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Abstract: In this paper we present and ex-
perimentally evaluate the performance of sev-
eral practical algorithms for the matrix multi-
plication problem. We explain and implement
classical algorithms, recursive algorithms as well
as the Strassen algorithm. Additionally, we also
present and evaluate several code tuning tech-
niques. Our comparison includes our implemen-
tations of the algorithms as well as the algo-
rithms from the uBLAS standard library. Fi-
nally, we also examine numerical stability of the
algorithms.

Index Terms: matrix multiplication, algo-
rithm, Strassen, experiment, performance

1. Introduction

Matrix multiplication is one of the ba-
sic operations used in many different

fields such as machine learning, engineering and
physics simulations. This makes implementing
efficient and numerically stable algorithms for
the operation important. In this article we com-
pare different methods of matrix multiplication
and their implementations. The main goal is
to compare execution time of matrix multipli-
cation algorithms when the size of the matrix
grows.

Matrix multiplication is a binary operation
on two matrices A and B resulting in matrix
C = A · B. Each entry in the new matrix is
defined as scalar product of the corresponding
row in the first matrix and the corresponding
column in the second, i.e.,

ci,j =
n∑

k=1
ai,kbk,j .
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For matrix A of size m × n and matrix B of
size n× k we can therefore compute matrix C
of size m× k.

Most known matrix multiplication algo-
rithms are derived directly from this definition
and only change the order of addition opera-
tions. Examples of this kind of algorithms are
classic and recursive algorithm as well as block
matrix multiplication. They all have asymptotic
time complexity Θ(n3) for two square n×n ma-
trices.

There also exist algorithms with sub-cubic
time complexity. These algorithms are of great
theoretical importance but are usually not im-
plemented. Authors who worked on this field
are Strassen [17], Pan [14], Bini [5], Schonhage
[16], Romani [15], Coppersmith [7], Winograd
[7], Stothers [8], Williams [19].

Unfortunately most of the sub-cubic algo-
rithms are very elaborate and sometimes come
with a much larger constant, meaning that even
in theory they would not be faster on practically
sized matrices. This article tries to promote
a Strassen-like algorithm, which is straightfor-
ward to understand and fairly simple to imple-
ment. We hope to demonstrate its practical
value.

For comparison evaluation of our results we
used uBLAS from the C++ library boost [2]. We
used Boost because of its popularity and ease of
use. Possible alternative libraries are Armadilo
[1], Eigen [3] and Intel Math Kernel Library [4].

During the course of development of the
algorithms presented in this paper we followed
the systematic approach to generation of new
ideas in research in computing [9]. Additionally,
we also followed the process and methods of the
algorithm engineering approach to development
of practically efficient algorithms [6, 12, 13].

In the next section we describe the classi-



cal matrix multiplication method. In Section 3
we describe the divide and conquer approach
to matrix multiplication. In section 4 we de-
scribe the Strassen method of matrix multipli-
cation along with our own method similar to
the Strassen method. In Section 5 we compare
the numerical stability of the implemented al-
gorithms. Finally, in Section 6 we compare the
performance of our implemented algorithms.

2. Classical Algorithm

The most basic algorithm for matrix multipli-
cation is derived directly from the definition
of matrix multiplication using three for loops.
In this basic algorithm we iterate thorough the
rows of the first matrix and multiply each row
with every column of the second matrix. For
every row and column we compute the sum of
the products of corresponding row and column
entires.

2.1 Transposed Matrix

The standard way of representing dense matri-
ces in computer memory are two dimensional
arrays. Since the 2D array has to be stored in
memory which is one dimensional, it needs to
be linearized. This can be done in a row-major
order or column-major order [11]. The ordering
has a significant effect on the algorithm perfor-
mance, because accessing consecutive elements
in memory is faster on modern CPUs because
of caching. However classic multiplication ac-
cesses one matrix consecutively by rows and the
other consecutively by columns. Hence, regard-
less of the order we choose to store the matrices
in, one of the matrices is accessed inefficiently.

Fortunately this can be fixed by transposing
one of the matrices before multiplication. The
question is, whether the overhead of first trans-
posing one of the matrices is larger than the
potential gains of better memory access pat-
tern during multiplication.

In Figure 1 we compare the performance of
Classic algorithm and a version where the sec-
ond matrix is transposed. From the Figure we
observe that the transposed version is faster.
We can conclude that the overhead of trans-
posing the matrix is lower than the speedup re-

sulting from better use of the processor cache.
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Figure 1: Running-time comparison of classic
multiplication algorithms: without (classic) and
with (classicT) transposition.

We can also observe higher variation in the
running times of the non-transposed version.
Although the results may look noisy, running
more tests revealed the variation is consistent.
In Figure 2 we can see the results of running 10
tests for 10 consecutive values of n. We can
see that for each n we get consistent results,
but changing n by one can change the results
significantly.
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Figure 2: Running-time of untransposed classic
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sents one test run without averaging.



2.2 Implementation with Vectors

For comparison we also implemented the classic
algorithms with a nested vector implementation
in C++ (vector<vector<double>>). This im-
plementation allocates each row of the matrix
separately, and the outer vector stores only ref-
erences to the rows. In Figure 3 we can see
the same comparison as in Figure 1, but us-
ing the nested vector data structure. Again the
transposed version is faster, but this time the
difference is more significant. If we compare
the nested vector implementations to the lin-
earized row-major implementations we observe
that the untransposed classic multiplication is
slower, but the transposed version is not.
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Figure 3: Running-time comparison of classic
multiplication algorithms using a nested vector
implementation: without (vec classic) and with
(vec classicT) transposition.

3. Recursive Algorithm

Matrix multiplication can also be implemented
with a divide and conquer approach[18]. We
divide the matrices from the multiplication C =
AB into four blocks[

C1,1 C1,2
C2,1 C2,2

]
=

[
A1,1 A1,2
A2,1 A2,2

] [
B1,1 B1,2
B2,1 B2,2

]
.

Each block can be computed as follows.

C1,1 = A1,1B1,1 + A1,2B2,1

C1,2 = A1,1B1,2 + A1,2B2,2

C2,1 = A2,1B1,1 + A2,2B2,1

C2,2 = A1,2B1,2 + A2,2B2,2

Each recursive step reduces the problem size
and eventually the matrices are small enough
that additional recursive steps are no longer op-
timal and it is more efficient to use the clas-
sic algorithm for such matrices. The minimal
size of the matrix for which additional recur-
sive steps are taken is analogous to the block
size in the block algorithm. Additionally, such
scheme also enables straightforward paralleliza-
tion since the subproblems can be computed by
multiple threads.

Since we use the classic algorithm in the
final stages of recursion, we can also try trans-
posing the matrix first as in Section 2.1. This
can be also written in the form of C = A×X
where X represents transposed matrix B and
× corresponding transposed product. At this
point we write block partition in different style
to avoid confusion with untransposed version of
algorithm. So we can partition matrices A and
X on blocks as

A =
[
A1 A2
B1 B2

]
, X =

[
X1 X2
Y1 Y2

]
.

And the resulting matrix C can be computed
as

C1,1 = A1 ×X1 + A2 ×X2

C1,2 = A1 × Y1 + A2 × Y2

C2,1 = B1 ×X1 + B2 ×X2

C2,2 = B1 × Y1 + B2 × Y2.

In Figure 4 we compare these two versions. The
blocks now fit in the cache and the gains from
memory access patterns withing blocks are not
as significant as in the completely classical ap-
proach.

3.1 Implementation Details

It is important to note that recursion in this
algorithm is only used to control the flow of
computation. No matrices are copied or created



in the recursive step as all operations happen
in-place.

To select the point where the algorithm
switches from recursive to classic multiplica-
tion we parametrized the switch point and ran
scripted tests to find the optimal block size.
This number was different across computers.
The computer we used for testing performed
best if the switch to classic algorithm happened
for blocks smaller than 22 in any dimension.
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Figure 4: Running-time comparison of recrusive
multiplication algorithms: without (recursive)
and with (recursiveT) transposition.

4. Strassen Algorithm

The Strassen algorithm can be derived from the
recursive algorithm, as it is only an additional
idea on the top of the recursive algorithm. The
idea is to get the block matrices of matrix C
with less block products then in the recursive
algorithm i.e., less than 8.

So for recursive multiplication C = AB we
can define auxiliary matrices as

M1 = (A1,1 + A2,2)(B1,1 + B2,2)
M2 = (A2,1 + A2,2)B1,1

M3 = A1,1(B1,2 −B2,2)
M4 = A2,2(B2,1 −B1,1)
M5 = (A1,1 + A1,2)B2,2

M6 = (A2,1 −A1,1)(B1,1 + B1,2)
M7 = (A1,2 −A2,2)(B2,1 + B2,2)

and compute sub-matrices of C as

C1,1 = M1 + M4 −M5 + M7

C1,2 = M3 + M5

C2,1 = M2 + M4

C2,2 = M1 −M2 + M3 + M6

Which yields the same result as the recursive
algorithm. In recursive algorithm we need 8
multiplication of submatrices of A and B but
in the Strassen algorithm we need only 7 multi-
plications of submatrices of the same size. Ad-
ditionally, recursive algorithm requires 4 matrix
additions and Strassen requires 12 matrix addi-
tions, and 6 matrix subtractions. Since multi-
plication is asymptotically harder than summa-
tion or subtraction this drastically improves the
theoretical time complexity of the strassen al-
gorithm. Strassen showed that his method has
time complexity Θ(nlog2(7)) or O(n2.8074) [14].

4.1 Transposed Strassen-like Algorithm

Our implementation of a subcubic algorithm
can be derived from recursive transposed al-
gorithm similarly to how the Strassen algo-
rithm can be derived from the recursive algo-
rithm. Since we did the derivation from recur-
sive transposed algorithm on our own, its blocks
are different from the ones in the Strassen al-
gorithm. There exists many Strassen-like algo-
rithms that take the same idea as the Strassen
algorithm, but come up with different block or-
ganizations. Our goal was to combine the idea
of transposing one of the matrices before mul-
tiplication with the subcubic nature of Strassen
algorithm.

For the transposed recursive multiplication
C = A×X we can define submatrices of C as

C1,1 = M4 + M5

C1,2 = M2 −M6 + M3 −M5

C2,1 = M1 −M4 −M3 −M7

C2,2 = M6 + M7

where auxiliary matrices Mi, where i ≤ 7, are



defined as

M1 = (A1 + B1)× (X1 + Y1)
M2 = (A2 + B2)× (X2 + Y2)
M3 = (A1 −B2)× (X2 + Y1)
M4 = A1 × (X1 −X2)
M5 = (A2 + A1)×X2

M6 = B2 × (Y2 − Y1)
M7 = (B1 + B2)× Y1

In Figure 5 we compare our implementations of
the Strassen algorithm and its recursive coun-
terpart. As with the recursive algorithm the
time gain is not significant. This is because
the algorithms switch to the recursive algorithm
when block size is lower than 96. As before this
threshold was determined experimentally. Since
small blocks fit in the cache, memory access
patterns do not affect performance much.
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Figure 5: Running-time comparison of Strassen
multiplication algorithms: without (strassen)
and with (strassenT) transposition.

5. Numerical Stability

We also compared numerical stability of our
implemented algorithms. For this test we
changed our algorithms to perform calcula-
tions using single-precision floating-point arith-
metic (float). We generated two random ma-
trices and multiplied them. We also multi-
plied the same matrices using double-precision
in uBLAS. We then rounded the uBLAS result

back to a float and calculated the error estimate
as follows

max
i,j
|(Cblas − Ctest)i,j |.

Here we assume that the result computed with
double precision is correct for all the digits
representable in single precision floating point
numbers.

The results in Figure 6 show that the recur-
sive algorithm is the most numerically stable al-
gorithm, followed by classic algorithm and the
Strassen algorithm. The transposed Strassen
algorithm performs the worst in this test. Al-
though the test shown in Figure 6 shows values
only for one particular pair of random matrices,
testing with different random matrices produces
similar results.
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Figure 6: Maximum absolute error comparing
single-precision computation for a 2000× 2000
matrix multiplication with a double-precision
computation on the same matrix.

The Classic algorithm is not perfectly nu-
merically stable, because adding arbitrary float-
ing point numbers will usually give some round-
ing error, which will be proportional to the size
of the result. We can accomplish better results
by applying some smart and expensive numer-
ically stable algorithm like Kahan summation
[10] or using a recursive strategy where we first
sum pair-wise elements of the vector and con-
tinue the procedure until only one element re-
mains.

The recursive algorithm’s way of summa-
tion is most similar to recursive summation,



however our implementation violates the recur-
sive algorithm scheme by:

• stopping the recursion early and perform-
ing the classic multiplication algorithm
for sufficiently small blocks and

• adding the values from the small blocks
calculated with the classical algorithm di-
rectly to the corresponding matrix entries
and not first adding the blocks together
pair-wise.

This two differences both lower the numeri-
cal stability compared to a more strictly imple-
mented recursive algorithm.

Strassen and Strassen-like algorithms are
less numerically stable, because if we expand
the formula for one matrix entry we see that
in the Strassen algorithm the formula is much
larger. Some elements are first added and then
subtracted, which reduces numerical stability.

6. Experimental Comparison

6.1 Implementation

We implemented the algorithms in C++. We
tried to optimize each algorithm as much as
possible. Although all our comparisons were
performed on square matrices we also tested
correctness on non-square matrices. Implemen-
tation of our algorithms is available on Github
at https://github.com/mihic/matrixmul.

6.2 uBLAS Library

In order to compare our implementations with
an existing state-of-the-art implementations we
chose uBLAS, the implementation of matrix
multiplication from the Boost library in the C++
programming language. We chose it for its ease
of use and simplicity. Other libraries such as
Eigen [3] or Intel Math Kernel Library [4] are
vigorously optimized in order to be able to use
multiple cores and advanced vector instructions
of modern processors. We chose uBLAS since
our goal was to compare generic optimization
techniques, not specific to particular processor
architecture.

We used the block prod function from
boost::numeric::ublas with a block size of

32. As before we determined the optimal block
size experimentally.

6.3 Testing Environment

All our tests were run on a computer with
16 GBs of RAM on Intel’s Core i7-6700HQ
locked to 3.1GHz. The operating system
was Arch Linux using kernel version 4.13.
We used gcc version 7.2.0, with the follow-
ing compilation flags: -O3 -march=native
-DNDEBUG -DBOOST UBLAS NDEBUG. O3 and
march=native flags enable compiler optimiza-
tions. The other two flags disable checking for
errors inside the uBLAS library. Without those
flags the uBLAS library checks the numbers in
the calculation and warns the user if it finds that
the computation is loosing too much precision.
The flags disable this overhead and significantly
improve the performance of uBLAS.

All the compared algorithms used a single
thread of execution and calculated a product of
two n× n randomly generated matrices.

6.4 Results
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Figure 7: Running-time comparison of the
faster version of discussed algorithms, includ-
ing the uBLAS library for comparison.

In Figure 7 we compare the faster ver-
sions of all described algorithms. As expected
transposed classic algorithm is the slowest,
followed by transposed recursive and uBLAS.
Since uBLAS uses a block algorithm we can



confirm our prediction, that recursive algorithm
should behave similarly to the block multipli-
cation algorithm. The best algorithm in this
comparison is transposed strassen. Although
this was expected for large n, these results show
that the transposed Strassen algorithm is faster
even for smaller n.

7. Conclusion

We described several practical matrix multipli-
cation methods and discussed their implemen-
tation details, numerical stability and perfor-
mance. We can conclude that the Strassen-like
algorithm does not have a significant constant
hindering its performance for practically sized
matrices. This would suggest that this method
could be implemented even in general purpose
libraries with the only downside being lower nu-
merical stability. The library could provide a
fast Strassen based algorithm and a fall-back
recursive algorithm for cases when numerical
stability is very important.

Our work could be extended to include
processor specific optimizations such as SIMD
(Single Instruction Multiple Data) instructions.
This would enable a comparison of the Strassen
algorithm with highly optimized libraries such
as Eigen or Intel MKL.
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