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Abstract: We present how modalities in
coalgebraic logic can be introduced to de-
scribe behavior of the systems. We start with
an analysis of coalgebraic approach together
with several simply understandable examples
of coalgebras. We concern on observable be-
haviour of the systems that can be described
by coalgebraic formulas. We extend this logic
with modalities of necessity and possibility to
increase the expressive power of coalgebraic
logic. We illustrate our approach on the same
examples to compare both approaches.

Index Terms: coalgebra, modal logic, be-
haviour

1. Introduction

Logic is one of the basic sciences used in ev-
eryday life and also in many scientific areas.

In this work, we will be mostly concerned with
coalgebraic and modal logic. Coalgebraic logic
[6] is a logic, which main goal is to describe ob-
servable behaviour of systems. The foundation
of coalgebraic logic is a coalgebra [4]. A coal-
gebra is dual term to algebra and this relation-
ship reflects the duality between construction of
systems (by algebras) and observing outer be-
haviour of systems (by coalgebras). A coalgebra
examines and observes the outer behaviour of
the systems. In any system we consider a set
of states among which some transition func-
tions are performed. These states are often
hidden, not observable by a user. Coalgebra
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does not care about inner functions or inner
structure of the systems. All what it can follow
are the outer changes of the system, mainly the
observable output values. The work of a sys-
tem can be described by using coalgebraic logic
[2]. This logic can be reformulated to modal
logic [3, 9] that increases the expressive power
of coalgebraic logic. Modal logic [7] is a one
of a group of logical systems, which consists of
deontic logic, temporal logic, epistemic logic,
standard modal logic, and many others. In this
paper we consider standard modal logic. Main
attribute of standard modal logic is its modal
nature by introducing new operators of necces-
sity and possibility.

In the next section, we introduce basic no-
tions from category theory and coalgebras to
define coalgebraic logic. Then we reformulate
this logic adding modality operators. The main
contribution of this paper is to illustrate using
coalgebraic modal logic on the simple exam-
ples of real systems, which make coalgebraic
approach and modal logic more understand-
able also for practical programmers and stu-
dents that are not familiar in mathematics and
logic.

2. Basic Notions

Algebras and coalgebras are modeled using
notions of category theory. This discipline
of mathematics define and investigate special
mathematical structures called categories. It
examines properties of objects, relationships be-
tween objects inside one category using mor-
phisms and relationships between categories us-
ing functors [1]. Coalgebras are structures con-
structed over base category using appropriate
polynomial endofunctors.
A category is a mathematical structure which



consists of

• objects denoted by A,B,C,...

• morphisms between objects denoted by
f, g, h,...

Each morphism f is defined between two ob-
jects: domain and codomain. A morphism is a
function of the form

f : A→ B, (1)

where A is a domain of the function and B is
a codomain of it.

A functor is a morphism between two cate-
gories. Assume, we have two categories C,D.
A functor F

F : C→ D (2)
is a morphism between categories preserving
the structure, identities and composition. That
means, when F maps the objects A,B in a cat-
egory C to the objects F (A), F (B) in a cate-
gory D, then a morphism f : A → B in the
category C is mapped to a morphism

F (f) : F (A)→ F (B)

in the category D.
A functor, which we use in this paper is a special
type of functors, which has as a domain and
codomain the same category. Such functor is
called endofunctor

F : C→ C.

The simplest example of an endofunctor over a
category is the identity functor Id : C → C,
which maps each object of a category C to the
same object and every morphism to the same
morphism.

Coalgebras are constructed over a base cat-
egory. This base category has as objects states
of a system and morphisms are operations that
change states. These operations can not only
change the states, but also to produce some
output, or to use some input values from the
environment. Therefore in [5] coalgebras use
polynomial endofunctors of the form that is
similar to polynomials known in algebra. For
instance the polynomial endofunctor:

F (X) = (1×X +O ×X)I .

characterizes a system which has a set of states
X, a set of outputs O, a set of inputs I and an
error state or message 1. This endofunctor rep-
resents a type of systems, which can produce
either an error message or it is working using
input values from I to change the states and
possibly to produce output values from O. A
state is changed in each step of system execu-
tion, that is why we have X in both members
of the equation. More formally, 1 describes ab-
normal end of a system execution, X describes
that a state is changed and O × X expresses
a change of a state together with producing
some output value. The exponent I describes
that every step of execution needs some input
value. Each polynomial endofunctor character-
izes one kind of the systems.

An algebra is the essential part of mathe-
matics, it deals with sets with operations sat-
isfying certain properties. Induction is logical
reasoning principle for algebras and initiality is a
property for algebras. Standard algebraic tech-
niques have been proved to be useful in captur-
ing various aspects of data structures in com-
puting. It turned out to be difficult sometimes
to describe dynamic structures. We are talking
about structures which involve sets od states.
As time goes by, it turned out that dynamic
systems which involve sets of states will not be
described as algebras anymore, but they will be
described as coalgebras. Coalgebras [10] are
dual concepts to algebras. The logical reason-
ing principle for coalgebras is coinduction which
is a dual notion to induction and also finality is
a property for coalgebras which is dual notion
to initiality.

A system is a running process which com-
municates with an environment. Communica-
tion between a system and its environment is
held by interface. User can describe a certain
system exactly by its interface. This outer view
of the system is also called black box view. It
is called black box, because a user does not
know what is exactly going on in the system.
All he sees, is the system’s behaviour. A system
can be abstracted as a set of states X with a
transition function ξ. This transition function
describes transition for each state x ∈ X:

X
ξ−→ F (X). (3)



F is a polynomial endofunctor, X is a set of
states and ξ is a transition function.

When we are starting to observe a certain
system, we are expecting that it starts in an
initial state x0. A system including first state
is called a process. We write a process as a
triple

(X, ξ, x0). (4)

We do not always need to write it as a triple
if we already know what system we describe.
In some case, we write only a sttate space and
transition function.

Now, we describe how we can observe a be-
haviour of the several types of the systems by
coalgebras. Assume that we have basic system,
which will produce one output value. This value
a ∈ A is from set A. Transition function for this
type of system will look like

X
ξ−→ A, (5)

where F (X) = A. When this type of system
is running, it can execute a transition function
only once per run.
Let us assume another type of system which
will produce infinite number of output forever.

X
ξ−→ A×X. (6)

We assume that a system starts in a state x0
and one of the transition functions is ξ(x0) =
(a, x1). The next transition function has x1 as
initial state and this will be repeated in the all
following steps. This type of system is called a
stream.

In the next section we introduce coalgebraic
logic for coalgebras.

3. Coalgebraic Logic

Coalgebraic logic is used for specifying proper-
ties of classes of coalgebras. Each polynomial
endofunctor determines a type of systems, i.e.
a class of coalgebras. Coalgebraic logic uses
a corresponding polynomial endofunctor, which
get an actual state of a system and returns a
next state.

A formula is a finite sequence of symbols,
which is constructed by exact formal logical lan-
guage. We use formulas satisfying syntax of

propositional logics. We denote formulas by
small letters from greek alphabet

ϕ,ψ, φ.

The coalgebraic formulas reflect the behaviour
of a system, each step of execution provides
a new coalgebraic formula. We illustrate coal-
gebraic logic on the following examples of the
simple systems.

Example 1: Basic calculator

Our first example is a simple basic calcula-
tor. The calculator executes four basic arith-
metical operations: addition, subtraction, mul-
tiplication and division of some natural num-
bers.

We construct the category of states State,
where objects are states and morphisms are op-
erations. The suitable polynomial endofunctor
F : State→ State is

F (X) = ((Em +Om)×X)I ,

where we use the following symbols:

• set E is a set of errors,

• set O is a set of output values,

• set X is a set of states,

• set I is a set of input values,

• m indicates the corresponding executed
arithmetical operation.

We are also using categorical operation expo-
nent, because the functor is defined as a func-
tion from input values to an output value (or
error) for a given operation m.

Let us assume the category State that con-
sists of states x0, x1, ..., xn, which are also
called objects of the category. A coalgebra is a
pair (X, ξ) where X is called a state space and
ξ is coalgebraic structure as defined above.

In this example, the state space will be
state space of the calculator and the coalge-
braic structure gets input values in an actual
state and produce a result of an operation to-
gether with the change of state.

Consider that we add on calculator two
numbers 4 and 5. We construct the coalgebraic



formulas as the sequences for each application
of the functor F , i.e. for every change of state:
ϕ1 = ((x0,⊥), true),
ϕ2 = ((x1, 4), ((x0,⊥), true)),
ϕ3 = ((x2, 5), ((x1, 4), ((x0,⊥), true))),
ϕ4 = ((x3, 9), ((x2, 5), ((x1, 4),

((x0,⊥), true)))).

This sequence of coalgebraic formulas de-
scribes the whole work of a system in the case
of addition of two numbers. The system ends
its work in four steps.

Example 2: Kettle with a jug of water

The second example, we present, is a kettle
with a jug of water. We are heating the jug
because we want the water to get in the boiled
state.

For this simple system we use the same cat-
egory of states State but the coalgebraic model
differs in a polynomial endofunctor. We define
the polynomial endofunctor F : State→ State
for this type of system as

F (X) = (O ×X)I ,

where
• X is a set of water states,

• I is a set of input values (temperature),

• O is a set of output values (boiled or not).
Category State consists of states x0, x1, .., xn
and a coalgebra has same structure (X, ξ) like
in previous example. In this example we are
going to use one more set

B = {true, false},

which has two boolean values indicating boiled
state of the water. The formulas for this type
of example will look like this

ϕ1 = ((x0,⊥), true),
ϕ2 = ((x1, false), ((x0,⊥), true)),
ϕ3 = ((x2, false), ((x1, false),

((x0,⊥), true))),
ϕ4 = ((x3, true), ((x2, false),

((x1, false), ((x0,⊥), true)))).

Here we are heating the jug so the water
is getting hotter and hotter. When the tem-
perature gets 100 degrees Celsius, the water is
boiled and the value of last state is set to true.

4. Coalgebraic Modal Logic

Modal logic deals with the study of linguistic
structures which evaluate the truth conditions
of terms, encompassing abstract directions like
beliefs, ethics and learning. We can describe
this logic as a logic of necessary and possi-
ble truths. This logic is called standard modal
logic. Nowadays, modal logic is also used in
computer science, where it is talking about dif-
ferent behaviours of systems or properties of
transitions between states of the systems. Aris-
totle in the ancient times was the first, who
mentioned two important words of modal logic:
necessity and possibility. This was the start of
formulating of standard modal logic which is a
part of a big family of modal logics. Introducing
modality operators enables to increase expres-
sive power of logic. Without them we can deal
with formulas containing modalities as with un-
structured propositions.

In standard modal logic we use two basic
modal operators. The operator � indicates ne-
cessity and the operator ♦ indicates posibility.
A formula

�ϕ

can be read as: it is necessary that ϕ holds,
and a formula

♦ϕ

can be read as: it is posible that ϕ holds. These
modal operators are dual and satisfy the follow-
ing equivalences:

�ϕ = ¬♦¬ϕ,
♦ϕ = ¬�¬ϕ.

In this section we would like to show how
modalities can be used on the examples in pre-
vious section. To formulate modal coalgebraic
logic, we need to use Kripke semantics. Saul
Kripke is a famous philosopher who brought a
new way of looking on the semantics of modal
logic. Kripke’s main rule in semantics of modal
logic is that we are considering existence of
more than one world. The truth of the for-
mulas can be different in different worlds. He
considers a set of possible worlds and define the
rules when a modal formula is true in a given
world.



A Kripke’s model is a triple

Model = 〈W,≤, |=〉,

where

• W is a set of possible worlds,

• ≤ is an accessibility relation between
worlds,

• |= is a satisfaction relation, i.e. it defines
when a formula ϕ is true in a world w.

Very important thing in this work is to assign
elements from coalgebraic logic to elements in
modal logic. We consider that any state from
the state space X in coalgebraic model corre-
sponds some world w ∈W , which means

xi ≡ wi.

Accessibility relation will reflect the relationship
between two states and we will write this rela-
tionship as

x1 ≤ x2,

which means state x2 is accessible from state
x1. Last element of Kripke’s model is satisfac-
tion relation. We will write it as

xn |= ϕn,

which means, formula ϕn is true in state xn.
This relation is exactly defined in Kripke model
[8].

Example 3: Coalgebraic modal logic formulas
for calculator

We formulate coalgebraic modal logic for
the basic calculator from Example 1. We work
with a more difficult operation than addition.
We will create coalgebraic formulas with modal-
ities for division. We need to consider that we
can not divide with zero because we will get an
error.

The calculator starts its work in the state x0
and ϕ0 is signalizing that calculator is turned
on.

x0 |= �ϕ0.

We are getting into a next state x1 where we
are entering numbers. Formula ϕ1 is true if
and only if formula ϕ0 is neccessary true. That

Figure 1: Kripke’s model for division

means we can enter numbers only to a turned
on calculator. Formula ϕ2 is true only if the
second entered value is not zero.

if x1 |= ϕ1 ∧ x2 |= ϕ2 then x3 |= �ϕ3.

This means that if formula ϕ1 is true in state
x1 and formula ϕ2 is true in state x2 then it is
necessary true that formula ϕ3 is true in state
x3 which means we have a result.

if x1 |= ϕ1 ∧ x2 |= ¬ϕ2 then x3 |= ¬�ϕ3.

Otherwise, if formula ϕ1 is true in state x1 and
formula ϕ2 is not true in state x2 than we it
is necessary not true that we have a good re-
sult, which logically means we got an error. In
Fig.1 we can see a coalgebraic modal Kripke’s
model for divison which represents coalgebraic
formulas with modalities.

�

Example 4: Coalgebraic modal logic formulas
for kettle with a jug of water

Let’s get back to the example with the ket-
tle and jug of water. We added one special
formula ϕ4 to this case which is signalizing if
the kettle is connected to the electricity. For-
mula is true if it is connected and is false if is
not.

We start in the state x0 with formula ϕ0
which is not true here. Formula in this example



signalizes that the water is hot. We are in the
first state and the water is not hot yet, because
we are starting with cold water, the formula is
false. As we are heating our water, the tem-
perature is raising and we are getting into state
x1.

if x0 ≤ x1 then x1 |= �ϕ1,

which means that if state x1 is accessible from
state x0 then the formula ϕ1 is possibly true.
In the next state x2 the water is already hot so
we are writting a formula

if x1 ≤ x2 a x1 |= �ϕ1 then x2 |= ϕ2,

which means that if state x2 is accessible from
state x1 and formula ϕ1 is possibly true in state
x1 then formula ϕ2 is true in state x2. In the
last state x3 the water gets 100 degrees Celsius
and it is in the boiled state.

if x2 ≤ x3 a x2 |= ϕ2 then x3 |= �ϕ3.

Here we have the next formula which says that
if state x3 is accessible from state x2 and for-
mula ϕ2 is possibly true in state x2 then ϕ3 is
necessary true in the state x3, what means, it is
boiled. If we unplug the kettle from the electric-
ity, it gets in state x4 and this state is accessible
from all of the previous worlds (states).

x4 |= ¬♦ϕ4.

This means that if we get into state x4 formula
ϕ4 is necessary not true, because the water in
this state is not hot for sure.

In Fig.2 we can see Kripke’s model for the
kettle with jug of water which represents coal-
gebraic formulas with modalities.

�

5. Conclusion

In our paper we shortly presented the princi-
ples of coalgebraic modeling of systems, which
enables to model observable behavior. We con-
cerned on logical systems used in coalgebras
and introduced the principles of coalgebraic
logic. Using the equivalence between possible
worlds and state space in Kripke’s model, we
can describe the behavior of systems by coal-
gebraic modal logic that has higher expressive

Figure 2: Kripke’s model for the kettle with jug
of water

power and more readable formulas then coalge-
braic logic.

Our approach can be extended also for more
complex systems using the methods presented
in this paper.
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