaN

Minkowski p = 3 5.15 7.04 10.74 23.33 16.0 0.0 0.0 0.0 0.0 NaN NaN

S
ee

ds

Manhattan NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN
Chebyshev 1.74 2.51 7.4 4.75 0.0 0.0 0.0 0.0 NaN NaN NaN
Euclidean 3.62 4.87 10.34 17.5 18.62 19.0 15.0 NaN NaN NaN NaN

Squared Euclidean 4.49 6.94 8.4 8.64 27.56 41.6 52.0 86.0 86.0 NaN NaN
Minkowski p =

√
2 4.97 7.8 9.35 13.52 17.45 14.86 22.29 52.0 40.0 0.0 0.0

Minkowski p = 2.3 3.58 6.07 11.64 21.62 25.08 37.6 33.5 35.0 NaN NaN NaN
Minkowski p = 2

√
2 4.09 7.01 11.74 20.46 24.11 29.56 41.0 41.0 31.33 31.33 0.0

Minkowski p = 3 3.41 4.73 7.04 8.38 18.92 7.78 14.0 14.0 0.0 0.0 NaN

Io
no

sp
he

re

Manhattan 2.0 1.27 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN
Chebyshev 14.5 19.33 19.33 19.33 29.0 29.0 NaN NaN NaN NaN NaN
Euclidean 2.65 6.45 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN

Squared Euclidean 1.85 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN
Minkowski p =

√
2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN NaN

Minkowski p = 2.3 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN
Minkowski p = 2

√
2 2.29 37.0 37.0 37.0 74.0 74.0 74.0 74.0 NaN NaN NaN

Minkowski p = 3 5.0 8.24 0.0 0.0 0.0 0.0 0.0 0.0 NaN NaN NaN

E
co

li

Manhattan 3.05 7.04 6.62 0.0 0.0 0.0 0.0 0.0 0.0 0.0 NaN
Chebyshev 4.64 22.93 47.0 52.0 56.0 56.0 56.0 48.0 48.0 48.0 NaN
Euclidean 2.88 8.98 11.46 13.45 11.14 15.6 26.0 78.0 NaN NaN NaN

Squared Euclidean 3.96 10.48 14.16 18.22 27.2 56.0 NaN NaN NaN NaN NaN
Minkowski p =

√
2 3.23 8.57 13.83 28.4 47.33 47.33 47.33 37.0 NaN NaN NaN

Minkowski p = 2.3 4.61 12.11 16.35 17.87 19.0 22.4 0.0 NaN NaN NaN NaN
Minkowski p = 2

√
2 3.31 9.31 13.43 19.5 26.0 39.0 78.0 78.0 NaN NaN NaN

Minkowski p = 3 2.23 9.5 10.36 10.29 24.0 24.0 24.0 36.0 NaN NaN NaN

G
la

ss

Manhattan 10.0 34.0 34.0 34.0 NaN NaN NaN NaN NaN NaN NaN
Chebyshev 8.0 16.0 NaN NaN NaN NaN NaN NaN NaN NaN NaN
Euclidean 6.44 34.0 34.0 34.0 NaN NaN NaN NaN NaN NaN NaN

Squared Euclidean 9.2 34.0 34.0 34.0 NaN NaN NaN NaN NaN NaN NaN
Minkowski p =

√
2 8.53 25.5 25.5 36.0 NaN NaN NaN NaN NaN NaN NaN

Minkowski p = 2.3 11.67 17.0 34.0 34.0 NaN NaN NaN NaN NaN NaN NaN
Minkowski p = 2

√
2 50.0 50.0 50.0 80.0 80.0 80.0 80.0 80.0 80.0 NaN NaN

Minkowski p = 3 35.0 35.0 52.0 52.0 72.0 72.0 72.0 72.0 NaN NaN NaN
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