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Multi-Offspring Real Genetic Algorithm  

and its Application  

in Function Optimization 
 

Wang, Jiquan; Ersoy, Okan; Cheng, Zhiwen; Zhang, Panli; and Dai, Weiting 

 

 Abstract：The paper provides a multi-offspring 

real genetic algorithm (MORGA) in accordance with 

biological evolutionary and mathematical ecological 

theory. On this basis, the paper provides an evolution 

strategy of MORGA, gives a method to generate 

multi-offsprings by crossover, and illustrates its 

application in function optimization in comparison to 

the basic real genetic algorithm (BRGA). In MORGA, 

the number of offsprings is significantly increased as 

compared to the BRGA. MORGA increases the 

probability of generating better individuals, and also 

makes the population more competitive, thus yielding 

considerable improvement. Test results with five 

function optimization examples show that MORGA 

has faster speed, and its average computing time and 

average number of iterations are significantly lower 

compared to the BRGA. 

 Keywords: Multi-offspring, Real Genetic 

Algorithm, Function Optimization, Crossovers, 

Mutations. 

 

1. INTRODUCTION 

Genetic Algorithm (GA) was proposed by John 

H. Holland and his student at Michigan University in 

the late 1960s and early 1970s [1-4]. De Jong KA 

first proposed the elitist reserved evolutionary 

strategy in his doctoral thesis in 1975. Later he 

continued to study the elitist reserved evolutionary 

strategy, and proposed a variety of evolutionary 

strategies of elitist retention and selection instead of 

copying [5-8]. Genetic algorithms are computed 

according to this evolutionary strategy at present. 

Because the real genetic algorithm has high 

precision, simple operation, easy to do large space 

search, fast convergence, not easy to fall into local 
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minima and so on [5,6], it is widely used in 

automatic control, combinatorial optimization, 

machine learning, image processing, self-adaptive 

control, planning and design, industrial engineering, 

intelligent manufacturing systems, bioengineering, 

systems engineering, artificial intelligence, 

intelligent machine systems, and artificial life [5-7]. It 

is especially suitable for processing complex and 

nonlinear problems which are difficult to solve by 

traditional search methods [5]. 

Many scholars have conducted in-depth study 

on GA, and proposed various improved algorithms, 

such as hierarchical GA, CHC algorithm, messy GA, 

self-adaptive GA, GA based on niche technology, 

hybrid GA, parallel GA and so on [9-15]. In these 

studies, two parent individuals usually generate two 

offspring individuals, or multiple parent individuals 

generate two offspring individuals [16, 17], or one 

parent individual generates one offspring individual 

[18]. That is to say, the number of offspring 

individuals is less than or equal to the number of 

parent individuals. Thus, when crossover probability 

equals 1, the number of offspring individuals equals 

the number of parent individuals. When crossover 

probability is less than 1, the individual number of 

offsprings is less than the individual number of 

parents [19, 21]. This is unlike nature in which the 

individual number of offsprings is usually greater 

than the individual number of parents so that 

animals and plants are able to survive. The paper 

proposed aims at following biological evolutionary 

and mathematical ecological theory more closely. 

Test results with five function optimization examples 

show that MORGA has faster speed, with the 

average number of iterations significantly reduced 

as compared to the BRGA. 

 

2. THEORETICAL FOUNDATION OF MORGA 

Definition 1：The offspring individual number of 

parent individual due to crossover generation is 

greater than the parent individual number.  

Definition 2：The offspring individual number of 
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parent individual due to crossover generation is less 

than or equal to the parent individual number in real 

genetic algorithm (BRGA). 

2.1 Biological Theory Foundation 

Darwin's theory of evolution is widely accepted. 

Natural selection theory of biological evolution [22] 

includes the following factors: high fertility rate, 

struggle for existence, indeterminate mutation, 

survival of the fittest etc. The born individual number 

of children is usually more than the surviving 

individual number. High fertility rate is a common 

phenomenon in nature. For example, a plant may 

bear one thousand seeds each year, but the number 

of blossoming fruit seeds is less than one thousand.  

2.2 Mathematical Ecological Theory Foundation 

In order to illustrate the probability of species 

extinction, suppose one species has only one 

individual at first. Then at a certain time t, the 

probability of population size equaling 0 is given by 

( )

0 ( )
( | 1)

t

t

e
p t i

e

 

 

 

 






 


            （1） 

Where, i is the size of initial population, µ is the 

mortality rate, and λ is the reproduction rate. 

The probability for the population whose initial 

size equals i to be extinct with time elapsing is given 

by 

( )

0 0 ( )
( ) [ ( | 1)]

it
i

t

e
p t p t i

e

 

 

 

 





 
    

 
    （2） 

To solve the extinction probability of population, 

letting t tends to infinity, there are three situations as 

follows: 

(1) When the reproduction rate is less than the 

mortality rate, that is to say, λ < µ, the exponential 

term in Eq. (2) would tend to 0 as t → ∞, resulting in 

0lim ( ) 1
t
p t


                          （3） 

The extinction probability of population equals 

1. Hence, the species must become extinct as time 

increase.  

(2) When the reproduction rate is greater than 

the mortality rate, that is to say, λ < µ, Eq. (2) as t 

tends to   can be represented as follows: 
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According to Eq. (4), such population can’t 

guarantee to continue exist because there is still a 

finite probability of extinction. However, if the 

reproduction rate is much greater than the mortality 

rate, and if the initial population size is much larger, 

the biological extinction probability will be smaller. 

(3) When the reproduction rate equals to the 

mortality rate, that is to say  , Eq. (2) can be 

expanded in a series of exponential terms. Letting

r   , 0 ( )p t  as t  tends to   can be 

written as 

2 2
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When r → 0, ignoring r
2
, and due to r   , 

we get: 
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Hence: 

lim 1
1
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Even when the reproduction rate equals the 

mortality rate, Eq. (7) proves that the species must 

become extinct. Although the population expected 

size is constant, while randomly fluctuating around 

the population expected size, the species will be 

extinct long after. Only when , that is to say, 

when population has a positive increase rate, the 

population may survive forever. Thus, the probability 

distribution of biological population size depends on 

the product of reproduction rate and time when 

biological initial population size is known. Therefore, 

in order to get more excellent individuals in possible 

shortest time, there is a need to improve the 

reproduction rate of species. 

 

3. MORGA 

The main difference between MORGA and 

BRGA is related to crossover and mutation 

operations. The crossover operation of BRGA is that 

two parent individuals generate two offspring 

individuals, whereas the crossover operation of 

MORGA is that two parent individuals generate four 

offspring individuals. The mutation operation of 

BRGA is that n offspring individuals of crossover 

generation are mutated, whereas the mutation 

operation of MORGA is that 2n offspring individuals 

of crossover generation are mutated. BRGA and 

MORGA use the same evolutionary strategy. The 

basic operation of GA includes selection, crossover 

and mutation. 

 

 



3

3.1 Evolutionary Strategy of MORGA 

The evolutionary strategy of MORGA is as 

follows: first, the initial population is generated. 

Using the initial population, all the individuals in the 

population are sorted in descending order according 

to their objective function values (for maximum 

search). The fitness value of each individual is 

calculated according to the sorting result. This is 

followed by making selection, crossover, retaining s 

elite individuals from n parent individuals and 

cross-generated 2n individuals, then cross- 

generated 2n individuals are mutated, and the worst 

s individuals in 2n mutated individuals are replaced 

by s elite individuals. In order to make sure the 

population size does not change, n individuals are 

selected from 2n mutated individuals and s elite 

individuals. In this way, the constant size offspring 

population is generated. If convergence is reached, 

the process is concluded. Otherwise, the above 

steps are repeated until convergence. The 

evolutionary strategy of MORGA is shown in Figure 

1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: The evolution strategy block diagram of MORGA. 

 

3.2 Selection 

When the population size is n, the individuals in 

the population are expressed as 

1 2( ) ( ( ), ( ), , ( ), , ( ))i nX t X t X t X t X t   , 

1 2( ) ( ( ), ( ), , ( ))i i i idX t x t x t x t  ,  

where t is the iteration number. In order to compute 
the fitness value of each individual, the individuals 
are sorted in descending order according to 

objective function values, resulting in  

1 2( )= ( ), ( ), , ( ), , ( ))i nX t X t X t X t X t ( .  

Suppose β∈(0,1).  The fitness value of 

( )iX t  is computed as follows [12]: 

1( ( )) (1 )     1,2, ,i
ieval X t i n        （8） 

where  is usually chosen between 0.01 

and 0.3 [12].  

)1,0(

Start 

Generate initial population (population size is n) 

Generate parent 

Sort all individuals according to objective function value 

Calculate the fitness value of each individual 

Selection 

Crossover 

Mutation 

Preserve s elitist individuals from parents 
and cross-generated 2n individuals 

The worst s individuals in 2n mutated individuals 
are replaced by s elite individuals 

Select n best members to constitute new population 

Meet the convergence 
requirements？ 

End 

Yes 

No 
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Next, the roulette wheel method is used to pair 

members [23]. The roulette wheel method is as 

follows: 

The selection probability of the thi member in 

the population is given by 

1

( ( ))

( ( ))

i
i n

i
i

eval X t
P

eval X t





       (9) 

Let 

0 0PP       (10) 

1

,   1,2, ,
i

i i
j

PP P i n


    (11) 

The roulette wheel is rotated up to n times, and 

a random number ηk ∈ (0,1) is generated at each 

rotation. When this random number satisfies 

1i k iPP PP           （12） 

the ith member is selected to take part in crossover. 

3.3 Crossover Operations 

Suppose the ith individual ( )iX t  and jth 

individual ( )jX t  of population perform crossover 

operation if their fitness values satisfy 

( ( )) ( ( ))i jeval X t eval X t   （13）  

For convenience, crossover operations of 

( )iX t and ( )jX t  are utilized in two stages to 

generate four offsprings. In stage 1, the crossover 

operations are as follows [12, 24]: 

First, an offspring individual Xi(t+1) is 

generated by 

( 1) ( ) (1 ) ( )j i jX t X t X t     （14) 

where 

( ( ))

( ( )) ( ( ))
i

i j

eval X t

eval X t eval X t
 


   （15） 

Another offspring individual Xi(t + 1) is generated by 

( 1) ( ) ( ( ) ( 1))i i i jX t X t X t X t      (16） 

where λ > 0 is a mapping coefficient. 

Positions of the mapping points are shown in 

Figure 2. 

 

 

 

Figure 2: Relative positions of ( )iX t , ( )jX t  and Xi(t + 1), Xj(t + 1) 

 

In Figure 2, ( )iX t  and ( )jX t  are parent 

individuals, Xi(t+1) and Xj(t+1) are cross-generated 

offspring individuals, b is the midpoint of segment ad, 

and d is the midpoint of segment bf. When GA 

performs multiple iterations,   is a changing 

constant according Eq. (14), and [0.5,1]  . 

Therefore,  cross-generated  offspring  individual  

 

Xj(t+1) should be located between segment bd, and 

Xi(t+1) should be located in segment df. In general, 

the bigger the fitness value of the individual is, the 

closer it is to the optimal solution, so the optimal 

individual should be located near the individual of 

big fitness value [24]. 

For further discussion, consider: 

20 20
2 22

min ( , ) sin( ) sin sin( ) sin
x y

f x y x y
 

      
        

      

0 ,x y    0 ,x y    （17） 

 

This function is shown in Figure 3. 

 

 

  
( )iX t( )jX t ( 1)iX t ( 1)jX t 

a b c d e f
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Figure 3: Function f. 

 

If two parent individuals X1 and X2 perform 

crossover operation, the fitness value of X1 is 

greater  than the  fitness value of X2  according to  

Figure 3. The direction of vector 2 1X X


 is the 

direction of fitness value increase, the optimal 

solution may be in the vicinity of X1 on vector 2 1X X


, 

and may also be remote from X1.  Cross-generated 

offspring individual should be in the vicinity of X1 

according to crossover method used in the first 

stage. In addition, the global minimum of function f 

may be X3 , closer to X2. Therefore, cross-generated 

individuals in the first stage can’t fully meet the 

above requirements.  

The crossover operations discussed above are 

the same as the crossover operations used in the 

BRGA. In order to satisfy above requirements, in 

stage 2, the crossover operations are as follows: 

First, an offspring individual Xj’(t+1) is generated by 

' ( 1) ( ) ( ( ) ( ))j i i jX t X t d X t X t    （18） 

where 

( ( )) ( ( ))

( ( ))

i j

i

eval X t eval X t
d

eval X t


   （19 

Cross-generated individuals are between X2 

and X3 according to formula (18) and (19).  

Another offspring individual 
' ( 1)iX t   is 

generated by 

  
' '( 1) ( ) ( ( ) ( 1))i i i jX t X t X t X t       （20） 

where is generated by uniform distribution in the 

range [1,7]  . 

Cross-generated offspring individual is in the 

direction of 2 1X X


 according to equation (20), and 

remote from X1. n parent individuals generate n 

offspring individuals by crossovers according to 

equations (18) and (20).  

In this way, two parents generate four 

offsprings by crossover operations. This means 2n 

new offspring are generated from an initial 

population of size n, and satisfy above 

requirements. 

For constrained optimization problem, if 

cross-generated individuals are infeasible 

individuals, they must be modified to become 

feasible individuals. The specific method is as 

follows: 

Suppose Xi(t) is a cross-generated offspring,  

X’(t) is optimal amongst cross-generated 2n 

individuals and s elite individuals, and it is an interior 

point (that is to say, it satisfies all constraint 

conditions, and it doesn’t locate on the boundary of 

the feasible region). If Xi(t) doesn’t satisfy constraint 

conditions, iterations are performed by 

    ' '( ) ( ) ( ( ) ( ))i iX t X t X t X t      （21）                          

where λ is a constant, and 0< λ <1, in general, for 
example, λ = 0.5. 

If new ( )iX t  doesn’t satisfy constraint 

conditions according to equation (21), then   

value is halved, and then ( )iX t  is recomputed 

according to equation (21) until ( )iX t  satisfies all 

constraint conditions. 

3.4 Mutation Operations 

Let  and 

1 2( , , , , , )ii i ij idb b bb b    be the upper and lower 

limits of .  

The Cross-generated i
th
 individual ( 1)iX t  is 

expressed as 

1 2( 1) ( ( 1), ( 1), , ( 1)),   1,2, , 2i i i idX t x t x t x t i n      

              （22） 

1 2( , , , , , )ii i ij ida a aa a  

1, 2, ,iX i n （ ）




1X
2X 

3X
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The Cross-generated i
th
 individual Xi(t+1) is 

mutated according to the following method: 

When the iteration number is odd, Xi(t+1) is 

mutated according to [12], 

( 1) ( ( 1)), 0.5

( 1) ( 1) ( ( 1) ), 0.5

0.5 ( 1) 0.25( ), 0.5

ij ij ij ij ij

ij ij ij ij ij ij

ij ij ij ij

x t r b x t r

x t x t r x t a r <

x t b a r

     


     


   

   

   

    

   1, 2, , 2 ; 1, 2, ,i n j d       （23） 

where ijr  is a random number in the interval [0,1] 

from the uniform distribution corresponding to the j
th
 

component of the i
th
 individual in population. 

When the iteration number is even, Xi(t+1) is 

mutated by 

       ( 1) ( 1) 1/ij ijx t x t t         （24） 

where t is the iteration number. 

Equation (24) shows that the cross-generated 

individual ( 1)iX t  may be very close to the optimal 

solution as iterations increase, that is to say

lim ( 1) ( 1) 0i i
t
X t X t


    . Therefore, the mutation 

method can increase local search capability of GA, 

and improve the convergence speed of GA. 

For constrained optimization problem, if 

mutated individuals are infeasible individuals, they 

must be modified to become feasible individuals 

with specific methods as mentioned above. 

3.5 Iteration Terminal Condition  

In order to validate that MORGA has faster 

computing speed as compared to BRGA, iteration 

terminal condition of MORGA and BRGA is chosen 

as follows: 

* ,    1, 2, ,i i if f i p   
 
   （25） 

where Ji is the theoretical global maximum or 

minimum of the i
th
 test function; εi is the given 

precision requirement of the i
th
 test function. 

 

4. ALGORITHM TESTING AND ANALYSIS 

4.1 Selection of Test Functions 

In order to validate that the performance of 

MORGA is superior to BRGA, we selected 5 

common test functions with considerable complexity
 

[25,26]. 

 

Test function 1: 
2 2 2

1min ( , ) 100*( ) ( 1)f x y y x x     

10 , 10x y                 （26） 

Function f1 is Rosenbrock function, also known 

as the banana function. It is a difficult global 

minimization problem. Its global minimum is within 

the region -10≤x,y≤10. Its global optimal solution is

( , ) (1,1)x y  . 

Test function 2: 
2

2 2 2

2 2 2

3
max ( , ) ( )      5.12 , 5.12

0.05 ( )
f x y x y x y

x y

 
        

（27） 

The global optimal solution of function f2 is 

surrounded by the worst solution, and function f2 has 

four local minima. If we want to get the global 

optimal solution, it is like finding a needle in a 

haystack. Therefore, the function is also known as 

needle in a haystack problem. The global optimal 

value of f2 is 3600，and the optimal solution is 

( , ) (0,0)x y  。 

Test function 3: 

20 20
2 2

3

2
min ( , ) sin( ) sin sin( ) sin

x y
f x y x y

 

      
        

      

0 ,x y             （28） 

Function f3 is called Michalewiczs function. It 

has many local minima. The global minimum is 

-1.80130，and the global optimal solution is (x,y) = 

(2.2031197,1.5702997). 

Test function4: 

4min ( , ) sin( ) sin( )f x y x x y y     

500 , 500x y                 （29） 

Function f4 is called Generalized Schwefel’s 

function. It has a large number of local minima. The 

global optimal solution of f4 is (x,y) = 

(420.9687,4209687), and the global minimum is 

-837.9658. 

Test function 5: 

2 2 2

5 22 2

sin 0.5
min ( , ) 0.5     

1 0.001( )

where 100 , 100

x y
f x y

x y

x y

 
 
   

  
（30） 

Function f5 is J. D Schaffer function. It has an 

infinite number of local minima, and the function is 

strongly oscillatory, and very easy to fall into local 

minima. The global optimal solution is (x,y) = (0,0), 

and the minimum is -1. 
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4.2 Testing Results and Analysis 

With each test function, the initial population 

was randomly generated, with population size 

n=100, and the number of retained elite individuals 

s=100. The computing accuracy of the five test 

functions were chosen, respectively, as 

ε1=ε2=ε3=ε5=10
-5

, ε4=10
-5

, and  β=0.15 was chosen 

in formula (8). Each method was run 100 times on 

the same computer, and next, the average 

computing time and average number of iterations 

were computed. The results are listed in Table 1. 

Table 1 Test results 

Function f Method Average computing time/s Average iterations/time 

f1 

MORGA 0.2328  5.0000 

BRGA 0.4109  27.5000 

f2 

MORGA 0.7643  20.0000 

BRGA 2.2742  109.5000 

f3 

MORGA 0.1952 4.000 

BRGA 0.2220  6.5000 

f4 
MORGA 0.2591 7.5900 

BRGA 0. 6696 34.2500 

f5 
MORGA 4.8017 167.6000 

BRGA 5.8691  333.1800 

 

The performance of MORGA and BRGA cannot 

be compared based on the average number of 

iterations. This is because the MORGA 

cross-generated offspring number is large, and 

many individuals need to be mutated. Therefore the 

computation time is more valuable to compare 

BRGA, and MORGA. For function optimization 

problems, with given accuracy requirements, the 

test results with five function optimization examples 

show that the average computation time and 

average number of iterations of MORGA are 

significantly lower than those of BRGA. 

 

5. CONCLUSIONS 

Two parents generate two offsprings, or 

multiple parents generate two offsprings, or one 

parent generates one offspring in BRGA. In other 

words, the number of offsprings is less than or equal 

to the number of parents. In comparison, the 

proposed MORGA is more in accordance with 

biological evolutionary and mathematical ecological 

theory. The number of offsprings in MORGA is 

increased significantly as compared to BRGA, but 

the process during iterations is such that the 

population size is unchanged at each generation. 

Consequently, more excellent offsprings within a 

population can survive, some worse individuals can 

be eliminated, and this process is effective in better 

evolution of the population. 

 

 

The results with five test functions show that 

the average computation time and average number 

of iterations of MORGA are considerably less than 

those of BRGA. 
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Abstract: Climate has a dynamic structure 
denoting perpetual variability in temporal and 
spatial scales. Depending on space and time, 
rainfall amount has the most variation of the 
components of the climate system. In this study, 
the remote sensing dataset Tropical Rainfall 
Measurement Mission (TRMM) product at the 3-
hour time scale has been validated with daily rain 
gauge measurements in order to characterize 
rainfall variability and to evaluate satellite rain 
estimates for agricultural and hydrological 
applications in the Southeastern Anatolia region. 
The precipitation retrievals from the TRMM satellite 
were compared with data from seven surface rain 
gauges within the period of 1998-2012. 
Spatiotemporal patterns through statistical 
analyses and regional frequency relationship were 
identified by fitting Generalized Extreme Value 
(GEV) rainfall distribution to the rainfall time 
series, and the fitting results were analyzed 
focusing on the behaviour of the shape parameter. 
In addition, spatial patterns and correlations of 
rainfall events across the study area were also 
analyzed by the calculation of the 90

th
, 95

th
 and 99

th
 

percentiles. Furthermore, the recurrence intervals 
of large rainstorms have been identified for the 
rain gauge stations with the associated TRMM grid 
time series and spatial patterns in the study area 
have been evaluated. Thematic maps of the 
appropriate distribution function parameters were 
produced by performing the spatial evaluations of 
the designated regions with pixel-based point 
frequency analysis. Results indicate that there 
exist large discrepancies between rain gauge and 
TRMM data at mean rainfall values; however, least 
squares fits indicate reliable and quite linear 
correlation for the 90th, 95th and 99th percentiles 
(r

2
=0.70, 0.77 and 0.75 respectively) and the annual 

maximum daily amount of precipitation (r
2
=0.69). 

Recurrence intervals derived from rain gauge 
measurements for 10 to 40-year periods and a 
moving-window of 14-year intervals yielded similar 
results. Ultimately, the spatiotemporal pattern 
analysis of the computed extreme statistics is 
conducted using geographic information systems. 
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Although rainfalls from each TRMM 3B42 grid cell 
are generally overestimated compared against rain 
gauge data, data compare well for stations that 
were located at approximately the mean elevation 
of the related TRMM 3B42 grids. The validated 
products can also be used as a framework for 
predicting the impact of hydrologic events in this 
area. 
 

Index Terms: Frequency Analysis, TRMM, GEV, 
Extreme Value Theory, Spatial Analysis. 
 

1. INTRODUCTION 

XTREME climatic events, such as heavy 
rainfall, floods and droughts, associated with 

both natural and human in nature, are being 
observed in recent years all over the world [1-4]. 
Increases in extreme events can have severe 
impacts on society and economy. Although 
hydrological extreme events occur randomly in 
time and space, their occurrences are generally 
regional phenomena by nature that exhibit a 
certain degree of areal-wide similarity and 
continuity. Existing approaches to estimating the 
recurrence intervals of extreme events are mainly 
based on statistical analyses of long-term 
observational data. Therefore, frequency 
analysis, which constitutes a theoretical basis for 
the understanding of hydrological processes, is of 
considerable importance for coping with heavy 
rainfall events and resulting floods [5-9]. 

The interest in studying these extreme natural 
events is to alleviate their impact on humans, 
properties and sources of income such as 
agricultural fields. Extreme value theory has long 
been applied to the study of these infrequent 
events and has been proven to be reliable in 
fitting models to historical data. The application of 
the extreme value theory has been used 
extensively in diverse fields such as in finance, 
environmental studies, economics, hydrology and 
climatology [10, 11]. Extreme value distributions 
are the limiting distributions for the minimum or 
the maximum of a very large collection of random 
observations from the same arbitrary distribution. 
The knowledge of the variation of rainfall 
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distribution in the hydrological cycle has a great 
importance in order to understand and to predict 
climate change and weather anomalies.  

Hydrologic frequency analysis is usually 
performed based on the appropriate probability 
distribution, which is selected based on statistical 
tests for extreme hydrologic data collected in a 
specific region [12]. A number of frequency 
distribution models have been used in the past 
for hydrologic frequency determination. Though 
several probability models have been developed 
to describe the frequency distribution of extreme 
hydrologic events, major problems arise when 
selecting the best method to use. The reason for 
that is the fact that there is no general agreement 
as to which distribution, or distributions should be 
used for the frequency analysis of extreme 
hydrologic events. Therefore, the selection of an 
appropriate model depends mainly on the 
characteristics of available data at the particular 
site [13]. 

Regionalization of hydrologic processes takes 
advantage of and utilizes the similarities in 
extreme hydrologic events by pooling data from 
different sites to enhance estimation reliability 
and/or to transfer information from gauged sites 
to ungauged locations where the data information 
is needed but unavailable. Point measurements 
of precipitation serve as the primary data source 
for territorial analysis. However, even the best 
measurement of precipitation at one point is only 
representative of a limited area. The spatial and 
temporal variability of precipitation, along with 
surface characteristics and topography, are of 
paramount importance in understanding 
hydrological processes and land-atmosphere 
interactions over semi-arid and arid regions. In 
semi-arid to arid regions, landscape-shaping 
hydrologic events are often associated with 
extreme rainfall or flooding events [4, 14-16]. The 
spatiotemporal structure of precipitation greatly 
affects land surface hydrological fluxes and 
states [17, 18]. With the purpose to obtain 
estimates that are more accurate and a wider 
areal coverage of precipitation, satellite-based 
rainfall sensors with various spatial scales and 
resolutions have been deployed over the last 
decades [19, 20].  

The Tropical Rainfall Measuring Mission 
(TRMM) which is a unique platform used with the 
aim of characterizing tropical rainfall with remote 
sensors from space, has provided rain radar and 
microwave radiometric combined data with a 
precipitation radar (PR) and a TRMM microwave 
imager (TMI) radiometer [21] since 1997. The 
product 3B42 merges TRMM satellite observation 
with other passive microwave radiometers that 
measures the vertical distribution of precipitation 
between the latitudes ± 50° with providing 
sampling of the complete diurnal cycle of rainfall. 

Several studies suggest that the TRMM product 
3B42 surface-rainfall rate is comparable to the 
other surface observation [22-24], although the 
spatial scale of the rainfall data makes direct 
comparison to gauge data difficult [2].  

Rain gauges and other ground-based 
instruments play a key role in both constructing 
and validating remote-sensing based rainfall 
estimates [25]. Some global and regional 
validations have been reported for different 
satellite rain products [26-29]. In addition, a 
number of efforts have been made to compare 
TRMM products with other measurements [30-
33], but these studies have usually been limited 
to comparisons on a monthly scale. In 
southeastern region of Turkey, where remotely 
sensed information is needed most, there has 
been very little validation work.  

Extreme-value theory is often required to find 
return values for recurrence intervals that amply 
exceed the record length. In environmental 
sciences, using specific thresholds such as the 
90

th
, 95

th
 and 99

th
   percentiles of precipitation 

days or block maxima with Generalized Extreme 
Value (GEV) distribution approach to define 
extreme events, can help decision makers 
determine the maximum level of risk against 
which they should protect [34]. The GEV 
distribution is a family of continuous probability 
distributions developed within extreme value 
theory, which is a robust framework to analyze 
the tail behaviour of distributions. Accurately 
estimating the tails of distributions is also 
important for many risk-based applications. 

In the present study, 15 years (1998–2012) of 
TRMM product 3B42 was validated and 
compared with 7 rainfall gauges (entire length 43 
years, from 1970 to 2012) in order to characterize 
the rainfall variability in a part of semi-arid South-
eastern Anatolia region.  

Daily rainfall amounts of extreme events have 
been determined by the calculation of the 90

th
, 

95
th
 and 99

th
 percentiles of the distribution for 

days with precipitation. The recurrence intervals 
for different years have been estimated using 
GEV distribution of annual maximum daily rainfall 
amounts and described how they vary among the 
rain gauge stations and the TRMM 3B42 grid 
cells. Besides, spatiotemporal patterns through 
statistical analyses were identified by fitting GEV 
rainfall distribution to the rainfall time series, and 
the fitting results were analyzed focusing on the 
behaviour of the shape parameter for both rain 
gauge stations and the associated TRMM 3B42 
grid cells. 

2. STUDY AREA AND DATA STRUCTURE 

 
The Southeastern Anatolia Region is under the 
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influence of both the continental climate and the 
Mediterranean climate. The long summers
and dry. The winters are cold with 
snowfall. The annual average temperature
°C and annual rainfall is around 350 
is significant seasonal variation in precipitation.
Rainfall is highly seasonal with more
concentrated in the period November
March. The area receives almost no 
the summer at which time irrigation
crucial. The mean annual rainfall 
been decreased significantly for the
years; however, summer rainfall series
a significant upward trend in this
Increased rainfall amounts, with flush
may have led soil erosion to be more
in this semi-arid region with sparse
cover. 

In recent years, some changes have been 
experienced in the climate in the region related to 
the dam construction and lake formation within 
the scope of the Southeastern Anatolia Project 
(GAP) (Fig. 1). The research region has a higher 
variability in crop yield and studies showed that 
the rainfall had a very significant impact on 
agricultural production in the region [35]
rainfall data for each station have been compared 
to the associated TRMM 3B42 grid cells 
TRMM data come in a gridded for
spatial resolution of 0.25° x 0.25° (~30 km x 30 
km) and with a temporal resolution of 3 hours. 
For all spatiotemporal analyses, daily rainfall 

Fig 1: The locations of the rain gauge stations with associated TRMM grid cells. The inset graphic represents the 
monthly long-term mean rainfall and temperature variations of the entire rain gauge stations within the period of 1970 
to 2012 in the study region.  

influence of both the continental climate and the 
summers are hot 

 rainfall and 
temperature is 18 

 mm. There 
precipitation. 

more than 80% 
November through 

 rain during 
irrigation becomes 

 rates have 
the past 42 

series indicate 
this region. 

flush flooding, 
more disastrous 

with sparse vegetation 

In recent years, some changes have been 
experienced in the climate in the region related to 
the dam construction and lake formation within 
the scope of the Southeastern Anatolia Project 

The research region has a higher 
yield and studies showed that 

the rainfall had a very significant impact on 
tural production in the region [35]. Daily 

rainfall data for each station have been compared 
to the associated TRMM 3B42 grid cells [22]. The 
TRMM data come in a gridded format with a 
spatial resolution of 0.25° x 0.25° (~30 km x 30 

temporal resolution of 3 hours. 
For all spatiotemporal analyses, daily rainfall 

amounts have been used as integrated from the 
3-h data. 

3. METHODOLOGY

The first purpose of the study is to collect the 
field data sources such as historic climate and 
hydrologic data in order to identify the extreme 
events. To find the most appropriate 
distribution(s) for describing the annual maxima 
of daily variable, GEV (Generalized Extreme 
Value), Gamma and EV (Extreme Value) 
distributions were compared by using different 
goodness of fit (GOF) criterion such as Chi

Squared ( 2 ) and Kolmogorov

tests. Once a distribution function is assume
be selected for study at hand, it remains to 
estimate its parameters from the sample data 
and to test the goodness of fit.  

In regional frequency analysis
and important objective is to determine the 
robustness of the selected distribut
constructing reasonable and reliable estimation 
at all sites. The capabilities of the selected 
regional frequency distribution 
investigated for estimation of design variable 
quantiles of specific recurrence intervals
variations among the stations and the associated 
TRMM 3B42 grid cells were described

3.1. Distribution Functions 

GEV distribution is built into the extreme value 
 

The locations of the rain gauge stations with associated TRMM grid cells. The inset graphic represents the 
term mean rainfall and temperature variations of the entire rain gauge stations within the period of 1970 

amounts have been used as integrated from the 

ETHODOLOGY 

The first purpose of the study is to collect the 
field data sources such as historic climate and 
hydrologic data in order to identify the extreme 
events. To find the most appropriate 
distribution(s) for describing the annual maxima 

Generalized Extreme 
Value), Gamma and EV (Extreme Value) 

by using different 
goodness of fit (GOF) criterion such as Chi-

Kolmogorov-Smirnov (K-S)  

tests. Once a distribution function is assumed to 
be selected for study at hand, it remains to 
estimate its parameters from the sample data 

In regional frequency analysis [36], the final 
and important objective is to determine the 
robustness of the selected distribution in 
constructing reasonable and reliable estimation 
at all sites. The capabilities of the selected 
regional frequency distribution were further 
investigated for estimation of design variable 
quantiles of specific recurrence intervals and the 

among the stations and the associated 
were described. 

distribution is built into the extreme value 

 

The locations of the rain gauge stations with associated TRMM grid cells. The inset graphic represents the 
term mean rainfall and temperature variations of the entire rain gauge stations within the period of 1970 
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theory to combine the Gumbel, Frechet, and 
Weibull distributions, known as the extreme value 
distribution types of I, II, and III.  

On the GEV distribution, x  is a random 

variable that only takes continuous real values. 
The probability density function (PDF) and the 
cumulative distribution function (CDF) of a GEV 
distribution are defined by Equations 1 and 2, 
respectively. 
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In a GEV distribution, there are three model 

parameters: the location parameter  , the scale 

parameter  , and the shape parameter . The 

location parameter (  ) describes the shift of a 

distribution in a given direction on the horizontal 
axis; the scale parameter (α) describes how 
spread out the distribution is, and defines where 
the bulk of the distribution lies. As the scale 
parameter increases, the distribution will become 
more spread out. Shape parameter determines 
the behaviour of the tail of the distribution and in 
general, improves the fit to the upper tail (i.e., 
extremely large values). The shape parameter is 
derived from skewness, as it represents where 
the majority of the data lies, which creates the 
tail(s) of the distribution. Distribution type is 

defined with 0 , 0 , and 0  and can be 

likened to the Gumbel, Frechet, and Weibull 
distribution. In this study, GEV distribution 
parameters have been estimated by using 
Maximum Likelihood Estimation (MLE) at 5% 
level of significance. Assuming the data 
stationary, the annual maximum daily rainfalls at 
different return periods can be estimated using 
the inverse cumulative distribution function of the 
GEV distribution 

The PDF and CDF of Gamma distribution 
having shape (α), which allows a distribution to 
take on a variety of shapes, and scale (β) 
parameters which stretch/squeeze the pdf 
function, are given in Equations 3 and 4.  
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where  x  is incomplete Gamma function. The 
PDF and CDF of EV distribution having location   
(  ) and scale (β) parameters are given in 

Equations 5 and 6, respectively. 
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The shape parameter governs the shape of the 

rainfall distribution and the scale parameter 
determines the variation of rainfall series that is 
given in the same unit as the random variable  .  

Maximum annual and daily rainfalls from 

Fig 2: Comparisons of cumulative distribution functions 
(CDFs) for (a) Sanliurfa station and (b) the related 
TRMM grid. The inset graphics represent the 
probability-probability (P-P) plots of each distribution 
function. 
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TRMM 3B42 dataset were calculated based on 
the daily measurement intervals over the time 
period from 1998 to 2012. The performance of 
the distribution functions has been investigated 
by CDF and probability-probability (P-P) plots 
(Fig. 2).  

The P-P plot, which is a graph of the empirical 
CDF values plotted against the theoretical (fitted) 
CDF values, was used to determine the 
goodness of fit. Figure 2 shows an example of 
comparisons of CDFs for Sanliurfa Station and 
the related TRMM grid. In order to remove any 
spatial inconsistencies regarding the precision of 
the observed data related to recording of the 
trace values, all wet days for each grid of TRMM 
(rainfall <0.1mm/day) were extracted. The rainfall 
statistics were calculated by fitting GEV, Gamma, 
and EV with comparing these datasets to the 
available station data established on the study 
region for the same periods. 

Examples of parameter derivation from the 
TRMM data for the three distributions are shown 
in Figure 3. In general, a distribution with a larger 
number of flexible parameters would be able to 
model the input data more accurately than a 
distribution with lower number of parameters [37]. 

3.2. Goodness of Fit (GOF) Tests 

The goodness of fit involves identifying a 
distribution that fits the observed data. When 
computing the magnitudes of extreme events, 
such as excessive precipitation, it is required that 
the probability distribution function is invertible, 

so that a given value of recurrence interval and 
the corresponding value of frequency factor can 

be determined. In this study, Chi – Square ( 2 ) 

test and a Kolmogorov–Smirnov (K–S) tests were 
performed to determine the goodness of fit (GOF) 
for the proposed distribution functions. The 2  

test statistics were obtained by Equation (7) after 
calculating the sample frequency and the 
theoretical frequency for the specific probability 
distribution function. 

2

1

2
 









 




k

i i

ii

np

npn
x  (7) 

where n is the number of sample data points and 
k is the number of class intervals. Therefore, in

and inp  are the frequencies and theoretical 

frequencies in the thi  interval of sample data, 

respectively. ip  is the theoretical probability for 

the thi  interval of data. The value of 2  

approaches 2  distribution with the degree of 

freedom 1 hkv  where h  is the number of 

parameters. In this study, the 2  test was 

performed at a significance level of 5 %. 
 
The K–S test statistics indicate the maximum 

deviation between the empirical distribution and 
the theoretical distribution, which is calculated 
using Equation (8). 

   xFxFMaxDMax 0  (8) 

where  xF  is empirical distribution of the 

observed data, and  xF0  is theoretical 

distribution. If the value of MaxD  is larger than the 

critical value 
x
nD , then the null hypothesis is 

rejected. This test was performed in this study 
and P-values of this GOF statistics have been 
calculated for GEV, Gamma and EV distributions 
with a significance level of 5 % using MLE. 

The performance of distributions has been 

investigated using 2 and K-S GOF tests and the 

maximum precipitation values for each year have 
been calculated from two different datasets. An 
example for a comparison of a station to related 
TRMM grid statistics is given in Figure 4. The 
values of GOF criteria were calculated and the 
best distribution was chosen based on the 
minimum error of GOF tests. The distributions 
were ranked in ascending order based on the 
obtained values. The results showed that the EV 
distribution performed poorly whereas GEV and 
GAMMA distributions provided good estimates 
for rainfall retrievals in the region. According to 
the test results, the GEV distribution could be 

Fig 3: Parameter estimation of the distribution 
functions of TRMM grids by using Maximum Likelihood 
Estimation (MLE) at 5% level of significance. 
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applied to most of the stations considered in this 
study. 

3.3. Recurrence Intervals 

One approach to define extreme precipitation 
events is to calculate recurrence intervals of the 
event based on the annual maximum daily rainfall 
series [1]. The recurrence interval, also called the 
return period, refers to the maximum value that is 
expected to be reached within the period of time 
T with period p, or in other words, in the T and p 
period, precipitation will reach the maximum 
value one time [36, 38]. 

In the study, GEV distribution was selected as 
regional frequency distribution depending on 
GOF test results for estimation of design variable 
quantiles of specific recurrence intervals. Then it 
was described how they vary among the stations 
and the associated TRMM 3B42 grid cells by 
using Equation (9). To acquire recurrence 
intervals, first a series of extreme values are 
obtained from the historical data set and the GEV 

CDF is calculated from this series. 
 

This function contains shape, location, and 
scale parameters that are estimated based on 
the temporal length and distribution of values 
contained in the dataset. To fit values one can 
get the median and then vary μ until it fits the list 
of values. The observed time series of annual 
maximum daily rainfall at each gauge was plotted 
for 43 years along with their corresponding 
simulated rainfalls to illustrate the model ability to 
reproduce extremes. Figure 5 shows the 
comparisons of rainfall quantiles corresponding 
to return periods for Sanliurfa station based on 
different timescales and the related TRMM grid 
that is based on 1998–2012 timescale. When the 
station timescale is expanded to 1970 - 2012, the 
station curve significantly converges to the 
TRMM curve. Accordingly, comparison of gauge 
and TRMM based recurrence intervals has also 
been determined for different timescales. 
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Fig 4: Comparisons of probability density functions
(PDFs) for (a) Sanliurfa station and (b) the related 
TRMM grid. The inset tables represent the goodness 
of fit test results. 
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Fig 5: Comparisons of rainfall quantiles corresponding 
to return periods for Sanliurfa station based on (a) 
1998-2012, (b) 1970-2012 timescale and the related 
TRMM grid (based on 1998–2012 timescale).  
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4. RESULTS AND DISCUSSION 

The regional frequency relationship has been 
developed by fitting the best distribution function 
that was achieved by applying GOF tests. In the 
study, GEV distribution, which comprises the 
three limiting types as special cases for specific 
values of its shape parameter, yielded the 
optimal result. The largest daily rainfall values in 
each of n years, known as block maximum 
series, was chosen for the comparison of the 
return periods. 

The annual maximum daily rainfall values 
associated with different return periods have 
been determined within the period of 1970 - 
2012. Besides, comparison of gauge-based and 
TRMM-based recurrence intervals has been 
evaluated within 10 to 40-year periods and a 
moving-window of 14-year intervals (Figure 6). 
Recurrence intervals derived from rain-gauge 
measurements for 10 to 40-year periods and a 
moving-window of 14-year intervals yielded 
similar results at all stations. Nevertheless, the 
comparison of 15 years of precipitation retrievals 
from the TRMM satellite with data from seven 
surface rain gauge stations shows that the most 
remarkable result observed in Akcakale station 
that is located in the southernmost part of the 
study region.  

In addition to the estimation of the recurrence 
intervals for different years, statistical evaluations 
also included the calculation of the 90

th
, 95

th
 and 

99
th
 percentiles in the study area. Based on the 

chosen threshold of the percentiles, daily rainfall 
amounts of extreme events for all rain gauge 
stations were determined and compared with the 
related TRMM grid cells (Figure 7a). In the 

calculation of percentiles, all days with no 
precipitation or days with precipitation of less 
than 0.1 mm were ignored (i.e., we only 
considered wet days). Results indicate that there 
exist large discrepancies between rain gauge and 
TRMM data at mean rainfall values however, 
least squares fits indicated some high and quite 
linear correlation for the 90

th
, 95

th
, 99

th
 percentiles 

(r
2
=0.70, 0.77 and 0.75 respectively) and the 

annual maximum daily amount of precipitation 
(r

2
=0.69).  
The spatiotemporal pattern analysis of the 

computed extreme statistics is conducted using 
geographic information systems. The spatial 
distribution of extreme events defined by 90

th
 

percentile is shown in Figure 7b. Although 
rainfalls from each TRMM 3B42 grid cells are 
generally overestimated compared against rain 
gauge data, data compare well for stations that 
were located at approximately the mean 
elevation of the related TRMM 3B42 grid cell. In 
Figure 7c, the spatial distributions of the GEV 
shape parameter of rain gauges and TRMM 
3B42 states that the increase in the shape 
parameter explains the differences between the 
changes in large quantiles of the daily 
precipitation extremes. Large positive shape 
parameter estimates can be a consequence of a 
few extremely high rainfall events and describes 
situations where extremes have an upper bound. 
Although there were similar results in shape 
values between the TRMM and rain gauge data 
in the northern (Siverek) and the southern 
(Akcakale) of the study area, some significant 
differences were encountered in the northwestern 
(Hilvan and Bozova) and the southeastern 

 
Fig 6: Comparison of gauge-based and TRMM-based recurrence intervals within (a) 10 to 40-year periods and (b) a 
moving-window of 14-year intervals. 
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(Ceylanpinar) part of the study area. The 
comparison of the spatial distributions for the 20-
year return period of extreme events is shown in 
Figure 7d. Values indicate maximum daily rainfall 
associated with 20-year recurrence intervals. The 
spatial gradient is based on an inverse-distance-
weighted (IDW) interpolation algorithm and 
applied to 15-years of TRMM data. Similar results 
in recurrence intervals were obtained between 
the TRMM and rain gauge data for the entire 
region especially in the southern stations 
(Akcakale and Ceylanpinar).  

Rainfall amounts between rain gauge and 
TRMM 3B42 data vary significantly. However, 
some statistical and spatial results are 
remarkable well correlated. We conclude that 
TRMM 3B42 can be used to assess first-order 
rainfall statistics and recurrence intervals. 
Ultimately, the validated products can be used as 
a framework for predicting the impact of 
hydrologic events in this area. 

5. CONCLUSION 

Since the purpose of the study is to validate 
and to analyze the spatiotemporal patterns of 
extreme precipitation events, the TRMM 3B42 

product was compared with the rain gauge 
network in the study area. Accurate 
measurements of precipitation on a variety of 
space and time scales are important because it 
reflects the weather systems in the region and 
the characteristics of its meteorological and 
hydrological cycle. While rain gauge 
measurements are often used to tune hydrologic 
models, they are limited by their spatial coverage. 
Satellite rainfall estimates are being used widely 
in place of gauge observations or to supplement 
gauge observations since remote sensing 
techniques provide an excellent complement to 
continuous monitoring of precipitation events 
both spatially and temporally. Beside this, the 
historical record of precipitation observations is 
limited mostly to land areas where rain gauges 
can be deployed, and measurements from those 
instruments are sparse over large and 
meteorologically important regions of the Turkey, 
such as over the Southeastern Anatolia. 

Identifying hydrometeorologic extreme events, 
planning for weather-related emergencies, both 
rely on knowledge of the frequency of 
hydroclimatic extreme events. In particular, 
erosion and removal of the fertile soil layer 

Fig 7: (a) Correlations of the annual daily maximum rainfalls and the 90
th
, 95

th
, 99

th
 percentiles between rain gauges 

and TRMM 3B42 grid cells and spatial distributions of extreme events defined by (b) 90th percentile, (c) the GEV 
shape parameter, (d) 20-year recurrence intervals of rain gauges (in circles) and TRMM 3B42 for the period of 1998 to 
2012. Coloured backgrounds show the result from Inverse Distance Weighted (IDW) interpolation and are based on 
TRMM values. 
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through these extreme events is one of the most 
serious problems in semi-arid to arid regions, 
especially in Mediterranean climates. This kind of 
problems and their effects through time are keys 
in sustaining agriculture and socio-economic 
development, and adoption strategies must be 
carefully developed based on knowledge and 
observation.  
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Abstract: This paper presents a method for image 
encryption and decryption based on optical phase 
recovery and chaotic neural network implemented by 
computer. Blockwise image compression with a 
discrete cosine transform is applied before the image is 
processed with a chaotic neural network. This is 
followed by optical phase masking and phase 
truncation in the Fourier domain. The input values to 
the chaotic neural network are the three transformed 
RGB components of each pixel of an image. Three 
well-known chaotic systems, Chua, Lorenz, and Lű 
systems are used to generate weights and bias 
matrices for each pixel in the chaotic neural network. 
Besides, a chaotic tent map is employed to make sure 
the relationship between the input plain image and 
cipher image is nonlinear. The neural network process 
is repeated several times by the computer so that the 
encrypted image is highly decorrelated. Security 
performance analysis of the system through crypto 
analysis is presented to demonstrate that the whole 
system has high security and thus is infeasible to 
break. 

 
Index Terms: Phase recovery, Security and 

Encryption, Neural Network  

1. INTRODUCTION 

In 1995, Refregier and Javidi proposed classic 
encryption and decryption method by introducing 
double phase mask in the Fourier domain [1]. 
However, this classic method was proven to be 
vulnerable to plain text attack and cipher text 
attack because of its linearity [2-4]. To eliminate 
this disadvantage, the classic method has been 
extended by introducing nonlinearity in a chosen 
domain such as fractional Fourier domain and 
Fresnel domain [5-8]. Most of these methods are 
based on a complex transform. 

It is shown that neural network is useful for 
encryption because of its nonlinearity. In fact, not 
all neural networks are suitable for encryption 
system. Most neural networks focus on how to 
process the data for classification or regression 
efficiently. In addition, most of the threshold  
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functions used in neural networks are not 
invertible. This means it is hard to recover the 
original data correctly. Nevertheless, these 
drawbacks do not prevent neural networks from 
being an important component in the encryption 
field. 

Unlike the above methods, this paper describes 
a method based on simultaneous phase masking 
and processing with a chaotic neural network to 
achieve a nonlinear encryption and decryption 
system. Combining these two different methods 
makes crypto attacks more difficult. Most of the 
systems that have been proven to be vulnerable to 
attack, rely on one complicated transform or two 
identical nonlinear behaviors on input and output 
domains of the system. The symmetry of the 
system raises the risk of being attacked.  

Since chaotic systems have good properties like 
high nonlinearity and parameter sensitivity [9-12], 
they are often integrated with other systems for 
data protection and data authentication.  For 
instance, in [9], a neural network with chaotic 
neurons is proposed for block cipher. Though this 
method has high security, it seems vulnerable to 
attack because of the identical weight and bias 
matrices.  

In this paper, a generalized chaotic neural 
network with three inputs, three outputs and one 
3-neuron hidden layer is proposed. The three RGB 
components of an image after compression are 
used for the input of the neural network. The 
weight and bias matrices are generated by three 
well-known chaotic systems. The matrices used 
are totally different every cycle. For further 
security, a chaotic tent map is applied at the end of 
the network. 

2. NONLINEAR TENT MAO FUNCTION AND CHAOTIC 

SYSTEMS 

To generate high nonlinearity in a neural 
network, use of chaotic systems and tent map 
function are effective. A brief review of these 
nonlinear components is given as follows. 

The nonlinear discrete tent map function is 
defined by the following equation [13, 14]: 

An Image Cryptosystem Using  
Chaotic Networks and Phase Processing 
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where parameters a  and S  are given by the user. 

In general, S  is determined by the size of an 

image [15]. For instance, S  is 128 for an 128 128  

image. The value of argument x  is the 
transformed RGB components of an image. 

The inverse of function (1) is given by the 
following function [16]: 
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then 

 1 ( , ) / 1tentf a y a S y S                  (2b) 

Here, parameter a  should be the same as in 

function (1). y  is the output of the tent map. 

The three chaotic systems are determined by 
the following differential equations [17, 18]: 

a) Chua system 
.

1 1 1 115.6( 0.2145 ( ( 1) ( 1)))x y abs x abs x        

.

1 1 1 1y x y z    

.

1 128z y                                (3a) 

b) Lű system 
.

2 2 236( )x y x   

.

2 2 22 20y x z x                                        

.

2 2 2 23z x y z                             (3b) 

c) Lorenz system 
.

3 3 310( )x y x   

3 3 3 33y x z 28y x   


 

3 3 3 3z x y z 38 


                        (3c) 

3.  PROPOSED ENCRYPTION AND DECRYPTION 

SYSTEM 

The system can be divided into four parts: 
discrete cosine transforms (DCT) for 
compression, chaotic neural network, phase 
masking, Fourier transform and phase truncation. 

DCT is very common in image compression. Here, 
it is used to reduce the number of generated 
weights and bias matrices.  

The inputs of the neural network are the 
transformed RGB components of the input image. 
After the image color components are multiplied by 
the weight matrices, the components are further 

mapped into the interval  1,1.3 . The mapping 

result is divided into two parts: 2kY  and 3kY . The 

XOR operation is applied with 3kY  and bias 

matrices. 
The XOR operation result is then processed by 

the chaotic tent map function. The output of the 

tent map is combined with 2kY  to generate the 

output of the neural network. The neural network 
process can be repeated several times to make 
sure the results are chaotic enough.  
In the end, only the amplitude of the results is kept 
as the encrypted image after the phase masking 
and truncation process. The encryption algorithm 
can be described as follows: 

Step 1: To reduce the number of generated 
weights and bias matrices, the DCT is applied on 
the blocks of the RGB components of the image. 
Only those pixels whose values are above the 
chosen threshold are kept with their relative 
positions, and the other pixels are zeroed. NUM 
denotes the number of nonzero pixels. M denotes 
the number of iterations. The RGB components 
vector is denoted by 

 kI k

T

k kR G B  

where 1, 2,k NUM   . 

Step 2: Choose nine numbers randomly as the 

initial parameters 1 (0)x , 2 (0)x , 3 (0)x , 1 (0)y , 

2 (0)y , 3 (0)y , 1(0)z , 2 (0)z , 3 (0)z . Iterate each of 

the three chaotic systems using the Runge-Kutta 

algorithm for   N NUM  times. Choose NUM 

generated data from N data with user defined 

indices. Thus 1 (0)x , 2 (0)x , 3 (0)x , 1 (0)y , 2 (0)y , 

3 (0)y , 1(0)z , 2 (0)z , 3 (0)z  are obtained where 

1,2,i NUM  . 

Step 3: At each iteration, weight matrix iW , bias 

matrices iB   and iP   are defined as follows: 

     
     
     

1 2 3

1 2 3

1 2 3
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x i x i x i

W y i y i y i I

z i z i z i
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where    1, , 2, , (3, )b i b i b i  are set as 0 or 1 

randomly beforehand, mod( , )x y  returns the 
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remainder after division, and ( )floor x  function 

rounds the value of x to the nearest integer less 
than or equal to x. Besides, the 3 3  matrix I  

makes sure that iW  has inverse matrix 1
iW  . 

Matrix iS  is a linear shuffling matrix of the RGB 

components of the output of the neural network. It 
changes the positions of the RGB components, so 
it is a 3 3  matrix with only one element 1 in each 

row/column. It is defined as follows: 

     1 2 3[ , , ]iD y i z i x i  

   1, 1 2, 2 1i iS index S index             (5) 

where 1index  and 2index  are indices of the 

maximum value and minimum value in matrix iD , 

respectively.  

Step 4: the matrix kY  is defined as follows: 

k i kY W I                            (6) 

kY  is mapped into the interval  1,1.3  : 

[1,1.3]
map

kY                            (7) 

The mapping process is defined as follows: 

 minm arrayx  

 maxrange arrayx m   

( ) /arraymid arrayx m range   

2 1.3 1range    

 2 1output arraymid range           (8) 
' ( )k kY N Y                         (9) 

where ( ) tanh( )N x qx  and q  is constant. 

 ' ' '
3 2 mod( ( )),k k k k kY Y floor Y Y floor Y       (10) 

XOR operation: 

4 3k k iY Y B                       (11) 

where   means exclusive OR implementation bit 
by bit.  

Tent map implementation is done as 

 5 4 2,k tent i k kY f P Y Y                  (12) 

where iP  is the parameter a  in equation (1a).  

Shuffling the positions of RGB components is 
achieved by 

6 5k i kY S Y                        (13) 

Step 5: Let M
6kY  be the output of the chaotic 

neural network after M iterations, and maskM  be a 

phase mask. We get 

7 6
mask M

k kY M Y                      (14) 

Applying the Fourier transform gives 

8 7( )k kY FT Y                       (15) 

where ()FT  means Fourier transform. It is 

implemented by FFT. Finally the amplitude is 
computed as 

9 8k kY Y                          (16) 

9kY  is the output of the encryption system. 

The decryption process needs to recover 

  N NUM  data points by using the inverse 

weight and bias matrices. The decryption process 
can be described as follows: 

Step 1: Since the phase mask is known, M
6kY  

can be recovered from 9kY  by using algorithm of 

Gerchberg and Saxton [19]. Then, the inverse 

matrix 1
iS  is used to get M 1 M

5k i 6kY S Y . 

Step 2: As seen in Eq. (1a), the output of the tent 

map must be an integer. Since 2kY  is either zero 

or a decimal number, M
4kY  is recovered as follows: 
1

4 5( ( )),M M
k tent i kY f P floor Y           (17) 

where 1 ()tentf   is the inverse function of ()tentf  and 

iP  is the same as in equation (4). 

Step 3: M
3kY , M

2kY  and M
kY  are recovered as 

follows: 
XOR operation: 

3 4
M M
k k iY Y B                      (18) 

Abstract the decimal part: 

2 5 5( )M M M
k k kY Y floor Y                (19) 

'
3 2

M M M
k k kY Y Y                    (20) 

Step 4: With the inverse function 1 ()N   and the 

inverse matrix 1
iW , the original image is 

recovered as follows: 
-1 '( )M M

k kY N Y                    (21) 

Mapping M
kY  into the initial interval gives 

1
map

M M
k k i kY I W Y                   (22) 

We iterate steps 2 through 4 for M times. 
Step 5: The original image is recovered with 

zero padding and processing with the inverse 
discrete cosine transform (IDCT). Zero padding 
uses zeros to fill the rest of the positions so that the 
size is the same as the original one. 
Zero padding and IDCT: 

2( )k kI idct I                       (23) 

where idct2()  is two-dimensional IDCT. 
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Figure 1: Neural network flowchart. 

4. NUMERICAL SIMULATION AND SECURITY ANALYSIS 

In the simulations, five 128 128  images were 

used as input original image. Before using the 
DCT, the input image is divided into 256 8-by-8 
blocks so that the DCT is used efficiently. After 
division, the DCT is applied on each of the three 
RGB components in each block. 

For a typical image, since most of the visually 
significant information about the image is 
concentrated in just a few coefficients of the DCT, 
most of the DCT coefficients are zeroed. Here, for 

each 8-by-8 block, only 10 of the 64 DCT 
coefficients are kept. They are the first four 
elements in the first row, the first three elements in 
the second row, the first two elements in the third 
row and the first element in the fourth row. 
Thereby, NUM is set equal to 10 256 2560  . To 

fulfill the condition   N NUM , N is set equal to 

10000. The number of iterations with the chaotic 
neural network is chosen equal to 5M  . Figure 2 
shows five different cases with correct encryption 
and decryption.  

 

 

 
 

 

 
Figure 2: First row: original image; Second row: corresponding decrypted image. 

 
According to cryptography, a desirable 

encryption scheme requires high sensitivity to 
cipher keys. Thus, a large key space is essential to 
make brute-force attacks infeasible. Besides, the 
key should be hard to recover from some special 
attacks like statistical attacks. In the proposed 
method, there are three keys. The first key is the 
nine numbers chosen as the initial input of the 
chaotic neural system. The second key is the 
method used to choose NUM parameters from N 
generated parameters. The last key is the phase 
mask. 

The last key is uniformly distributed from 0  to 
2 .The first and the last keys are both chosen 

from real numbers. Their key spaces are large 
enough to resist brute-force attacks. As for the 
second key, N must be large enough to maximize 

the permutation formula NUM
NP . This will make it 

harder to choose the correct NUM numbers from 
N generated numbers. In the simulation, the key 

space is of size 2560
10000P . Though its key space is 

much smaller than the first one and the last one, 
combining them together produces desirable 
security. 

Unlike the encryption system based on phase 
masking and Fourier transform [1] and the original 
chaotic neural network method [9], the proposed 
system combines the two systems together. This 
combination makes the whole system more 
secure with the following reasons. Though the 
chaotic neural network algorithm uses 160 bits as 
authentication code, it splits the code into nine 
parts with 32 bits for each part. That is equivalent 



23

 

to nine independent 32 bits keys. According to the 
propositions in [20], the key space should be at 

least of size 642  to resist brute-force attack. The 

key space of the method by Bigdeli is not large 
enough, and the nine independent 32 bits keys can 
be retrieved by parallel computation and 
brute-force attack. Besides, it is unlikely to use 
many bits (like 256 bits) for each key because the 
memory of the encryption system is limited. 
Besides, enlarging the space of each key is not 
always desirable because it increases the 
computation time and causes system overflow 
easily. However, we can add more keys instead as 
in the proposed system. When the phase masking 
encryption system is added, it is harder to break 
the system without phase information. Though 
papers [2-4] claim that the encryption system 
based on phase recovery can be attacked by 
some special methods, these attacks all belong to 
plaintext attack. In the proposed method, plaintext 
attack does not work because of the high 
nonlinearity of the neural network in front of the 
phase masking system. 

Moreover, a good chaos-based encryption 
scheme requires high sensitivity according to the 
initial conditions. That means the outputs of the 
system should be indistinguishable from random 
images even if the initial conditions change 
slightly. For the proposed encryption system, there 
are two initial conditions. The first condition is the 
key, and the second one is the image to be 
encrypted. Hence, the study of the sensitivity to the 
initial conditions should be done in the following 
way: 

Fix an image and choose a large number of 
slightly different keys. 

Fix a key and choose a large number of images 
that differ slightly. 

Both of the two studies are based on a novel 
randomness evaluation method with applications 
to image shuffling and encryption [22]. The 
evaluation method measures the randomness of 
the encrypted result. However, randomness only is 
not sufficient to show that the system is sensitive 

to the initial condition because it is evaluated on 
the whole encrypted image. It is possible that local 
similarity exists between two cipher images 
corresponding to the same test image. Thus, the 
most ideal results require that the outputs are 
totally random and decorrelated 2 by 2. 

Now we consider cases with a small change of 
the initial numbers. In each case, only one number 

changes with order 1210 . The image encryption 

(IE) test procedure is given as follows: 

1.    Generate nine initial real numbers randomly 
and use them to create keys. 

2.    Fix an image. 

3.    Add 1210  to one of the nine initial real 

numbers and use them to create wrong 
keys. 

4.    Use the image in step 2 and wrong keys in 
step 3 to obtain the encrypted image. 

5.    Repeat step 1 to step 5 a large number of 
times 

If the evaluation score is larger than 0.95, then 
the sample result can be regarded to be 
indistinguishable from random samples. Note that 
qualified percentage presents the probability that 
the cipher image is indistinguishable from random 
image. As seen in Table 1 and 2, even a change of 

order 1210  causes the decryption process to fail.   

The procedure of the second test is given as 
follows: 

1.    Generate nine initial real numbers randomly 
and use them to create keys. 

2.    Fix the key and choose an original image. 
3.    Generate a slightly different image by 

adding 1  to each pixel of the original 

image. 
4.    Use the image in step 3 and the keys in step 

2 to obtain the cipher image. 
5.    Test the correlation and randomness of the 

above cipher images. 
6.    Use another original image and repeat step 

1 to step 5.  

 

Table 1: IE Evaluation Scores ( 310 ) for Key Sensitivity. 

Test Image Iteration 
Number 

IE Correlation 
Coefficient 

  Min 
Score 

Max 
Score 

Qualified Percentage 
(%) 

 

Lena 100000 943 990 98.14 0.0016~0.0036 
Forest 100000 962 987 100 0.057~0.081 

Basketball 100000 951 972 100 0.0098~0.026 
Pepper 100000 948 967 97.67 0.0011~0.0072 
Baboon 100000 972 984 100 0.0063~0.049 
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Table 2: IE Evaluation Scores ( 310 ) for Image Sensitivity. 

Test 
Image 

Iteration 
Number 

Pixel 
Difference 

IE Correlation 
Coefficients 

   Min 
Score 

Max 
Score 

Qualified 
Percentage (%) 

 

Lena 1024 1  950 997 100 0.0096~0.02 

Forest 1024 1  945 974 98.89 0.024~0.059 

Basketball 1024 1  977 990 100 0.068~0.24 

Pepper 1024 1  950 957 98.45 0.012~0.027 

Baboon 1024 1  949 971 96.38 0.0033~0.017 

 

A color image has three channels: R, G and B. 
Before encryption, each pixel in the original image 
is highly correlated with its adjacent pixels. 
However, a valid encryption system should 
guarantee the pixel values to distribute uniformly in 
all directions. Figures 3(a)-(f) show the correlation 
relation either in horizontal, vertical or diagonal 
direction. As seen in Figure 3, the image after 
encryption is highly decorrelated. In horizontal, 
vertical and diagonal directions, the pixels do not 
correlate with neighboring pixels anymore, and 
distribute uniformly in the whole image space. 

We also compared the correlations of adjacent 

pixels by computing the correlation coefficient xyr  

with the following formula: 

 

(( ( ))( ( )))

( )
xy

E x E x y E y
r

D x D y

 
             (24) 

where ( )E x  and ( )D x  are the expectation and 

variance of the pixel value x , respectively. Table 3 
compares the correlation coefficients with 
traditional DRPE [1], original chaotic neural 
network [9] and AES encryption algorithm [21]. 
Table 3 shows that the proposed method 
outperforms the traditional DRPE and the original 
chaotic neural network with smaller correlation 
coefficient. A valid encryption system should 
guarantee that the pixels distribute uniformly in the 
image after encryption. Figures 4 (a)-(f) suggest 
that the histogram of the encrypted image is much 
smoother than the original image. 

 
 

 
Table 3: Correlation coefficients of “Lena” and “Baboon” after encryption. 

Object Vertical Horizontal Diagonal 

 AES/Neural/Proposed AES/Neural/Proposed AES/Neural/Proposed 
Lena    

R channel 0.0836/0.0122/0.00521 -0.023/0.0183/-0.0011 0.170/-0.0119/-0.0023 
G channel 0.0173/0.0188/0.00323 0.0477/0.0158/0.00179 -0.027/-0.0542/-0.0022 
B channel 0.0994/0.0677/0.00655 0.0298/-0.0238/-0.002 0.011/-0.0865/-0.0017 
Baboon    

R channel 0.1022/0.0141/0.00128 0.1451/0.0257/0.00101 0.3537/0.096/0.00122 
G channel 0.0211/0.0941/-0.0086 0.0104/-0.0255/-0.007 -0.051/0.0692/-0.0017 
B channel 0.1293/0.0315/0.00594 0.1282/0.017/-0.0090 0.0198/0.064/-0.0006 
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Figure 3: Correlation Relation in Horizontal, Vertical and Diagonal Directions. 

 

 

Figure.4: Histogram of (a) Original Peppers (b) Encrypted Peppers (c) Original Forest (d) Encrypted Forest (e) Original 
Basketball (f) Encrypted Basketball. 

 
5. CONCLUSIONS 

In this paper, an encryption system based on 
simultaneous use of a chaotic neural network, 
phase masking, Fourier transform and phase 
truncation is proposed. The input image is first 
blockwise compressed by DCT, and next 
processed by a 3 3  one layer chaotic neural 

network. Since the whole encryption process 
repeats several times, a one layer network is 
enough (i.e. a multiple layers network is the same 
as a one layer network repeated several times). 
Compared with the original chaotic neural network 

[9], the new method reduces the number of 
weights and bias matrices. In our simulation, only 
2560 matrices are used in every cycle of the neural 
network, while the original one needs 
128 128 16384   matrices. At the output of the 

neural network, phase masking, Fourier 
transforms and phase truncation operations are 
employed. Since the key space of phase mask is 
large enough and the output phase is completely 
discarded, it is unlikely to recover the phase mask 
key without knowing any information on the phase 
beforehand. As seen in Table 1 and 2, the system 
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is of high nonlinearity. Table 3 shows that the 
proposed method outperforms its opponents. 
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Abstract: Probabilistic mixture models have 
been widely used for different machine learning 
and pattern recognition tasks such as clustering, 
dimensionality reduction, and classification. In this 
paper, we focus on trying to solve the most 
common challenges related to supervised learning 
algorithms by using mixture probability 
distribution functions. With this modeling strategy, 
we identify sub-labels and generate synthetic data 
in order to reach better classification accuracy. It 
means we focus on increasing training data 
synthetically in order to increase the classification 
accuracy. 

 
Index Terms: Probabilistic mixture models, 

supervised learning, MNIST database, Bernoulli 
mixture model, EM algorithm, Maximum likelihood 
Estimator, Akaike information criterion, Boot-
strapping.   

1. INTRODUCTION 

 here are numerous supervised learning 
algorithms, each of them with strengths and 

weaknesses. For instance, classical algorithms 
such as Naive Bayes, linear classifiers or the 
widely used K-Nearest Neighbors (KNN) are 
among them. On the other hand, most recent 
methods such as Support Vector Machines, 
Neural Networks (NN), Convolutional Neural 
networks (CNN) etc. have increasing popularity. 
 

Even though each algorithm represents a 
particular way to solve classification problems, 
there exist some common challenges related to  
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supervised learning. Mainly, five relevant 
challenges can be cited [1]: the bias-variance 
tradeoff, the amount of training data, class 
imbalance, data in high-dimensional space, and 
noisy labels. This work focuses on avoiding the 
effect of the bias-variance tradeoff and the 
amount of training data, identifying new labels 
(sub-labels based on the originals), and 
generating synthetic data for the training stage in 
order to improve the classification accuracy. 
 

We show how our claims work with the MNIST 
database [2], which is widely used in the machine 
learning field and contains handwritten digits. It 
has a training set of 60000 digits and a test set of 
10000 digits related to 10 classes representing 
digits between 0 and	9. Every digit is represented 
by a vector of length 784 or by a matrix of size 
28 × 28, corresponding to an image. Additionally, 
we implement the KNN and Multilayer Neural 
Network (MLN) algorithms in the statistical 
software R environment, making use of the 
packages Class [3] and Mxnet  [4], respectively. 

2. CHALLENGES IN SUPERVISED LEARNING 

2.1. The bias–variance tradeoff 

Algorithms with high bias produce simpler 
models and avoid overfit. However, they cannot 
capture relevant details in the feature space. In 
contrast, algorithms with high variance produce 
complex functions that can represent very well 
the training dataset, and captures those details, 
but then, this sensitivity can produce overfit. In 
addition, a high variance is a direct effect of data 
in high dimensional space. Therefore, a large 
number of training samples are necessary in 
order to reduce the variance and misclassification 
[5].  

2.2. The amount of training data 

Figure 1 shows the mean of the error for 
different sizes of samples. It is evident that the 
larger the sample size, the smaller the mean of 
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error for both models is. Nevertheless, limitations 
related to the amount of training data are 
common in classification tasks, not to mention 
the problems of high dimensionality.  

 
Ensemble modeling has recently been one of 

the most successful strategies in order to obtain 
lower error rates for classification, and smaller 
errors for prediction. For example, some 
techniques are based on resampling, such as 
Bagging [6], [7] (Boostrap aggregating), Boosting 
[8], and Stacking [9]. In Bagging, each model in 
the ensemble is independent with an equal vote, 
and uses random subsets of the original training 
dataset. Boosting is a sequential learning 
algorithm in which the first algorithm uses the 
complete training dataset, while the following 
algorithms focus on the misclassified cases of the 
previous model. Finally, in stacking, each model 
is independent, and uses the complete training 
set for learning. Then, the outputs of each model 
are combined in a new dataset, which is used by 
the final algorithm. 

 
The next two sections present a novel 

methodology based on selecting the best models 
for KNN and MLN (The bias-variance tradeoff), 
and finding a probabilistic model to identify sub-
labels (reduce the variance). This additional 
information based on sub-labels helps increase 
the training set with synthetic data. Our approach 
claims that additional information identified via 
probabilistic modeling can be useful for 
classification tasks not only for a specific 
algorithm but also for an ensemble model. 

 

 

Figure 1: Mean of error for different training size for 
MNIST database. 

3. SELECTING THE BEST MODEL 

In order to consider the limitation of the amount 
of training data, we selected 10000 digits as a 
training dataset from the original MNIST training 
set. The best model for the KNN and the MLN 
was defined using a training set of 8000 digits, 
and a validation set of 2000 digits. 

3.1 K-Nearest Neighbor 

KNN classifies a testing set based on the � 
nearest training set vectors using the Euclidean 
distance [10]. Then, labels are decided by 
majority vote, and ties are broken randomly.  

 

 

      
 

 Figure 2: Mean of error for different number of neighbors.      Figure 3: Mean of error Digits for different iterations. 
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Figure 4: Multi-Layer Neural Network (MLN), abbreviated notation.

Choosing the value of � is fundamental in 
order to reduce misclassification. A large � value 
reduces the variance due to the noisy data; 
however, it produces a bias ignoring smaller 
patterns that can be useful for correct 
classification.  

 
We selected � = 3, which is the number of 

neighbors with smallest mean error rate using 10 
different seeds. (Refer to Figure 2). 

3.2 Neural Networks 

We trained a Multi-Layer Neural Network 
(MLN) using the well-known backpropagation 
algorithm [11], where the output is a probability 
vector with length equal to the number of labels. 
MLN performs nonlinear transformations in its 
hidden layers minimizing the squared error, 
which is reached using Gradient Descent [12].  

 
The network is composed of an input layer, two 

hidden layers, and an output layer. Hidden layers 
have 128 and 164 neurons, respectively, and the 
output layer has 10 neurons associated with the 
same number of labels. The input p is 
represented by a vector of dimensions 784 × 1, 
and each stage has its own weight matrix W, bias 
vector b, transfer function f, and output vector a. 
For example, the first layer has 128 neurons. 
Thus, W� is a 128 × 784 matrix, b� is a vector of 
length 128, and a� is a vector of length 128, 
which is the input for the second layer.  

 
Rectified linear unit (ReLu) functions f� and f � 

are defined for smoothing the results n
1
 and n

2
, A 

Softmax function f � is defined to obtain a 
probabilistic prediction vector a3, which allows 
classifying the input p. Figure 4 shows the 
schematic for this MLN.  The best model 
corresponds to the iteration 22, which presents 
the smallest mean error rate using 10 different 
seeds (Refer to Figure 3). The learning rate and 

momentum were set to 0.07 and 0.9, 
respectively. 

3.3 The bias-variance for the study case 

Figure 5 shows the bias-variance for both 
algorithms and the testing dataset. The KNN 
algorithm presents high bias because several 
misclassified digits are recurrent for different 
seeds. That means that the seeds are mainly 
responsible for breaking ties. On the other hand, 
the MLN algorithm has high variance because 
several misclassified digits are not recurrent for 
all seeds. For instance, there are 40	misclassified 
digits that only appear in one of the ten seeds. 
For the MLN algorithm, seeds determine the 
initialization of the weight matrices.  

4. PROBABILISTIC MIXTURE MODEL 

The goal is to find the parameters of a mixture 
distribution that correspond to the probability 
distribution of the training data set. The most 
used mixture models are based on Gaussian, 
Bernoulli, and Weibull distributions. Their 
applications extend to several fields such as 
market segmentation, binary images, text 
classification, DNA data, and reliability. This work 
uses a Mixture of Bernoulli distributions. For this 
purpose, a threshold is used in order to binarize 
the training set, which originally is defined in 
grayscale (0 − 255). For example, if the value of 
a pixel is equal to or greater than 100, then this 
pixel becomes 1 otherwise 0. 
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Figure 5: Bias-variance tradeoff for KNN and MLN 

Consider a set of D binary variables x�, where 
i = (1, 2, …D), each of which is governed by a 
Bernoulli distribution with parameter p�. The set D 
represents the sequence of pixels of each digit, 
so that, 

 

P(�|�) =���
��

�

���

(1 − ��)
(����)																(1)		 

where � = (��, … , ��)
� and � = (��, … , ��)

�. We 
assume all �� are independent, given �. 
Therefore, (2) is a finite mixture of these 
distributions: 
 

P(�|�, �) = ���P(x|��)

�

���

																										(2) 

where � = {��, … , ��} and   � = {��, … , ��}	is the 
mixing coefficient vector. Using (1), we obtain 

 

P(�|��) =����
��

�

���

(1 − ���)
(����)														(3) 

Finally, for a given training data set � =
{��, … , ��}, the data log-likelihood function of the 
finite mixture and the EM algorithm are used to 
estimate the mixture parameters [13]. Note that � 
is a set of digits for the training stage, with 

� = 10000, and  ℒ� is the Maximum Likelihood 
Estimator (LME) Equation(4). Its log-likelihood 
function is expressed by Equation (5), which 
estimates the probability of membership of a digit 
to each of 	� labels. 
 

ℒ�(�; �) = P(�|�, �)																																							(4) 

 

log P(�|�, �) = � log���P(��|��)

�

���

�

���

			(5) 

Even though the MNIST database has 10 
labels, the goal is to reduce the variance through 
discovering sub-labels. For instance, several sub-

labels may represent the same digit. Increasing 
the number of labels � in the mixture model 
results in an increase in the dimensionality of the 
model, causing a monotonous increase in its 
likelihood.  

 
The best mixture model is the one that 

maximizes the Akaike Information Criterion (AIC) 
[14], which seeks to balance the increase in 
likelihood and the complexity of the model by 
introducing a penalty term for each parameter. 
AIC is defined by 

 

AIC(�; �) = 2η(�) − 2log ℒ�(�; �)												(6) 

where η(�) is a number of free parameters in the 
model that represents the complexity of the 
model. Then, for a Bernoulli Mixture Model 
(BMM) the η(�)��� is defined by [15] 

 
η(�) = �(� + 1) − 1																												(7) 

We initialized the EM algorithm [13] using 10 
different seeds and increased the number of 
labels �. Figure 6 shows this result for one of the 
seeds. For each number of classes (� labels) 
plotted on the � axis, the values of the MLE and 
AIC are plotted on the � axis. Finally, the best 
model that maximizes the AIC is reached when 
� = 145 and its value of AIC is −1379830.6. 
Therefore, given the training data set of 10000 
digits, the best number of labels is 145. 

5. BOOTSTRAPPING FOR STRONG SUB-LABELS 

The "Purity" concept measures degree of 
exclusivity inside sub-labels. A sub-label has 
Purity equal to 1 when its digits have the same 
original label. For instance, Figure 7 (a) shows 
the Centroid 30 (visual representation of sub-
label30), which is composed of two types of 
original labels and its Purity is equal to 0.97. 
Similarly, Figure 7 (b) presents the Centroid 132, 
which is composed of seven original labels and 
its Purity is equal to 0.87. 
 

Purity is estimated, and the label with the 
largest frequency is identified, to represent each 
sub-label. Thus, sub-labels 30 and 132 are 
identified with label 8. 

 
Several modeling strategies can be 

implemented using information related to strong 
sub-labels. For instance, resampling techniques 
can be used to produce synthetic data based on 
a mixture of a probabilistic distribution. Similar to 
the boosting technique, this model strategy links 
the misclassified digits detected in the validation 
set with the 145 sub-labels identified via mixture 
of distribution.  
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Figure 6: Selection of the best model using AIC. 

 
 

 
Figure 7: An example of Purity for two sub-labels. 
 

Percentages of Misclassified digits 

Label KNN MLN 
0 0.03 0.06 
1 0.01 0.03 

2 0.12 0.11 
3 0.17 0.17 

4 0.10 0.08 
5 0.09 0.11 

6 0.02 0.06 
7 0.06 0.06 

8 0.27 0.17 
9 0.08 0.10 

 
Table 1: Percentage of error for each digit KNN  

and MLN algorithms. 

 
Table 1 shows the percentage of misclassified 

digits related to the validation data from Section 
3. Even though the error rate for MLN is better 
than KNN, both algorithms present similar 
percentage of error for original labels. For 
instance, labels 8 and 3 present the larger 
number of misclassifications.  
 

Table 2 shows seven strong sub-labels related 
to the original label 8. Using bootstrapping [16], 
we conducted resampling with replacement over 
the seven sub-labels 100 times. In each 
resampling, two digits are selected randomly 
from the label with the largest frequency. Then, 
the mean is calculated producing the new 
synthetic digit. Finally, we produced 700 synthetic 

digits (100 digits by sub-label) related to the 
original label 8. Figures 8 and 9 compare the 
effect of these new digits over classification 
results for KNN and MLN. The following are the 
features of each case: 

o � =	 10000 real digits (from MNIST) 
composing the training dataset. 

o � =	 10000 real digits (from MNIST) + 
700 synthetic digits (from sub-labels) 
composing the training dataset. 

o � =	 10700 real digits (from MNIST) 
composing the training dataset 

Training datasets in cases � and � are 
composed of real digits from the MNIST 
database. Case � reduces the misclassified 
digits in case � adding 700 synthetic digits 
related to label 8.  

 

Bootstrapping Sub-labels Label 8 

Sub-label Num. of Digits 8 Purity 
30 101 0.97 
6 40 0.93 

100 98 1 
105 67 0.97 

126 66 0.91 
132 69 0.87 

136 83 0.96 
 

Table 2: Strong sub-label for label 8  

 

Figure 8: KNN comparison between real and real + 
synthetic data using Bootstrapping and Strong labels. 

 
Figure 9: MLN comparison between real and real + 

synthetic data using Bootstrapping and Strong labels. 
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6. CONCLUSIONS 

We proposed mixture of probabilistic 
distributions as a valid alternative for discovering 
new information related to labels in a 
classification problem. This new information 
allows reducing the variability by generating 
synthetic data through resampling with probability 
distributions. 

 
Our statistical approach for increasing the 

amount of training data provides an additional 
understanding of each label, and shows good 
results not only for a high bias model such as 
KNN but also for a high variance model such as 
MLN. In both algorithms, the best model was 
identified using a validation dataset. Then, these 
models were trained with real data from MNIST 
database with additional synthetic data. The 
results showed improvement of classification 
accuracy with the addition of synthetic data in 
both algorithms. 

 
One interesting conclusion of this work is the 

fact that increasing the training dataset based on 
probabilistic distributions reduces the number of 
misclassifications, even if the classification 
algorithm’s parameters determining its 
architecture are unchanged. Hence, the focus of 
this research is independent of issues about the 
best architecture for the classification algorithm 
or tuning parameters to solve a particular 
problem. 

 
Some directions for future work are to assess 

the effect of the proportion of real and synthetic 
data in the training dataset, class imbalance 
which may be produced by synthetic data, and 
increasing the number of classes. The latter one 
may require modification of the classification 
algorithm; for instance, increasing the number or 
neurons or layers in MLN. 
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Abstract: In the era of high throughput DNA sequencing 
(HTS) technologies, calculating the edit distance (i.e., the 
minimum number of substitutions, insertions, and 
deletions between a pair of sequences) for billions of 
genomic sequences is the computational bottleneck in 
today’s read mappers. The shifted Hamming distance 
(SHD) algorithm proposes a fast filtering strategy that can 
rapidly filter out invalid mappings that have more edits 
than allowed. However, SHD shows high inaccuracy in its 
filtering by admitting invalid mappings to be marked as 
correct ones. This wastes the execution time and imposes 
a large computational burden. In this work, we 
comprehensively investigate four sources that lead to the 
filtering inaccuracy. We propose MAGNET, a new filtering 
strategy that maintains high accuracy across different edit 
distance thresholds and data sets. It significantly 
improves the accuracy of pre-alignment filtering by one to 
two orders of magnitude. The MATLAB implementations 
of MAGNET and SHD are open source and available at: 
https://github.com/BilkentCompGen/MAGNET.  
 

Index Terms: High throughput DNA sequencing, read 
mapping, read alignment, false positives. 

 

1. INTRODUCTION 

ntil today, it remains challenging to sequence the 
entire DNA molecule as a whole. As a workaround, 

High throughput DNA sequencing (HTS) technologies 
are used to sequence random fragments (called short 
reads, which are 75-300 base-pairs long) of copies of the 
original molecule. The biggest challenge with these 
technologies is the use of these short reads to construct 
the complete genome sequence (~3.2 billion base-pairs  
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for human genome), as these reads do not have any 
information about which part of genome they come from. 
During this process, called read mapping, each read is 
mapped to a reference genome based on the similarity 
between the read and “candidate” locations in that 
reference genome (like solving a jigsaw puzzle). The 
similarity measurement, called alignment or verification, 
is formulated as an approximate string matching problem 
and solved using quadratic-time dynamic programming 
algorithms such as Levenshtein’s edit distance [1]. The 
main goal of these algorithms is to find out the minimum 
number of edits needed to make the read exactly match 
the reference segment [1]. Common edits include 
substitutions, insertions, and deletions. If the number of 
edits (called edit distance) is greater than a user-defined 
edit distance threshold (usually less than 5% of the read 
length [2-4]), then the mapping is considered to be 
invalid (i.e., the read does not match the segment at 
seed location) and thus is rejected. Calculating the edit 
distance for billions of sequences incurs significant 
computational burden [4-6]. Given that understanding 
complex diseases such as autism and cancer requires 
sequencing hundreds of thousands to millions of 
genomes [7, 8], the long execution time of today’s read 
mappers can severely hinder such studies.  

A wide variety of algorithms have been proposed to 
efficiently calculate the edit distance of sequences and 
filter out invalid mappings. Most existing algorithms can 
be divided into two main approaches: (1) accelerating the 
dynamic programming algorithms, (2) developing filtering 
heuristics that eliminate some of the invalid mappings 
(especially the ones that contain far more edits than 
allowed) before the verification step. Of the first 
approach, the classical dynamic programming algorithms 
such as Smith-Waterman [9], Levenshtein’s edit distance 
[1], and Needleman-Wunsch [10] are the most accurate 
algorithms but they are computationally expensive as 
they require a quadratic running time. Subsequently, they 
were improved by computing only some necessary 
regions of the dynamic programming matrix rather than 
the entire matrix (e.g., Ukkonen [11]). They also can be 
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accelerated by exploiting bit-parallelism in their 
implementations (e.g., Myers [12], SeqAn [13], SWPS3 
[14], and hardware accelerated Smith-Waterman 
algorithm such as GPU-based [15] and FPGA-based 
[16]). The second approach to accelerate alignment 
verification is to incorporate a filtering technique within 
the read mapper and before the verification step. This 
filter is responsible for quickly excluding invalid mappings 
in an early stage (i.e., as a pre-alignment step) to reduce 
the number of locations that must be verified via dynamic 
programming. There are several existing filtering 
techniques such as Adjacency Filtering from FastHASH 
[6] and the Shifted Hamming Distance (SHD) [4].  

We select SHD as the main focus of our analytical 
study, since it outperforms the Adjacency Filter in terms 
of speed and accuracy [4, 17]. It also maintains multiple 
independent bit-vectors (called shifted Hamming masks 
and explained in Section 2) that make it suitable for 
parallel implementation. These filtering heuristics do not 
replace the verification step. Hence, they should be able 
to eliminate enough of the invalid mappings to be 
worthwhile (to compensate the computation overhead 
introduced by the filtering technique). One limitation with 
SHD is that it introduces inaccuracy in the filtering 
mechanism, allowing invalid mappings to pass the filter 
as false positives. A high number of false positives are 
undesirable, as these invalid mappings incur additional 
computational burden (they are unnecessarily examined 
twice, by both the pre-alignment and the alignment 
steps).  

In this paper, our goal is to provide a detailed analysis 
of the false positive sources of the state-of-the-art 
alignment filter, SHD, aiming at eliminating them and 
boosting the performance of existing and future read 
mappers. To the best of our knowledge, this is the first 
paper to comprehensively assess the filtering inaccuracy 
of the SHD algorithm and provide recommendations for 
desirable improvements. The contributions of this paper 
are as follows:  

 We provide a detailed investigation of four potential 
false positive sources of the state-of-the-art 
alignment filter, SHD.  

 We show that processing the short matches (i.e., 
less than three matches) between two genomic 
sequences is not efficient, as they exhibit an 
unpredictable (random-like) and highly irregular 
behavior. Instead, future alignment filters should pay 
more attention to the long, exact matches shared by 
the sequences. Based on our observation, we build 
MAGNET, an intelligent filter that accurately detects 
all long, exact matches shared between two genome 
sequences. 

 We quantify the false positives and true negatives of 
MAGNET and SHD using real data sets. We also 
experimentally demonstrate that incorporating long-

match-awareness into the design of a pre-alignment 
filter can greatly improve the filtering accuracy. 

2. OVERVIEW OF SHIFTED HAMMING DISTANCE 

To provide a proper analysis of the false positive rate 
of SHD, in this section, we describe the SHD algorithm 
[4] and provide an example to illustrate how it works. 
SHD is a filter specifically developed to accelerate the 
alignment verification procedure in read mapping. SHD 
implements a filtering strategy that is inspired by the 
pigeonhole principle. That is, if E items are put into E+1 
boxes, then one or more boxes would be empty. This 
principle can be applied in the context of sequence 
alignment, as follows: if two reads differ by E edits, then 
they should share at least a single identical subsequence 
(i.e., free of edits) among E+1 non-overlapping 
subsequences, where E is the edit distance threshold. 
This is due to the fact that the E edits would result in 
dividing the read into E+1 identical subsequences in 
accordance with their correspondences in the reference, 
as explained in Fig. 1. The more edits involved between 
two sequences, the less contiguous stretches of exact 
matches they share.  

However, due to insertions and deletions, these 
identical subsequences might not be perfectly aligned 
and might be slightly shifted. Each insertion (or deletion) 
can shift multiple trailing bases to the right direction (or 
the left direction). SHD realigns the identical 
subsequences by incrementally shifting the read 
sequence against the reference sequence. SHD first 
calculates the base-pair-wise XOR between the two 
sequences.  Then, it performs E incremental shifts to the 
right direction to detect any read that has at most E 
deletions, where E is the edit distance threshold. 
Similarly, SHD also performs another E incremental 
shifts to the left direction to detect any read that has at 
most E insertions. After each shift, SHD calculates the 
base-pair-wise XOR between the read and the reference 
and stores the result in a shifted Hamming mask. In total, 
SHD generates 2E+1 shifted Hamming masks 
regardless the source of the edit.  

Fig. 1: Random edit distribution in a read sequence. The edits
(e1, e2, …, eE+1) act as dividers resulting in several identical 
subsequences (m1, m2, …, mE+1) between the read and the 
reference. 

 

Identical subsequences are then identified in each 
mask as a streak of continuous ‘0’s. SHD ANDs all 
shifted Hamming masks together with the idea that all 
‘0’s in the individual Hamming masks propagate to the 
final bit-vector, thereby preserving the information of 
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individual matching subsequences. SHD calculates the 
number of edits by counting the number of ‘1’s in the 
final bit-vector. As SHD uses a bitwise AND operation, a 
zero at any position in the 2E+1 Hamming masks leads 
to a ‘0’ in the resulting final bit-vector at the same 
position. Hence, even if some Hamming masks show a 
mismatch at that position, a zero in some other masks 
leads to a match (‘0’) at the same position. This tends to 
underestimate the actual number of edits and eventually 
causes some incorrect mappings to pass. To fix this 
issue, SHD proposes the so-called speculative removal 
of short-matches (SRS) before ANDing the masks, which 
flips short streaks of ‘0’s in each mask into ‘1’s such that 
they do not mask out ‘1’s in other Hamming masks. The 
number of zeros to be amended (SRS threshold) is set 

by default to two, that is bit streams such as 101, 1001 
are replaced with 111 and 1111, respectively. Amending 
short streaks of ‘0’s to ‘1’s could cause correct mappings 
to be mistakenly filtered out, as it may produce multiple 
ones in the final bit-vector. To avoid this possibility, SHD 
always underestimates the number of edits from streaks 
of ‘1’s. If there are four or three consecutive ‘1’s in the 
final bit-vector, SHD counts them as a single edit. Thus, 
the total number of edits reported by SHD could be 
smaller than the real number of edits. In Fig. 2, we 
provide an example of a candidate alignment with all 
masks that are generated by the SHD algorithm. A 
segment of consecutive matches in one-step right-
shifted mask indicates that there is a single deletion that 
occurred in the read sequence. 

 

 
 
Fig. 2: An example of an alignment with all its generated masks, where the edit distance threshold (E) is set to 3. The green 
highlighted subsequences are part of the correct alignment. The red highlighted bit in the final bit-vector is a wrong alignment 
provided by SHD. The correct alignment (highlighted in yellow) shows that there are three substitutions and a single deletion, 
while SHD detects only two substitutions and a single deletion. 

 

3. ON THE FALSE POSITIVES OF SHD 

In this section, we investigate the potential sources of 
false positives that are introduced by the state-of-the-art 
filter, SHD [4]. We also provide examples that illustrate 
each of these sources of false positives. Adding an 
additional fast filtering heuristic before the verification 
step in a read mapper can be beneficial. But, such a filter 
can easily be worthless if it allows a high number of 
incorrect mappings to pass the filter. Even though the 
false positives that pass SHD are discarded later by the 
verification step (as the verification step has zero false 
positive rate), they can dramatically increase the running 
time of the read mapping by causing work to be done on 
a read by both the filtering step as well as the verification 
step. Below, we describe four major sources of false 

positives that are introduced by the filtering strategy of 
SHD. 

A. Leading and Trailing Zeros 

The first source of false positives in SHD is the streaks 
of zeros that are located at any of the two ends of each 
bit-vector. Hence we refer to them as leading and trailing 
zeros. These streaks of zeros can be in two forms: (1) 
the vacant bits that are caused by shifting the read 
against the reference segment and (2) the streaks of 
zeros that are not vacant bits. As we mentioned earlier, 
SHD generates 2E+1 masks using arithmetic left-shift 
and arithmetic right-shift operations. For both the left and 
right directions, the right-most and the left-most vacant 
bits, respectively, are filled with ‘0’s. The number of 
vacant zeros is dependent on the number of shifted 
steps for each mask, which is at most equal to the edit 
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distance threshold. The second form of the leading and 
trailing zeros is the zeros that are located at the two ends 
of the Hamming masks and are not vacant zeros. These 
streaks of zeros result from the pairwise comparison 
(i.e., bitwise XOR). They differ from the vacant bits in 
that their length is independent of the edit distance 
threshold. The main issue with both forms of leading and 
trailing zeros is that they always dominate, even if some 
Hamming masks show a mismatch at that position (due 
to the use of the AND operation). This gives the false 
impression that the read and the reference have a 

smaller edit distance, even when they differ significantly, 
as explained in Fig. 3. SRS does not address the 
inaccuracy caused by the leading and trailing zeros by 
amending such zeroes to ones (as explained in Section 
2), due to two reasons: (1) the number of these 
consecutive zeros is not fixed and thus they can be 
longer than the SRS threshold, (2) these consecutive 
zeros are not surrounded by ones and hence even if 
SRS threshold is greater than two bits, they are not 
eligible to be amended. 

 
 

 
Fig. 3: An example of an invalid mapping that passes the SHD filter due to the leading and trailing zeros (first source of false 
positives). We use an edit distance threshold of 3 and an SRS threshold of 2. While the regions that are highlighted in green are 
part of the correct alignment, the wrong alignment provided by SHD is highlighted in red. The yellow highlighted bits indicate a 
source of false positive. 
 

 

B. Random Zeros 

The second source of false positives is the random 
zeros that appear in the individual shifted Hamming 
masks. Although they result from a pairwise comparison 
between a shifted read and a reference segment, we 
refer to them as random zeros because they are 
sometimes meaningless and are not part of the correct 
alignment. Different from the first source, these zeros are 
surrounded by ones and can be anywhere in the masks 
except the two ends of each bit-vector. However, the 
length and the position of these zeros are unpredictable. 
They can have any length that makes the SRS method 
ineffective at handling these random zeros. There is no 
clear theory behind the exact SRS threshold to be used 
to eliminate such zeroes. SRS successfully removes 
some of the false positives, but it also introduces its own 
source of false positives.  

Choosing a small SRS threshold helps, but does not 
provide any guarantee, to get rid of some of these 
random zeros. Choosing a larger SRS threshold can be 
risky, since, with such a large threshold, SHD might no 
longer be able to distinguish whether any streak of 
consecutive zeros is generated by random chance or it is 
part of the correct alignment. This results in SHD 
ignoring most of the exact matching subsequences and 
causes an all-‘1’ final bit-vector. In Fig. 4, we provide an 
example where random zeros dominate and lead to a 
zero in the final bit-vector at their corresponding 
locations. SRS can address the inaccuracy caused by 
the random 3-bit zeros, which are highlighted by the left 
arrow, using an SRS threshold of 3. However, SRS is still 
unable to solve the inaccuracy caused by the 15-bit 
zeros that are highlighted by the right arrow. This is due 
to the fact that the 15-bit zeros are part of the correct 
alignment and hence amending them to ones can 
introduce more false positives. 
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Fig 4: Examples of an incorrect mapping that passes the SHD filter due to random zeros (second source false positives). While 
the edit distance threshold is 3, a mapping of 4 edits (as examined at the end of the figure by Needleman-Wunsch algorithm) 
passes as false positives. 
 

C. Conservative Counting 

The third source of false positives is related to the way 
in which SHD counts the edits in the final bit-vector. As 
we discussed earlier, the amendment process can cause 
correct mappings to be mistakenly filtered out, as it may 
produce multiple 1s in the final bit-vector. To avoid this 
possibility, SHD counts the number of edits from any 
streak of ‘1’s in the final bit-vector in a conservative 
manner. To ensure that it does not overcount the 
number of edits, SHD always assumes the streaks of ‘1’s 
in the final bit-vector as a side effect of the SRS 

amendment, and counts only the minimum number of 
edits that will generate such a streak of ‘1’s. The total 
number of edits reported by SHD can be much smaller 
than the actual number of edits. For instance, as 
illustrated in Fig. 5, three consecutive substitutions 
render a streak of three ‘1’s in the final bit-vector. But 
since SHD always assumes the middle ‘1’ is the result of 
an amended ‘0’ by SRS, SHD will only consider the 
streak of three ‘1’s as a single edit and let it pass, even if 
the edit distance threshold is less than three.  

 
 

Fig 5: Examples of an incorrect mapping that passes the SHD filter due to conservative counting of the short streak of ‘1’s in the 
final bit-vector. 
 

 

D. Lack of Backtracking 

The last source of false positives in SHD is the inability 
of SHD to backtrack (after generating the final bit-vector) 
the location of each long identical subsequence (i.e., the 
mask that originates them), which is part of the correct 
alignment. The source of each subsequence provides a 
key insight into the actual number of edits between each 
two subsequences. That is, if a subsequence is located 
in a 2-step right shifted mask, it should indicate that there 

are two deletions before this subsequence. SHD does 
not relate this important fact to the number of edits in the 
final bit-vector. The lack of backtracking causes two 
types of false positives: (1) the first type of false positive 
in this category appears clearly when two of the identical 
subsequences, in the individual Hamming masks, are 
overlapped or nearly overlapped, (2) the second type 
happens when the identical subsequences come from 
different Hamming masks. The issue with the first type 
(i.e., overlapping subsequences) is the fact that they 
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appear as a single identical subsequence in the final bit-
vector, due to the use of AND operation. An example of 
this scenario is given in Fig. 6. This tends to hide some 
of the edits and eventually causes some invalid 
mappings to pass. The second type of false positives 
caused by the lack of backtracking happens, for 
example, when an identical subsequence comes from 
the first Hamming mask (i.e., with no shift) and the next 
identical subsequence comes from the 3-step left shifted 

mask. This scenario reveals that the number of edits 
between the two subsequences should not be less than 
three insertions. However, SHD inaccurately reports it as 
a single edit (due to ANDing all Hamming masks without 
backtracking the source of each streak of zeros), as 
illustrated in Fig. 7. Keeping track of the source mask of 
each identical subsequence prevents such false 
positives and helps to reveal the correct number of edits. 

 

AAAAAAACAAACAACCCCAGAAAAAGTGGGTGAAGGACTATGAACAGACACTTCTCAAAAGAAGACTTTACTCAGCCAAAAAACACATGAAAAAATGCTA
AAAAAAACAAACAACCCCATCAAAAAGTGGGTGAAGGATATGAACAGACACTTCTCAAAAGAAGACATTTACTCAGCCAAAAAACACATGAAAAAATGCT

Query : 
Reference :

AAAAAAACAAACAACCCCAG-AAAAAGTGGGTGAAGGACTATGAACAGACACTTCTCAAAAGAAGAC-TTTACTCAGCCAAAAAACACATGAAAAAATGCT
|||||||||||||||||||  ||||||||||||||||| |||||||||||||||||||||||||||| ||||||||||||||||||||||||||||||||| 
AAAAAAACAAACAACCCCATCAAAAAGTGGGTGAAGGA-TATGAACAGACACTTCTCAAAAGAAGACATTTACTCAGCCAAAAAACACATGAAAAAATGCT

0000000000000000000110000111111111111100000000000000000000000000001111111111110000011111110000011111
0000000111111110001110000000000000000011111111111111111110001111111000000000000000000000000000000000
0000000111111111111111000011111111111111111111111111111111111111111111111111111000001111111000001111 
0000000111110001111111100011111111111111111111111111111111111000011111111111111100001000111100001111
0000001111111100011110001111111111111111111111111111111100011111111111111111110000100011110000111110 
0000011111111111111111111111111111111111111111111111111111111111111111111111110001111111110001111100 
0000111110001111111111111100011111111111111111111111111111000011111111111111111111111111111111111000

0000000000000000000110000000000000000000000000000000000000000000001000000000000000000000000000000000

Needleman-Wunsch 
Alignment:

Overlapping subsequences can hide some edits

Hamming Mask : 
1-Deletion Mask :
2-Deletion Mask :
3-Deletion Mask :

1-Insertion Mask :
2-Insertion Mask :
3-Insertion Mask :

Final bit-vector :

Fig 6: Examples of an incorrect mapping that passes the SHD filter due to the lack of backtracking (overlapping identical 
subsequences). 
 

 
Fig. 7: An example of an invalid mapping that passes the SHD filter due to the lack of backtracking. 
 
 

E. Summary 

We identify four sources that introduce the filtering 
inaccuracy of the SHD algorithm, namely, the leading 
and trailing zeros, random zeros, conservative counting, 
and lack of backtracking. Based on these four sources of 
false positives, we observe that there are still 
opportunities for further improvements on the accuracy 
of the state-of-the-art filter, SHD, which we discuss next. 

4. MAGNET: OUR PROPOSED FILTERING STRATEGY 

In this section, we first provide our own observations 
and recommendations based on our comprehensive 
accuracy analysis of the SHD filter. We then discuss our 
proposed filtering strategy, MAGNET, for genome 

analysis. Based on our analysis of the sources of false 
positives, we make two crucial observations. 

The first observation is that handling the short 
streaks of ‘0’s (i.e., using the SRS method that we 
discuss above) is indeed inefficient. These “noisy” 
streaks do not have determined properties, as their 
length and number are unpredictable (random-like). They 
introduce their own sources of false positives and do not 
contribute any useful information. Therefore, future 
filtering strategies should avoid processing such short 
streaks of ‘0’s. 

The second observation is that the correct (desired) 
alignment always contains all the longest non-
overlapping identical subsequences. This turns our 
attention to focusing on the long matches (that are 
highlighted in green in all previous figures, i.e., Figures 1-
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7) in each Hamming mask. We find that the long non-
overlapping subsequences of consecutive zeros have 
three interesting properties. First, there is an upper 
bound on their quantity. With the existence of E edits, 
there are at most E+1 non-overlapping identical 
subsequences (pigeonhole principle) shared between a 
pair of sequences. The total length of these non-
overlapping subsequences is equal to m-E, where m is 
the read length. Second, the length of the global longest 
subsequence is strictly not less than [(m-E)/(E+1)]. Third, 
the source mask of each long subsequence provides an 
insight into the number of edits between this 
subsequence and its preceding one. 

These two observations motivate us to incorporate 
long-match-awareness into the design of our filtering 
strategy and ignore the short matches. MAGNET is a 
filtering heuristic that aims at finding all non-overlapping 
long streaks of consecutive zeros. By counting the 
number of these identical subsequences, we can infer 
the total number of edits between any pair of sequences 
(according to the first property that we discuss above). 
MAGNET algorithm consists of four main steps that can 
be explained as follows: 

Step 1: MAGNET starts with searching for the first 
longest subsequence of consecutive zeros through all 
Hamming masks. It applies a sequential search 
algorithm along all 2E+1 masks. Each mask nominates 
its local longest subsequence. Among all nominated 
subsequences, a single subsequence is selected as a 
global longest subsequence of zeros. Once found, our 

filter copies the target subsequence to the final bit-vector 
at the same corresponding location. It always attracts the 
longest subsequence of consecutive zeros and stores it 
in the final bit-vector and hence we call it MAGNET. All 
bits of the final bit-vector are initialized to ‘1’. The reason 
behind initializing it with ‘1’s is that we want the final bit-
vector to represent the number of mismatches. 

Step 2: The next step is essential to preserving the 
original edit (or edits) that causes a single identical 
sequence to be divided into smaller subsequences. 
MAGNET penalizes the found subsequence by two edits 
(one for each side). This is achieved by excluding from 
the search space of all Hamming masks the indices of 
the found subsequence in addition to the index of the 
surrounding single bit from both left and right sides. So 
far we are able to track a single identical subsequence. 

 Step 3: In order to track the other non-overlapping 
subsequences, MAGNET applies a divide-and-conquer 
strategy where we decompose the problem of finding the 
longest identical subsequences into two subproblems. 
While, the first subproblem focuses on finding the next 
long subsequence that is located on the right-hand side 
of the previously found subsequence in the first step (i.e., 
Step 1), the second subproblem focuses on the other 
side of the found subsequence. Each subproblem is 
solved by recursively repeating all the three steps 
mentioned above. MAGNET applies an early termination 
method that aims at reducing the execution time of the 
alignment filtering by exploiting the first property of the 
long matches (i.e., the limited number of long matches). 

 
 

 
Fig 8: An example of the operation of our proposed filter, MAGNET. It shows the effect that incorporating long- matches-awareness 
has on the alignment accuracy. The alignment is compared to a sophisticated alignment algorithm (i.e. Needleman-Wunsch). Our 
algorithm finds all the longest non-overlapping subsequences of consecutive zeros in the descending order of their length (as 
numbered in yellow).  
 

 
Rather than searching for all long non-overlapping 

subsequences, our algorithm recursively solves the 
subproblems until the number of the subsequences 
found in the first step exceeds E+1 or there are no more 
subproblems of size greater than or equal to a single bit. 
All subproblems share the same final bit-vector, so that 

the solution to each subproblem is stored in the same 
final bit-vector.  

Step 4: Once after the termination, MAGNET counts 
the occurrence of ‘1’s in the final bit-vector. If their total 
number is equal or less than the edit distance threshold, 
E, then the mapping is considered to be valid. Likewise, 



40

if the total number of edits is sufficiently large (i.e. 
greater than a lower bound of edits), then the filter 
considers the mapping to be invalid and rejects it. In Fig. 
8, we provide an example of how our filter works. Each 
‘1’ in the final bit-vector precisely reveals that there is an 
edit at its corresponding location of the Hamming mask. 

With the help of our accuracy analysis of SHD (Section 
3), we propose and incorporate long-match-awareness 
into the design of our filter. We get rid of the first three 
sources of false positives: (1) the leading and trailing 
zeros, (2) random zeros, and (3) conservative counting. 
In the next section, we investigate the impact of 
addressing these three sources on the false positive 
rate. 

5. EVALUATION 

In this section, we evaluate the false positive rate, true 
negative rate, and execution time of our proposed filter, 
MAGNET, against the best-performing previous filter, 
SHD [4]. As defined in previous work [17], the false 
positive rate is the fraction of incorrect mappings that are 
accepted by the filter out of all mappings, and the true 
negative rate is the fraction of incorrect mappings that 
are rejected by the filter out of all mappings. We always 
want to minimize the false positive rate and maximize the 
true negative rate. We implement both filters in MATLAB 
R2015b. We use a MATLAB implementation (nwalign 
[18]) of the Needleman-Wunsch algorithm [10] to 
benchmark the two filters as this algorithm has a false 
positive rate of 0%. We use a popular seed-and-extend 
mapper, mrFAST [19], to retrieve all potential mappings 
(read-reference pairs) from five sets, each containing 
about 4 million reads of length 100 base-pairs, from the 
1000 Genomes Project Phase I [8].  

False Positive Rate. In Fig. 9, we show the false 
positive rates of SHD and our proposed filter, across 
different edit distance thresholds. We configure mrFAST 
to generate from each read set the first half million read-
reference pairs that have no more than 5 edits. On 
average, SHD produces a false positive rate of 20%, 
which is significantly higher (on average 20 times) than 
that of our MAGNET filter. 

In Fig. 10, we reconfigure mrFAST for an edit distance 
threshold of 7 (generated pairs have at most 7 edits). 
This enables us to measure the effectiveness of both 
filters when there are incorrect mappings that have a few 
more edits than the allowed threshold. We note that the 
number of false positives of SHD increases by at least 
10%, while our filter still maintains a very low rate of false 
positives (<4%). 
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Fig. 9: The false positive rates of our MAGNET filter and SHD 
across different edit distance thresholds and read sets. The 
pairs are configured to have at most 5 edits. 

 
 

0%

10%

20%

30%

40%

50%

MAGNET SHD MAGNET SHD MAGNET SHD MAGNET SHD MAGNET SHD

ERR240726_1 ERR240727_1 ERR240728_1 ERR240729_1 ERR240730_1

Fa
ls

e 
P

o
si

ti
ve

 R
at

e

E=1 E=2 E=3 E=4 E=5  
Fig. 10: The false positive rates of our MAGNET filter and SHD 
across different edit distance thresholds and read sets 
(configured to have at most 7 edits). 

 
We now evaluate the false positive rate of MAGNET 

and SHD using the first 30 million pairs produced by 
mrFAST when the data set ERR240727_1 mapped to 
the human genome. We configure mrFAST to produce 
pairs that have at most 20 edits. Unlike the previous 
experiment, this configuration enables us to evaluate the 
false positive rate when the pairs have far more edits 
than the edit distance threshold. Fig. 11 demonstrates 
that SHD is more accurate in examining the edit-rich 
mappings than low-edit mappings. However, we find that 
MAGNET is very effective and superior to SHD in both 
situations (edit-rich and low-edit mappings). SHD falsely 
identifies potential mappings much more (15x - 100x, 
depending on the data and edit distance threshold used) 
than our filter. 

We conclude that building an intelligent filter that is 
aware of all long matches is worthwhile and doing so 
significantly improves the accuracy of alignment filtering 
by at least an order of magnitude compared to the best 
previous filtering mechanism.  



41

1%

8%

15%

0.0%

0.3%

0.6%

0.9%

MAGNET SHD
E=1 E=2 E=3 E=4 E=5

Fa
ls

e 
P

o
si

ti
ve

 R
at

e

Fig. 11: The false positive rates of MAGNET and SHD across 
different edit distance thresholds and using edit-rich mappings 
(having at most 20 edits). 
 

True Negative Rate. Next, we evaluate fraction of 
incorrect mappings that are rejected out of all rejected 
mappings, by both filters. We use in this experiment the 
first one million pairs that have at most 7 edits, produced 
by mrFAST when two data sets (ERR240726_1 and 
ERR240727_1) are mapped to the human genome. Fig. 
12 shows that our filter rejects a significant fraction of 
incorrect mappings (e.g., up to 96%) and thus avoids 
expensive computations required by the verification step 
(dynamic programming). MAGNET rejects up to 20x 
more incorrect mappings than SHD. We conclude that 
our filtering strategy is more robust than SHD in handling 
invalid mappings. It boosts the overall performance by 
rejecting most of the incorrect mappings while at the 
same time providing a minimal false positive rate. 
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Fig. 12: The true negative rates of MAGNET and SHD with 
different edit distance thresholds using one million mappings 
with at most 7 edits. 
 

Execution time. We now evaluate the execution time 
of our filter compared to the MATLAB implementation of 
the best existing filter, SHD, across different edit 
distance thresholds. We use the MATLAB Profiler [20] to 
track the execution time of both filters. We configure the 
Profiler to monitor the execution time based on the 
performance clocking option. Fig. 13 shows that as edit 
distance threshold increases, the execution time of both 

filters also increases. This is due to the fact that the 
number of Hamming masks is proportional to the edit 
distance threshold used and hence it requires more 
computations to be performed. We also find that 
MAGNET requires up to 1.4x more time than SHD to 
examine the first one million pairs that have at most 7 
edits, produced by mrFAST when the data set 
ERR240726_1 is mapped to the human genome.  

We conclude that our proposed filter, MAGNET, is 
extremely accurate, but this accuracy comes at the 
expense of a small increase in execution time. We 
believe this tradeoff is reasonable as examining the 
rejected mappings by a fast filter is much cheaper than 
having them verified by quadratic-time dynamic 
programming algorithms.  

Note that the original SHD algorithm is implemented 
using Intel SSE instructions that provide significant 
performance improvements, especially for bit-parallel 
algorithms. We will explore in our future research how 
we can further improve the speed of our filtering strategy, 
to compete with the SIMD-implementation of SHD, using 
hardware accelerators (e.g., GPUs and FPGAs), 
multithreading, or SIMD instructions. In this work, we 
comprehensively evaluate the accuracy of the state-of-
the-art alignment filter and mainly focus on addressing 
the sources of its filtering inaccuracy. 
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Fig. 13: Execution time performance of MAGNET and SHD 
under different edit distance thresholds. 

 

6. CONCLUSION 

In this paper, we comprehensively investigate four 
inaccuracy sources that make the state-of-the-art 
alignment filtering algorithm, Shifted Hamming Distance 
(SHD), highly ineffective in examining potential mappings 
in read mapping for genome analysis. We propose 
MAGNET, a new filtering strategy that eliminates these 
sources and significantly improves the accuracy of pre-
alignment with a minimal false positive rate. In our 
experiments, we show that MAGNET correctly detects 
invalid mappings much better than SHD (i.e., we see 
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reductions in the false positive rates as high as 15x - 
100x, depending on the data and edit distance threshold 
used). We also show that MAGNET is able to reject up 
to 20x more incorrect mappings than SHD at the 
expense of a slight increase in the execution time. We 
believe that MAGNET is the most accurate pre-alignment 
filter in literature today, As such; we hope that our 
filtering strategy inspires researchers to adopt it and 
improve its implementation aiming at building an even 
faster yet extremely accurate pre-alignment filter.  
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An Improved Algorithm  

for OAO Classification 

Changyuan, Liu; Ersoy, Okan; Luping, Che; and Lanping, Chen 

 

Abstract: One against one (OAO) algorithm is 

usually used in multi-class pattern classification. It 

consists of multiple classifiers. Due to its high 

accuracy of classification, this method is widely 

used. However, the number of two-class classifiers 

increases quadratically with the number of classes. 

Therefore, the OAO classifier operates slower than 

other classifiers. In order to solve this problem, an 

improved method of OAO is proposed in this paper. 

The number of two-class classifiers in the new 

algorithm grows approximately linearly with the 

number of classes. Simulation tests show that the 

new method increases speed, and the accuracy is 

similar to the accuracy of the original OAO algorithm. 

The improved algorithm is especially useful in 

applications having large number of classes. 

Index Terms: One against one classifier, support 

vector machine, pattern classification, voting law. 

   

1. INTRODUCTION  

In pattern recognition, a multi-class problem 

can be converted in to multiple two-class 

classifications by “one against one (OAO)” [1] rule. 

For example, the support vector machine (SVM) [1] 

is often applied with 2-class problems such as 

judging whether a system is normal or faulty, 

judging whether a decision should be accepted or 

rejected, and judging two types of objects to be  
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identified as to which is better, and so on. Another 

similar machine is the relevance vector machine 

(RVM). 

In pattern classification, many problems are 

not simply two class problems, and there are 

multiple categories [2] such as voice signal 

recognition, fingerprint identification license plate 

recognition, mine safety monitoring, forecasting to 

determine the risk level in a few categories and so 

on. In these problems, the methods like the regular 

SVM cannot be directly used to achieve multi-class 

classification. To solve the problem of multi-class 

pattern discrimination, we can adopt the 

combination classification method of multiple SVM 

two-class classifiers [3-5] [6]. 

This method is also called "voting law" [7]. Any 

of the two classes of k categories can form a basic 

two-class classifier, and there are [k(k-1)]/2 

two-class classifiers. Any two classes of samples 

form a learning machine, and the training sample 

set is divided into k(k-1)/2 subsets. Each two-class 

classifier only performs machine training on the 

corresponding subset of samples. In this way, 

multiple hyperplanes are obtained. When the 

classification of unknown samples is tested, each 

sample to be tested is judged by all k(k-1)/2 

two-class classifiers by means of majority voting. 

Due to its high accuracy, the OAO classifier is 

often used. After training for each of the two-class 

classification models, the test samples are 

processed, and the categories to which they belong 

are voted. The class which gets most votes 

becomes the chosen classifier. The basic structure 

of the algorithm is shown in Figure 1 with respect to 

the relevance vector machine (RVM). 
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Figure 1: OAO algorithm based on RVM.

The OAO algorithm is very effective. A 

drawback is that the number of two-class classifiers 

is rather large, and thereby the operation speed is 

rather slow. 

2. IMPROVED OAO CLASSIFIER 

In order to solve the slow computation problem 

of the OAO classifier, we propose a new multi-class 

classifier in which the classification time is basically 

proportional to the number of classifiers. From the 

analysis of Section 1, we can see that the key to 

reducing the calculations is to reduce the number of 

classifiers. For this purpose, the classes are 

arranged in a circular row as nodes, and only all the 

adjacent categories are initially paired, as shown in 

Figure 2(a). The new problem is that although there 

are fewer computations, the classification accuracy 

declines. In order to compensate for this effect, the 

new method uses a multi-round successive 

elimination. In each round, the node with the least 

number of votes in a 2-class classifier is eliminated. 

In the last round, only two nodes are left, 

generating the last 2-class classifier. In each round, 

the pairs of nodes which were previously computed 

are not recomputed, but their results are utilized. 

In order to understand the algorithm better, a 

five class example is given as shown in Figure 2. 

 

 

(a) OAO classifier comparison method. 

 

(b) Improved classifier first round comparison. 

 

(c) Improved classifier second round comparison. 
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(d) Improved classifier third round comparison.

(e) Improved classifier final round of the classifier.

Figure 2: The schematic of improved algorithm with 5 classes.

Figure 2(a) shows the traditional
"one-against-one" algorithm in which all pairs of
categories require an RVM classifier, resulting in
k(k-1)/2 2-class classifiers. In order to reduce the
amount of computation, the method proposed in
this paper adopts the "lowest ticket elimination"
approach. In each round, the pairs are chosen as in
Figure 2, parts (b) thru (e). In the rounds (c) and (d),
it is observed that the node with the lowest number
of votes for its class is eliminated. In the final round,
there are only two nodes left. In Figure 2(e), these
are the nodes B and E.

In this way, the number of 2-class classifiers is
considerably reduced. In this example, there are 7
pairs of nodes chosen whereas in the OAO
algorithm it would be (5×4)/2 = 10 pairs. When the
number of categories k increases, the difference
between the two methods become more
pronounced. For example, when k = 40, the OAO
algorithm requires (40×39)/2 = 780 2-class
classifiers whereas the average of the new method
requires 53.4 2-class classifiers, which is less by
more than an order of magnitude. As k increases
the average number of 2-class classifiers chosen is
2k-3.

3. SIMULATION EXPERIMENTS

In the simulation experiments, three different
sets of data were used. In the first experiment, the
OAO-SVM classifier was compared to the
improved OAO-SVM classifier. The second group
of experiments further tests the new method with

different test functions. In the third group, a
two-dimensional multimodal function is used to
compare the classification performances of several
commonly used multi-classification methods.

3.1 The First Set of Experiments

To generate the experimental data, we
constructed an n-dimensional function as

2 2
1 2 3 1 2

2 2
3

( , , , )n

n

f x x x x x x

x x

  

 




(3-1)

In the experiment, n was chosen as 5. In this
space, 500 sets of data were randomly selected as
experimental samples, and they were arranged into
k classes according to the values of data from small
to large. For example, when k = 10, the smallest 50
data values generated the first category, the next
51 to 100 values generated the second category,
and so on. In each category, the first 25 data points
were used for training, and the last 25 data points
were used for testing. The relevance vector
machine (RVM) was used as the classifier. The
experimental results with the OAO-RVM classifier
and the improved OAO-RVM classifier are shown
in Table 1. The comparisons of average running
times and classification accuracies are further
shown in Figures 3 and 4, respectively. In these
figures, it is observed that the improved algorithm
classification accuracy is slightly lower than that of
the original algorithm, but the difference between
the two is very small. When k is larger than 20, the
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difference between the two methods is less than 

1%. It is observed in Figure 4 that the improved 

OAO-RVM classification method has a much 

shorter computation time than the original method, 

and this becomes more pronounced as the number 

of classes increases. With the improved algorithm, 

the computation time increases almost linearly with 

the number of classes whereas this 

correspondence is roughly quadratic with the 

original algorithm. 

 

Table 1: Results with the first set of experimental data. 

RVM   OAO  Improved  OAO 

Number of 
Classes 

Computation 
Time hours (s) 

Classification 
Accuracy (%) 

Computation 
Time hours (s) 

Classification 
Accuracy (%) 

k=10  0.095  96.1  0.054  93.9 

k=20  0.339  95.6  0.099  94.6 

k=40  1.257  96.0  0.183  95.1 

k=60  3.104  95.7  0.271  95.3 

k=80  5.413  95.5  0.369  95.2 

Note: The experiments were run 10 times and averaged for each value of k. 

 

 

Figure 3: Comparison of classification accuracies with the two methods. 
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Figure 4: Comparison of computational times of the two methods.

Computational time increases almost linearly 

with the number of classes whereas this 

correspondence is roughly quadratic with the 

original algorithm.  

3.2 The Second Set of Experiments 

In order to further verify the performance of the 

improved method, several representative standard 

test functions were selected for classification 

experiments. The independent variables of the 

function and its corresponding function value 

generate a data set in these experiments, 400 data 

samples were randomly generated with each 

function. These data samples were divided into 40 

intervals, each interval having 10 samples to form a 

class. In this way, 40 classes of data samples were 

generated with each function. The first five samples 

of each class data were used for training, and the 

last five samples were used for testing.      

The four test functions are as follows: 

(1) sqr(x):  0 < x <10; 

(2) log(x):  0 < x <10; 

(3) exp(x):  -5 < x <5; 

(4) tanh(x)  -1 < x <1; 

The support vector machine (SVM) was used 

as the classifier. The experimental results are 

shown in Table 2. 
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Table 2: Comparative performance results with the test functions. 

SVM   OAO  Improved  OAO 

Test function 
Computation 
Time (secs) 

Classification 
Accuracy (%) 

Computation 
Time (secs) 

Classification 
Accuracy (%) 

sqr(x)  394  96.4  59.2  96.0 

log(x)  471  89.7  68.3  88.3 

exp(x)  457  97.1  52.0  96.3 

tanh(x)  502  94.9  76.5  94.2 

Note: In the SVM algorithm used in the experiments, the RBF kernel function was used,  

and the average of 10 runs per function are reported. 

From Table 2, it can be seen for several 

different test functions, that the classification 

accuracies of the two algorithms are very similar, 

but the computation time of the improved algorithm 

is significantly reduced. 

3.3 Comparison with Several Multi-Class 
Classifiers 

In order to compare the differences between 

the improved OAO-SVM classifier and several 

other commonly used multi-class classifiers, we 

selected three algorithms [10] [11] [12]: one against 

the rest (OAR), binary tree (BT), and one against 

one (OAO), which are the three most commonly 

used SVM multi-classifiers, and compared them 

with the improved classification method. 

The objective function of this experiment 

chooses a two-dimensional multimodal function, 

which is expressed as: 

2Ras( , ) 20
1 2 1

10(cos2   cos2 )
1 2

x x x

x x 

 

 
             (3-2) 

This is called the Rastrigin function. Its global 

minimum value equal to 0 is located at [0,0]. The 
Rastrigin function has a number of local minima 

with greater values away from the origin. Figure 5 

shows the Rastrigin function in the range (-5, 5) for 

x1 and x2. 
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Figure 5: Rastrigin function 
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Figure 6: Equal value contours of the Rastrigin function. 

 

In these experiments, we selected data points 

around 25 local minima in the range of (-2.5, 2.5) 

for both independent variables. In each region, 20 

data points were randomly selected, constituting 25 

classes, with a total of 500 data points. Figure 6 

shows the corresponding equal value contours of 

the Rastrigin function in the range (-2.5, 2.5) for X1 

and X2. The first 10 data points in each class were 

used for training, and the last 10 data points in each 

class were used for testing. The test results are 

shown in Table 3. 

 

Table 3: Results with different SVM classifiers. 

Objective 
function 

OAR  BT  OAO 
Improved 
OAO 

Classification 
accuracy (%) 

90.8  92.0  96.5  96.1 

Mean square 
error 

4.7  6.4  2.6  2.9 

Computational 
time (secs) 

       54.3               37.9             196.5               53.2 

Note: The SVM algorithm was used with the RBF kernel function,  

and the results reported are the averages of 10 independent runs. 

 

Table 3 shows that the improved OAO-SVM 

algorithm gives better results than the OAR and BT 

algorithms in terms of classification accuracy, mean 

square error and computation time. Compared with 

OAO, the improved method is very close to OAO in 

terms of classification accuracy and percentage 

error, with considerably improved classification 

time. This becomes more noticeable as the number 

of classes increases. 

 

 

4. CONCLUSION 

An improved OAO algorithm with higher 

computational peed is proposed. The simulation 

results show that the computational complexity is 

significantly reduced while the classification 

accuracy is very close to the classification accuracy 

of the OAO algorithm.  

With the improved algorithm, the computation 

time almost increases linearly with the number of 

classes whereas this correspondence is roughly 

quadratic with the original algorithm. 
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Abstract: In this study, a compressive sensing 

(CS) method is used together with hybrid optical 
cryptography for image encryption and 
compression. In this work, CS is achieved with the 
orthogonal matching pursuit (OMP) algorithm. 
Then, the CS-OMP algorithm is combined with the 
double random phase/amplitude encryption 
(DRPAE) method to achieve both compression 
and encryption of data. In order to achieve high 
security, the keys used in CS and DRPAE are 
transmitted to the receiver by an asymmetric 
cryptography method. Thus, the overall 
cryptographic system is a hybrid optical system 
(both symmetric and asymmetric) since DRPAE is 
a symmetric optical encryption method. In this 
approach, data size is decreased, and use of 
detection matrix in CS also protects DRPAE 
optical keys against well-known attacks. Phase 
recovery and dirac delta function methods were 
applied for cryptoanalysis of the proposed 
method. The experimental results with image 
encryption/decryption showed that the method is 
capable of high accuracy encryption and 
decryption with correct keys. It was not possible 
to achieve correct decryption when the proposed 
attack methods were used. 

 
Index Terms: Compressive sensing, image 

compression, orthogonal matching pursuit, optical 
cryptography, hybrid cryptography, Fourier 
related transforms, double random 
phase/amplitude optical key encryption, data 
compression, sensor reduction.  

1. INTRODUCTION 

Compressive Sensing was first developed by 
Emmanuel Candes, Stanford University in 2004 
when dealing with problems of magnetic 
resonance imaging. He showed that data could 
be sampled independently from Nyquist criteria 
under certain conditions of sparsity. Audio, 
video, and radar signals used in many 
applications are sparse or compressible in 
general.  

 
The common practice until now has been to 

measure signals without considering 
compressibility, and then converting them to  
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sparse signals, for example, by using a small 
number of transform coefficients containing most 
of the information. According to classical signal 
processing techniques, the signal must be 
sampled above the Nyquist rate (twice the 
maximum frequency of the signal) in order to 
reconstruct the signal correctly. As a result of 
such sampling, the raw digital signal is obtained. 
If the measured signal is compressible, the raw 
digital signal can be transformed to another 
space so that a small number of transform 
coefficients can be used to recover the image 
with negligible loss of information  [1-4]. 

In the compressive sensing (CS) method, the 
signal/image is first measured in a space in 
which it is sparse, meaning many of its elements 
are negligibly small, and therefore can be 
approximated by zeros. The original 
signal/image is recovered by using a CS method  
[5-8]. 

 
Several advantages of compressive sensing 

are given as follows: 

1. Reduction of the number of sensors for 
measurements of signals/images.  

2. Reduction of the data loading and 
transmission process. 

3. Less number of samples needed in the 
analog to digital conversion process.  

4. Reduced power consumption and 
hardware complexity [5-8]. 

 
Cryptography is the name given to methods 

used in encryption and decryption of information. 
Reliability, data integrity, mathematical methods 
of dealing with information security, and issues 
such as authentication are important research 
topics in cryptography. In general, cryptography 
is divided into three types: symmetric, 
asymmetric, and hybrid cryptography. 

 
In this work, image compression and 

encryption are realized by using the method of 
orthogonal matching pursuit (OMP) and a hybrid 
optical cryptography method. 

1.1 Previous Studies 

In the study described by Amir and Esther [9], 
it is proposed that the EEG signal is used as a 
coded signal with compression in the 
measurement vector. No cryptoanalysis work 
was included. In the work by Minal and Rajankar 

Image Encryption and Compression  
with Orthogonal Matching Pursuit  

Atar, Ertan and Ersoy, Okan   
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[10], the rows and columns of the detection 
matrix are replaced and encrypted. No 
cryptoanalysis application was specified. Rachlin 
and Baron [11] suggested that compressive 
perception can be used in data security and 
cryptography as opposed to Nyquist theory. The 
use of the detection matrix for encryption and 
decryption was discussed. In Örsdemir, Altun 
and Sharma [13], a randomly generated 
detection matrix was proposed for encryption. 
Ramezani et al. showed that the detection matrix 
can be used for encryption and decryption 
provided that M > 2K where M is the number of 
measurements, and K is the degree of sparsity 
(the number of nonzero elements) [14]. In the 
study by Zhang, Wong, Xiao and Li [15], 
encryption and decryption were implemented 
using the detection matrix. In Zhang, Ren, Feng, 
and Qian [16], the transformation matrix was 
used for encryption and decryption. Mo, Zhang, 
Zheng, and Zhou in [17] showed that encryption 
and decryption can be performed using the 
Hadamard matrix for the detection matrix. In the 
study by Peng, Zhang, Wei and Yu [18], phase 
ciphering was performed with a phase key 
without compression. In the studies by Carnier, 
Usategui, Arcos and Juvels [19], by Peng, We 
and Zhang [20], and by Frauel, Castro, 
Naughton and Javidi [21], phase methods for 
encryption/decryption were elaborated.  

2. COMPRESSIVE SENSING OMP METHOD 

Compressive sensing (CS) has become a very 
important research area in recent years as it has 
enabled new directions of research in many 
applications such as reduction of data size and 
reduction of sensor systems. Examples of 
application areas of compressive sensing include 
tomography, radar, communications, image and 
signal processing, and wireless sensor networks 
[1, 22, 23]. 

 

The number of measurements (M) required to 
perform compressed sensing depends on the 
degree of rarity (K), the signal size (N), and the 
reciprocal correspondence between the rarity 
and the measurement matrix. An important 
relationship established in the literature is the 
following [1, 2, 5, 24]: 

 

                � ≥ (� ∗ ���(�))		         (1)           

 

The OMP algorithm is an important iterative 
CS algorithm. Its block diagram is given in Figure 
1 where MGS is the Modified Gram-Schmidt 
method. 

Orthogonal Matching Pursuit (OMP) is an 
iterative method to recover a sparse signal from 
the measured signal. If Eq. (1) is satisfied, the 
sparse signal can be recovered by OMP with a 
very large probability [1, 2, 4, 7]. 

3. CRYPTOGRAPHY 

Information security has become very important 
in  areas  such  as  government,   banking,  and  
 
 

 

applications of the internet. Cryptography is 
concerned with the safe transmission of data by 
encryption and decryption of information. The 
design of a secure encryption/decryption 
algorithm is crucial in cryptography. 
Cryptoanalysis involves methods to investigate 
the strengths and weaknesses of cryptographic 
systems [25-27]. 
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A cryptosystem has five elements specified in 
Figure 2 as follows: 

 

1. P=Plaintext 

2. K=Key 

3. E=Encryption 

4. C=Ciphertext 

5. D=Decryption 
 

 

Figure 2: Encryption and decryption operations. 

Symmetric encryption algorithms use the 
same key for encryption and decryption 
operations. Symmetric encryption is very fast 
and easy to implement in electronic devices. In 
asymmetric encryption, one general key is used 
for encryption, and another special key is used 
for decryption. Asymmetric encryption algorithms 
are usually developed with very large prime 
numbers [25-27]. In the proposed method, the 
RSA algorithm is used for asymmetric encryption 
of the keys [28]. Its procedure is given below. 

 

Figure 3: Symmetric encryption. 

Two very large prime numbers p and q with 
N=pq as well as bit length n are selected. N does 
not exceed n bits in length. The algorithm 
generates two keys: e, the public key, and d, the 
private key. e is an integer less than Q and co 
prime to Q where Q=(p-1)(q-1). d is found by 

                       
1 modd e Q                         (2) 

where 
1d  is the multiplicative inverse of d 

modQ. 

  A message M is coded as an integer such 

that 0 M N  , and M is prime to N. The 
message is encrypted as a ciphertext C by 

                        modeC M N                    (3) 

     Decryption is achieved by recovering M from 
C by using  

                       moddC M N                      (4) 

Using asymmetric and symmetric encryptions 
together is named hybrid cryptography. Hybrid 
cryptography increases the advantages and 
decreases the disadvantages of the asymmetric 
and symmetric encryptions [25-27]. Symmetric 
encryption algorithms use the same key for 
encryption and decryption operations. Symmetric 
encryption is very fast and easy to implement in 
electronic devices. In asymmetric encryption, 
one general key is used for encryption, and 
another special key is used for decryption. 
Asymmetric encryption algorithms are usually 
developed with very large prime numbers [25-
27]. In the proposed method, the RSA algorithm 
is used for asymmetric encryption of the keys 
[28]. Its procedure is given below. 

 
 

 

Figure 4: Asymmetric encryption. 

4.  ENCRYPTED IMAGE COMPRESSION WITH  

ORTHOGONAL MATCHING PURSUIT 

In the proposed 2-dimensional method, a 
compressive sensing (CS) method is used 
together with hybrid optical cryptography for 
image encryption and compression. The keys 
used are transmitted by the RSA algorithm. 

 
 CS is achieved with the orthogonal matching 

pursuit (OMP) algorithm. Then, the CS-OMP 
algorithm is combined with the double random 
phase/amplitude encryption (DRPAE) method to 
achieve both compression and encryption of 
data. The overall cryptographic system is a 
hybrid system since DRPAE is a symmetric 
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encryption method whereas RSA 
encryption of the keys is an asymmetric method.. 
In this approach, data size is decreased, and use 
of detection matrix in CS also protects DRPAE 
optical keys against well-known attacks.

 

The image of size I*I is first divided in
of size J*J. For example, I=256, and 
elements of each block are ordered 
lexicographically to generate a 1-D signal of 
length J

2
. Next the sparse signal per block is 

generated with length M satisfying M
by using a detection matrix, and 
largest elements in magnitude and zeroing the 
others. The detection matrix is generat
and post multiplying fast transform matrices
reordered by random permutation matrices. 

 
The overall algorithm is shown in Figure 5 

where 

x: Plain text or plain image (input signal)

A: ASCII conversion of the input signal

φ: The formation of the detection matrix by 
permutations 

K:  p1 and p2 complex, and randomly 
distributed phase and amplitude masks 
generating symmetrical optical keys

y: <x.φ.p1.p2> matrix representing
compressed encrypted output signal

 

 

Figure 5: Proposed algorithm

The optical phase/amplitude keys p1 and p2 
are generated with random complex numbers. 
The phase covers 360 degrees. The resulting 
optical encryption system using the
transform is shown in Figure 6. This is repeated 
once more for a 4-f optical encryption system for 
additional security. The resulting encrypted 
signal is of smaller size than the original signal.
 

Figure 6: 2-f optical encryption system.

method whereas RSA used for 
is an asymmetric method.. 

In this approach, data size is decreased, and use 
of detection matrix in CS also protects DRPAE 

known attacks. 

is first divided into blocks 
256, and J=16. The 

elements of each block are ordered 
D signal of 

Next the sparse signal per block is 
M≥K* log(N) 

using a detection matrix, and keeping M 
largest elements in magnitude and zeroing the 

The detection matrix is generated by pre 
and post multiplying fast transform matrices 

ermutation matrices.  

lgorithm is shown in Figure 5 

image (input signal) 

ASCII conversion of the input signal 

The formation of the detection matrix by 

p1 and p2 complex, and randomly 
and amplitude masks 

symmetrical optical keys 

representing the 
output signal 

 

Proposed algorithm. 

The optical phase/amplitude keys p1 and p2 
are generated with random complex numbers. 

360 degrees. The resulting 2-f 
encryption system using the Fourier 

. This is repeated 
encryption system for 

additional security. The resulting encrypted 
signal is of smaller size than the original signal. 

 

system. 

5.  RESULTS 

The experimental 2-D result
Figures 7, 8 9 and 10. Figure 
original image. Figure 8 shows the encrypted 
image obtained with the OMP
blockwise processing. Figure 9 
obtained after decryption when the correct key i
used. The image is essentially the same as the 
original image. Figure 10 shows the result 
obtained after decryption when the wrong key is 
s used. The image is totally unrecognizable. 

 

The phase/amplitude keys were used in a 4f 
optical cryptography system. The measurement 
matrix for the OMP algorithm was also 
constructed using Fourier related fast transforms 
such as discrete Fourier transform (DFT), 
discrete cosine transform (DCT),  real sinusoidal 
transform (RST), Haar wavelet transform
Hadamard transform, discrete sine transform 
(DST) and discrete cosine-III transform (DC3T)
[29] together with random permutation matrices

.  

Figure 7: Original image

 

Figure 8. Encrypted and coded
…..OMP method

results are shown in 
. Figure 7 shows the 

shows the encrypted 
OMP method and 

 shows the result 
the correct key is 

used. The image is essentially the same as the 
shows the result 

decryption when the wrong key is 
s used. The image is totally unrecognizable.  

The phase/amplitude keys were used in a 4f 
cryptography system. The measurement 

matrix for the OMP algorithm was also 
constructed using Fourier related fast transforms 
such as discrete Fourier transform (DFT), 
discrete cosine transform (DCT),  real sinusoidal 
transform (RST), Haar wavelet transform, 
Hadamard transform, discrete sine transform 

III transform (DC3T) 
together with random permutation matrices. 

 
Original image. 

Encrypted and coded image by   
OMP method. 
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    Figure 9: Decrypted image when the correct      
….key is used. 

Phase recovery and dirac delta function 
methods were applied for cryptoanalysis of the 
proposed method. The experimental results with 
image encryption/decryption showed that the 
method is capable of high accuracy encryption 
and decryption with correct keys. It was not 
possible to achieve correct decryption when the 
proposed attack methods were used. 

 

 
    Figure 10: Decrypted image when the wrong 

…key was used. 
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Abstract: Learning process of people usually 
starts with easy samples and goes towards hard 
ones. Using this method for machine learning is 
called curriculum learning. Samples are given in 
an order related to their difficulty level, rather than 
in random order. The aim of this approach is to 
create models that have better generalization 
performance. In existing studies, difficulty levels 
of the samples were determined by prior 
knowledge and given to the system. However, this 
is not a scalable approach for every application. 
Because of that, such studies were usually carried 
out in very limited application areas. In this study, 
a new approach is proposed that automatically 
generates difficulty levels of the samples from 
data sets. In this way, it is possible to overcome 
mentioned constraint in the implementations. 
Thus, curriculum and anti-curriculum learning 
methods could be applied on many different 
application areas. In the experiments where 
artificial neural networks are used as learners, 
more successful results were obtained with 
curriculum and anti-curriculum learning compared 
with the models where samples were given in 
random order. After various methods have been 
tried for determining the difficulty ratings of the 
samples, this study showed that ensemble 
learning-based approach is more successful. 

 
Index Terms: Curriculum learning, Difficulty 

level determination, Ensemble learning, K-nearest 
neighbor, Neural networks. 

1. INTRODUCTION 

 planned process is required for people to      
 recognize the world. We get the information 

which we need during our life in the earlier ages 
and add new information to our knowledge by 
using them. Understanding the information that 
becomes increasingly complex depends on our 
knowledge about fundamentals. This natural 
course in the learning process of people is also 
thought to be beneficial in the machine learning 
methods. This idea is called curriculum learning. 
Elman, in his 1993 study [1], proposed the idea of  
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learning simpler parts of a subject at the start and 
gradually increasing the degree of difficulty. He 
taught grammar rules to a recursive network in 
such a way that restricts the complexity at start 
and expands the architecture, while learning the 
resources gradually. Results of his work 
empirically proved that learning is more 
successfully performed this way. Also, Krueger 
and Dayan have shown in their work [2] that it is 
possible to have a significant time gain by 
separating the whole complex task to sub-
components. Similar ideas have arisen in a work 
in the field of robotics [3]. In the context of these 
developments, Bengio et al. have added the 
Curriculum Learning concept to machine learning 
literature [4]. 
 
 We trained the learner by considering the 
difficulty levels of examples in this study. We 
applied two learning regimes, first one is 
curriculum (from easy to hard) and the second is 
anti-curriculum (from hard to easy). Before 
starting to train the learner we determined 
difficulty levels of the examples. In their work, 
Bengio et al. have taken the difficulty level as 
preliminary information, e. g. the samples which 
are indicating less diversity in terms of a feature 
are easy and more diversified examples are 
difficult. In Karpathy and Van de Panne's work [5], 
the abilities of a robot have been taught in a 
sequential manner. The abilities which are 
combination of several different movements were 
taught after the abilities that consist only of one 
single movement. This approach has enabled the 
robot to use the experience acquired from simple 
movements on the complex ones.  
 

It may not always be appropriate to decide the 
degree of difficulty by prior knowledge as in the 
mentioned studies. Even if a sample is easy for 
humans, it may not be easy for machines. 
Because of this fact, Kumar et al. proposed a 
method [6] that gives to the learner the work of 
deciding the difficulty degrees. We used two 
different machine learning methods to determine 
the difficulty levels in this work. Curriculum and 
anti-curriculum learning approaches have been 
applicable in various fields after automatically 
extracting the difficulty ratings of the samples.  

Scalable Curriculum Learning  
for Artificial Neural Networks  

Mermer, Melike Nur and Amasyali, Mehmet Fatih 
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After the samples were divided by difficulty 
levels, the model has been trained according to 
the curriculum order (starting from easy samples 
and going towards hard ones) and anti-curriculum 
order (starting from hard samples and going 
towards easy ones). The results are compared 
with the classical method where we give the 
samples in random order. We made this 
comparison on different data sets testing with t-
test. The applied approaches and their results are 
examined. 

2. DIFFICULTY LEVEL DETERMINATION 

Many methods can be used to decide if an 
example is easy or difficult. In this study, we 
compared two different methods. First one is k-
nearest neighbor and the second is an ensemble 
algorithm. We used entropy in the output of both 
methods to determine the difficulty levels. 

2.1 K-nearest Neighbor 

An example is classified as the most common 

class of the nearest  training samples in this 

method [7]. We examined the class distributions 
of 7-nearest neighbors for difficulty level 
determination. According to this approach, if the 
class of the sample is same as the samples 
around it, it is an easy sample. The sample is 
considered difficult if it belongs to a different class 
from the samples around it. For the sample , 

probability of each class  for the label  has 

been calculated using the equation (1). 

  
(1) 

where  denotes the  nearest neighbor of , 

 is the class of , and  is the equality 

function which generates 1 if , 

otherwise 0. 

2.2 Ensemble Learning 

In machine learning methods combining the 
decisions of multiple classifiers instead of a single 
classifier ensures higher accuracy rates [8]. Here, 
estimates of a 10-tree classifier ensemble, which 
is generated by Breiman's method [9], is used to 
determine the difficulty degrees of the samples. 
According to this approach, if classifiers predict 
the same class for a sample, it is determined as 
easy. If classifiers predict different class for a 
sample, it is determined as difficult. Probability for 

each class  for the label   is calculated by (2). 

  
(2) 

where  is the number of classifiers,   

denotes the prediction of the  classifier works 

on the learning set , and  is the equality 

function which generates 1 if  

otherwise 0. 

2.3 Entropy 

Entropy is a measure for homogeneity [7]. In 
this study, we used entropy for the output of the 
both methods. In the k-nearest neighbor method, 
entropy is used for measuring the homogeneity of 
classes of the neighbors. Low entropy means 
sample is in the same class with its neighbors. In 
the ensemble method entropy is used for 
measuring the homogeneity of classifier 
predictions. Low entropy means classifiers have 
agreed about the class of the sample. Thus, for 
both methods, if a sample has low entropy value 
(high homogeneity), it is an easy sample; and if it 
has high entropy (low homogeneity), it is difficult. 
Entropy of the sample  is calculated by (3) 

where  denotes the number of classes. 

  

(3) 

  
We have drawn sample difficulty histograms of 

some data sets in Fig 1 for both methods. These 
histograms show the number of samples for each 
entropy value in the training set. We divided these 
histograms into 3 equal intervals. The samples 

 
K-Nearest Neighbor 

based difficulty 
determination 

Ensemble based 
difficulty determination 

(a) 

(b) 

(c) 

(d) 

Fig 1. Histograms of (a) breast-cancer, (b) colic, (c) 
credit-g, (d) waveform data sets for both difficulty 

determination methods. 
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that have low entropy are determined as easy, 
middle samples as moderate, and samples with 
high entropy as difficult. In Fig 1 the intervals are 
shown with different colors. 

We obtained better leveling in the multiclass 
data sets by using entropy instead of comparing 
the output of the difficulty determination methods 
with the real class of the sample. The samples 
are leveled relative to each other by specific 
threshold values for data sets.  

3. PREPARATION OF THE TRAINING SETS AND 

TRAINING THE MODEL 

Curriculum and anti-curriculum learning 
approaches are experimented on artificial neural 
networks. We used a feedforward multi-layer 
perceptron with 3 hidden layers. Numbers of 
neurons in the hidden layer are determined as 10, 
5 and the class count of the data set respectively. 
The network is trained with gradient descent with 
momentum. We use incremental method by 
updating the weights in each sample. One epoch 
is completed by presenting all samples one at the 
time. 

 
For the curriculum learning, we designed the 

training process as three consecutive stages. 
After the determination of difficulty levels (easy, 
moderate and difficult) for each sample described 
as Section 2, samples are presented to the 
network according to their levels. In Table 1, used 
samples and their epoch numbers at each stage 
are given.  

In Table 1, n is the average epoch number of 
the classical (random order) method. When all 
stages are completed, all samples will be 
presented to the network n times as in the 
classical method. The previous stage samples 
are presented again in each stage in order to 
ensure that the success of the trained network for 
the old samples is not adversely affected while 
new samples are being added.  

 
In the case of anti-curriculum learning, the 

process of curriculum training is performed in 
inverse order. In this way, the network is trained 
with decreasing difficulty levels. 

4. EXPERIMENTAL STUDY AND TEST RESULTS 

In order to see the effect of curriculum and anti-
curriculum learning approaches in different 

application areas, experiments are made on 
various data sets and compared with the classical 
method.  

4.1 Data Sets 

The experiments are performed on 36 UCI data 
sets [10] given in Table 2 with their average 
convergence epoch. Convergence condition is 
the raise of the validation set error for 6 epochs. 
Average of 20 random seeds are calculated. 

Table 2. Data sets 

ID Data set 
# of 

Samples 
# of 

Features 
# of 

Classes 

Avg. 
Conv. 
Epoch 

1 labor 57 26 2 21 

2 zoo 84 16 4 33 

3 lymph 142 37 2 21 

4 iris 150 4 3 30 

5 hepatitis 155 19 2 21 

6 audiology 169 69 5 23 

7 autos 202 71 5 17 

8 glass 205 9 5 15 

9 sonar 208 61 2 21 

10 heart-statlog 270 13 2 20 

11 breast-cancer 286 38 2 12 

12 primary-tumor 302 23 11 12 

13 ionosphere 351 33 2 21 

14 colic 368 60 2 15 

15 vote 435 16 2 24 

16 balance-scale 625 4 3 24 

17 soybean 675 83 18 14 

18 credit-a 690 42 2 12 

19 breast-w 699 9 2 15 

20 diabetes 768 8 2 21 

21 vehicle 846 18 4 29 

22 anneal 890 62 4 32 

23 vowel 990 11 11 24 

24 credit-g 1000 59 2 13 

25 col10 2019 7 10 20 

26 segment 2310 18 7 24 

27 splice 3190 287 3 15 

28 kr-vs-kp 3196 39 2 27 

29 hypothyroid 3770 31 3 26 

30 sick 3772 31 2 33 

31 abalone 4153 10 19 14 

32 waveform 5000 40 3 13 

33 d159 7182 32 2 15 

34 ringnorm 7400 20 2 23 

35 mushroom 8124 112 2 15 

36 letter 20000 16 26 12 

 

Table 1. The stages of curriculum learning 

Stage ID Used difficulty level and epoch number 

1 easy (n/3) 

2 moderate (2*n/3), easy (n/3) 

3 difficult (n), moderate (n/3), easy (n/3) 
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4.2 Overview of Difficulty Determination Methods 

Prepared training sets are used for curriculum 
and anti-curriculum learning and these methods 
are compared with the classical method. Training 
is restricted with a certain number of epochs in 
order to ensure that the numbers of presentations 
of the training samples to be shown in the 
methods are equal. This number is obtained by 
stopping the training with a condition that the 
error in the validation set raises for 6 epochs in 
the classical method by taking the average of 20 
seeds for each data set. 

 
Fig 2 shows the error rates in the methods 

limited with twofold of the average epoch number 
for some data sets. The error rates obtained for 
both k-nearest neighbor and ensemble based 
curriculum and anti-curriculum learning methods 
are given. The values in the graphs are average 
of 20 errors obtained with the methods. It is seen 
that average error rates of the curriculum and 
anti-curriculum learning methods are usually 
lower than classical method. It can also be said 
that errors of the k-nearest neighbor based 
curriculum learning approach is decreasing slowly 
during the training. K-nearest neighbor based 
curriculum and anti-curriculum learning 
approaches have higher errors than classical 
method in some cases such as (c). 

4.3 Review on Training and Testing Set Errors 

We point Fig 3 to understand the relation 
between training and testing set errors during 
training. Here we showed training and testing set 
errors of some data sets for ensemble based 
difficulty determination during training. In the 
classical method, while training set error 
continues to decrease, testing set error is 
increasing in some cases such as (a). This 
means the network has been over-trained until it 
reaches epoch limit. It is seen that training set 
errors of curriculum and anti-curriculum 
approaches are usually higher than of classical 
method.  Training set errors of curriculum and 
anti-curriculum approaches are fixed at near a 
value and do not go more below this value for 
determined epoch limit. Presenting different 
samples at each stage ensures that the network 
does not get over trained. Thus, testing set errors 
of curriculum and anti-curriculum learning 
methods are lower than classical method.  

 
Comparing the 3 methods show that curriculum 

and anti-curriculum approaches have obtained 
better error rates at the end of the training on 
many data sets. Anti-curriculum learning has 
better results on more data sets and errors of this 
approach have been decreasing smoother on 
both training and testing sets.  
 

 Curriculum Learning Anti-curriculum Learning 

(a) 

(b) 

(c) 

(d) 

Fig 2. Average test errors at each epoch for 
proposed methods on (a) breast-cancer, (b) colic, 

(c) credit-g, (d) waveform data sets. 

 Training set error Testing set error 

(a) 

(b) 

(c) 

(d) 

Fig 3. Average training and testing set errors at 
each epoch for ensemble based difficulty level 

determination on (a) breast-cancer, (b) colic, (c) 
credit-g, (d) waveform data sets. 
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4.4 Comparison Tests and Results 

 We applied two conditions for each proposed 
approach. If we assume n is the average epoch 
number of 20 different seeds which stopped by 
validation set error increasing 6 times, training 
limit of the first condition is n and the second is 
2n. In this way we designed 6 methods and 
compared them with t-test on 36 UCI data sets.  

 
Listed 6 algorithms have been compared: 
 
o Classical method, stopped with the 

condition that validation error is raised for 
6 epochs 

o Classical method, limited with twofold of 
the average epoch number 
(Classical(2n)) 

o Curriculum learning, limited with the 
average epoch number (Curriculum(n)) 

o Curriculum learning, limited with twofold of 
the average epoch number 
(Curriculum(2n)) 

o Anti-curriculum learning, limited with the 
average epoch number (Anti-
curriculum(n)) 

o Anti-curriculum learning, limited with 
twofold of the average epoch number 
(Anti-curriculum(2n)) 

 
We obtained 20 different results by 5x4 fold 

cross validation and different initial conditions of 
the network. All the methods were started with the 
same initial conditions for each training. 

 
First, we made comparisons for both difficulty 

determination methods. In Table 3 we give the 
results of the comparisons with classical method 
for ensemble and k-nearest neighbor based 
curriculum and anti-curriculum approaches 
limited with twofold of the average epoch number. 
Win and loss numbers in the cells corresponds to 
the statistically significant result obtained data set 
count by t-test. It is seen that the ensemble based 
technique is more successful. Ensemble based 
anti-curriculum learning has obtained better 
results on an important part of the cases. Pay 

attention that while k-nearest neighbor based 
difficulty determination method has been lost on 
some data sets in both curriculum and anti-
curriculum approaches ensemble based method 
either won or tied against classical method. 

 
K-nearest neighbor method decides difficulty by 

considering locations of the samples. It means if 
a sample has neighbors from other classes it has 
been more difficult than a sample whose 
neighbors from its own class automatically. 
Another aspect, ensemble method decides 
difficulty by predictions of the base learners. By 
this way, a sample is determined as a difficult 
sample if at least one classifier predicted wrong 
class for it. Therefore, it can be said that 
ensemble method produces more reliable 
difficulty levels. 

 
Secondly, we give the results of the mentioned 

6 algorithms for ensemble based difficulty 
determination method which has been more 
successful in the previous experiments on 36 
data sets in Table 4. Win and loss numbers in the 
cells are corresponding to the data set counts 
that we obtained statistically significant error rates 
by t-test. In the methods, which are limited with 
twofold of the average epoch number, it is 
ensured that the samples at each stage have 
been learned sufficiently and then passed to the 
next stage. Curriculum and anti-curriculum 
learning methods have obtained statistically 
significant error rates against the classical 
method on more data sets by this way. When we 
examine the comparison between curriculum 
learning methods, the method with increased 
epoch limit has been successful on more data 
sets. For the classical method, it is seen that 
there is no general benefit of presenting the 
samples more. 

 
On a few data sets, the errors obtained by 

Classical(2n) were higher than the method, which 
was stopped with the increasing validation set 
error condition. In the classical method, 2n epoch 
limit causes over-training in these data sets. For 
the curriculum and anti-curriculum learning 
methods limited with the same number of epochs, 
over training is not the issue. 

 
Here the reason for the success of curriculum 

and anti-curriculum learning should not be 
considered as the over-training of the classical 
method. Because these approaches also achieve 
significant success against the classical method 
that is stopped by the validation error risen 6 
times. As it is seen in Table 4 ensemble based 
anti-curriculum learning(2n) has obtained 
statistically significant errors on 14 data sets both 
the network stopped by increasing validation set 

Table 3. Comparisons with classical method 

Difficulty Determination  
Methods 

#
 o

f 
w

in
s 

#
 o

f 
ti

es
 

#
 o

f 
lo

ss
es

 

K-nearest neighbor 
Curriculum 7 26 3 

Anti-curriculum 11 21 4 

Ensemble learning 
Curriculum 11 25 0 

Anti-curriculum 14 22 0 
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error criteria and the network stopped at twofold 
of the calculated average epoch number. 
Ensemble based curriculum learning(2n) has also 
statistically significant performance on many data 
sets.  

5. CONCLUSIONS 

In this paper, we proposed two different 
methods that automatically generate difficulty 
levels of the samples from data sets to overcome 
the problem of difficulty level determination that 
causes only a limited scope for curriculum 
learning. We have seen that using predictions of 
the classifiers of an ensemble is better than using 
classes of the nearest neighbors for deciding the 
difficulty degrees.  

 
Curriculum and anti-curriculum approaches 

have been practicable for many different fields 
after resolving the difficulty level determination 
issue. Thus, we made our experiments on 
various application areas. We have compared our 
curriculum and anti-curriculum learning 
approaches with the classical method. Results of 
the comparisons have shown that presenting the 
input samples in an order related with their 
difficulty level instead of random order is an 
efficient procedure on many of the application 
areas. We have obtained better results than 
classical method on 11 data sets with curriculum 
learning. We also obtained better results with 
anti-curriculum learning on 14 data sets. 

 
It is considered that curriculum learning 

approach obtains a better local minimum at the 
end of the training. There are some studies [11, 
12] about how could curriculum learning 
approach performs better and what is in the 
background of it.  On the other hand, it is 
plausible to have better accuracies when we give 
increasingly difficult samples to the learner as in 
the curriculum learning. However anti-curriculum 
learning approach is also fine and even more 

successful according to our study. It is an 
interesting subject that should be investigated 
why anti-curriculum learning obtains better 
results. 
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Table 4. Comparisons of the 6 algorithms 

T-test Resultsa 

Methods(X) 

Classical Classical 
(2n) 

Curriculum 
(n) 

Curriculum 
(2n) 

Anti-
curriculum 

(n) 

Anti-
curriculum 

(2n) 

Methods(Y) 

Classical - 1/33/2 5/30/1 10/26/0 4/32/0 14/22/0 

Classical (2n) 2/33/1 - 6/29/1 11/25/0 6/30/0 14/22/0 

Curriculum (n) 1/30/5 1/29/6 - 8/28/0 4/31/1 11/25/0 

Curriculum (2n) 0/26/10 0/25/11 0/28/8 - 0/32/4 2/33/1 

Anti-curriculum (n) 0/32/4 0/30/6 1/31/4 4/32/0 - 4/32/0 

Anti-curriculum (2n) 0/22/14 0/22/14 0/25/11 1/33/2 0/32/4 - 
a. X(win)/tie/Y(win) 
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Abstract: Tree crown diameter, which is the 
diameter of the circle enclosing the projection of 
tree crown, is one of the most important stand 
parameters that should be identified before the 
production of forest management plans. This 
feature is generally obtained with terrestrial 
measurements, which may not be time- and cost-
efficient in most cases. The use of advanced 
satellites and Unmanned Aerial Systems (UAS) 
would be of help to calculate this parameter with 
high accuracy. This study aims at determining the 
diameter of each tree crown by using a Canopy 
Height Model (CHM) extracted from the aerial 
photos acquired by a UAS. The CHM was 
segmented with the Multiresolution (MR) and 
Region Growing (RG) segmentation techniques to 
delineate each tree crown. The results showed that 
the MR and RG segmentation techniques 
calculated the tree crown diameters with RMSs of 
1.59 m and 1.76 m, respectively. 

 
Index Terms: Tree crown diameter, image 

segmentation, multiresolution segmentation, 
region growing segmentation, unmanned aerial 
systems 

1. INTRODUCTION 

orests have a huge importance, not only for 
human life, but also for a wide variety of 

organisms living in forests, which makes them 
valuable. For this reason, their sustainability 
should be maintained. This is possible by proper 
management of forests. Forest management 
plans play a significant role in forest 
management. In Turkey, forest management 
plans are produced for 10- or 20-year periods [1]. 
Collection of forest inventory is essential to 
produce forest management plans. Forest 
inventory involves the boundaries of stands, 
heights and ages of trees, closure ratio among 
trees, tree crown diameters, diameters at breast  
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heights etc. This inventory information is 
generally collected by terrestrial measurements, 
which may not always be time- and cost-efficient 
[1-3].  
 

Since today’s sophisticated satellites and 
UASs are able to provide accurate spatial and 
spectral information about the surface of the 
earth, they can be used to collect precise forest 
inventory information. Since laser beams are able 
to penetrate through the vegetation and reach the 
ground [4], LiDAR (Light Detection and Ranging) 
point clouds provide multiple returns, which 
constitute a big advantage when deriving forest 
attributes. This is the main reason that most of 
the forestry-themed studies are conducted with 
the aid of LiDAR point clouds. 
 

Tree crown diameter, which is the diameter of 
the circle enclosing the projection of a tree crown, 
is essential for accurate understanding of 
ecosystem [5]. Crown diameter defines to what 
degree a tree can spread. It is the average of two 
measurements conducted in two perpendicular 
directions, both centered on top of a tree [6]. In 
other words, it is the average of the longest and 
shortest spread of a tree. Crown diameter is 
generally obtained with terrestrial measurements. 
Since measuring the crown diameters of trees is 
challenging and time consuming, a significant 
body of research focused on measuring this 
property with remotely sensed data. Panagiotidis 
et al. [7] estimated the crown diameters of trees 
by performing inverse watershed segmentation to 
the CHM extracted from the aerial photos taken 
from an Unmanned Aerial Vehicle (UAV). 
Popescu et al. [8] calculated the tree crown 
diameter by fitting a fourth-degree polynomial on 
two perpendicular profiles, centered on the top of 
a tree. They computed the crown diameter by 
computing the distance between critical points of 
the fitted polynomial. Roberts et al. [9] located the 
crown edge in cardinal directions from tree tops 
to estimate the crown diameters. Haara and 
Haarala [10] calculated crown diameters from 
segments generated with a segmentation method 
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based on recognition of tree crown patterns at 
subpixel accuracy. Ke and Quackenbush [11] 
computed crown diameters with the aid of the 
watershed segmentation, region growing and 
valley-following segmentation techniques. Two-
dimensional spatial wavelet analysis was used in 
[12] to delineate trees and calculate their crown 
diameters. Ke and Quackenbush [13] used the 
active contour method together with the hill-
climbing method to delineate the trees on high 
spatial resolution imagery. Afterwards, they 
calculated the crown diameters from the 
segmentation result. Morsdorf et al. [14] 
determined the crown diameters by applying the 
k-means clustering algorithm to a LiDAR point 
cloud. Wu et al. [15] used a voxel-based marked 
neighborhood searching method to identify trees 
and estimate their morphological parameters 
including crown diameter, tree height, diameter at 
breast height etc. Falkowski et al. [16] performed 
the spatial wavelet analysis and variable window 
filters techniques to detect trees and estimate 
their heights and crown diameters. 

 
In this study, the crown diameters of the trees 

were determined by applying the MR and RG 
segmentation techniques to the CHM extracted 
from the aerial photos taken from a UAS. Further 
information about the followed methodology is 
given in Section 2. 

2. MATERIAL AND METHODOLOGY 

2.1 Study Area 

The study area is a small part of the Firat 
University campus, which is located in the city of 
Elazig, Turkey. The study area is shown in Figure 
1. 
 

 
 

Figure 1. Study area. 

2.2 Data Preparation 

Seven ground control points (GCP) were 
established in the Firat University campus prior to 
the conduction of the flight. Plenty of attention 
was paid to distribute the GCPs over the whole 
campus. Then, the 3D positions of these GCPs 
were measured by means of the GPS technique. 
The flight was planned by defining the flight 
altitude and number of flight paths. Afterwards, 
321 aerial photos were captured for the entire 
campus with the FC300X digital camera mounted 
on the DJI Phantom 3 UAS. The flight was 
conducted along 19 paths from an altitude of 141 
m. Figure 2 shows the DJI Phantom 3 UAS and 
Figure 3 shows the technical specifications of the 
DJI Phantom 3 UAS and FC300X digital camera. 
 

 
 

Figure 2. DJI Phantom 3 UAS (http://www.dji.com). 

 
Table 1. Technical specifications of the DJI 
Phantom 3 UAS and FC300X digital camera 

(http://www.dji.com). 

DJI Phantom 3 
Weight 1216 g 

Max speed 16 m/s 
Max tilt angle 35° 

Max angular speed 150 °/s 
Max flight time 25 minutes 

Operating temperature range 0° to 40° 
Satellite positioning system GPS 

FC300X digital camera 
Sensor 1/2.3" CMOS 

Effective pixels 12 M 
Lens f/2.8 

ISO range (photo) 100-1600 
Image size 4000x3000 

Shutter speed 8-1/8000 s 
Operating temperature range 0° to 40° 

 
The acquired aerial photos were processed by 

using the Agisoft Photoscan Professional 
software. This software computes the 3D 
positions of the key points by means of automatic 
aerial triangulation [17]. After this process, a 
sparse point cloud with a point density of 0.3 
point/m2 was generated. Since this study aimed 
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at determining the crown diameters with a high 
accuracy, the sparse point cloud was densified 
and a point cloud with a density of 154.6 point/m2 
was obtained. The software utilizes depth 
information calculated for each photo to generate 
denser clouds [18]. Visual observation of the 
produced point cloud revealed that the software 
generated some erroneous points due to 
incorrect point matching. These points were 
removed manually. All points were then 
interpolated to generate the 20-cm DSM (Digital 
Surface Model) of the study area. In order to 
produce the DTM (Digital Terrain Model) of the 
study area, the point cloud was filtered to remove 
the points belong to the above-ground objects. 
The ground points were then interpolated to 
produce the 20-cm DTM of the study area. The 
20-cm CHM to be used for segmentation of trees 
was then determined by subtracting the DTM 
from DSM. As a final step, the 5-cm orthophoto 
image, which is shown in Figure 1, was produced 
for the study area. 

 

2.3 Methodology 

The trees in the study area were delineated 
with the MR and RG segmentation techniques on 
the produced CHM. The crown diameters of the 
trees were then calculated from the circles 
enclosing the tree segments. Following is the 
theoretical background of the MR and RG 
segmentation algorithms. 

 
The MR segmentation algorithm is a bottom-up 

region merging technique [19], starting with one-
pixel objects and merges them with neighboring 
pixels by considering a homogeneity criterion, 
which is a combination of the color and shape 
criteria. This algorithm utilizes three parameters 
as scale, shape and compactness. Scale 
parameter is used to determine the size of the 
objects (segments) [20]. Compactness is the ratio 
of the perimeter of an object to the square root of 
the number of pixels in the object. Smoothness is 
the ratio of the perimeter of an object to the 
perimeter of the bounding box of the object [21]. 
The eCognition software, which was used to 
implement the MR segmentation, uses a shape 
criterion between 0 and 0.9. This criterion 
calculates a relative weighting against color. 
Similarly, the compactness parameter defines 
whether or not the smoothness affects the 
segmentation [22]. Examination of the previous 
studies revealed that optimum segmentation 
parameters are usually found by trial and error 
method. In this study, the scale, shape and 
compactness parameters were taken as 15, 0.4, 
and 0.5, respectively. 

 
The RG segmentation algorithm [23-26] uses 

some seed points (tree tops) to start growing, i.e. 
merging similar-valued pixels to form image 
segments. Seed points are generally retrieved 
with local maxima filtering approaches, in which a 
point with greatest magnitude within a window is 
found. This segmentation algorithm uses some 
similarity tolerance values to grow regions. If a 
neighboring pixel is within a predefined tolerance, 
then this point is considered to belong to the 
same region as the seed point [27]. In this study, 
the local maxima of the CHM were determined by 
employing a window sized 26x26. The window of 
this size was choosen because the crown 
diameter of the largest tree in the study area is 
approximately 26 pixels. In this study, the RG 
segmentation was implemented by using the 
SAGA (System for Automated Geoscientific 
Analyses) toolbox [28] embedded in the QGIS 
software. The similarity threshold parameter was 
set to 0.005. 

3. RESULTS 

Figure 3 shows the tree segments obtained 
with the MR and RG segmentation techniques.  
 

 
 

Figure 3. Results of the MR (above) and RG (below) 
segmentation algorithms. 

It should be noted that the over-segmentation 
problem that arose in two segmentation results 
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was tackled by merging over-segmented regions 
with adjacent regions. Figure 4 shows the circles 
enclosing the tree segments that were found by 
the used segmentation methods. In order to 
visually examine the segmentation results, 
derived circles were overlaid with those 
generated manually from the very high-resolution 
orthophoto. 

 

 
 

Figure 4. The circles enclosing the tree crowns 
(yellow ones: MR segmentation-derived circles, white 

ones: RG segmentation-derived circles, red ones: 
reference circles). 

 
 As seen in Figures 3 and 4, segmentation 
algorithms missed a few trees. There are 63 
trees in the study area. Both the MR and RG 
segmentation algorithms detected 57 of them 
correctly, which leads to a detection accuracy of 
90% for both algorithms.  
 The RMS (Root Mean Squared) error was 
calculated between the estimated and reference 

crown diameters. The RMS errors calculated 
between the reference crown diameters and MR 
and RG segmentation-derived crown diameters 
were calculated as 1.59m and 1.76m, 
respectively. 

4. CONCLUSIONS 

This paper investigates the performances of 
the MR and RG segmentation techniques with 
respect to the tree crown diameters. As can be 
clearly seen from the results, segmentation would 
be of help to estimate stand parameters with high 
accuracy. The main disadvantage of these 
segmentation algorithms is that their results 
highly depend on the parameters. Since there is 
no specific methodology to estimate the optimum 
parameters, users generally try a large number of 
parameters until they find the optimum ones, 
which makes the segmentation process more 
challenging. Another factor that affects the 
success of the segmentation process is the 
closure ratio among the trees. It is more 
challenging to delineate the trees close to each 
other. Future studies will focus on determination 
of stand parameters in much more complex 
terrains.  
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Abstract: RASAT is the second Turkish Earth 
Observation satellite which was launched in 2011. 
It operates with pushbroom principle and acquires 
panchromatic and MS images with 7.5 m and 15 m 
ground resolutions, respectively. The swath width 
of the sensor is 30 km. Within this study, 
radiometric and geometric qualities of RASAT 
panchromatic channel images and its products are 
analyzed. RASAT stereo pair acquired over Kesan 
city in Edirne province of Turkey has been used 
for the investigations.  The raw RASAT data (L0) 
are processed by the Turkish Space Agency 
(TUBITAK-UZAY) to produce higher level image 
products. The image products include 
radiometrically processed (L1), georeferenced (L2) 
and orthorectified (L3) data, as well as 
pansharpened images. The image quality 
assessments include visual inspections, noise, 
MTF and histogram analyzes of L1 images. The 
geometric accuracy assessments include exterior 
orientation modeling using polynomial functions 
with L1 stereo images and dense point matching 
with L2 orthorectified images. In this paper, the 
georeferencing accuracy results of the latter 
approach are presented together with the 
radiometric accuracy investigation results. 

 
Index terms: RASAT, accuracy, validation, 

radiometry, geometry, satellite imagery 

 

1. INTRODUCTION 

asat is the second Earth Observation 
Satellite (after BILSAT) of The Scientific and 

Technological Research Council of Turkey 
(TUBITAK) Space Technologies Search Institute 
(TUBITAK Space). RASAT was launched into 
orbit on August 17, 2011 and the first images 
were taken from in October 2011 (RASAT, 2017; 
Erdogan et al., 2016). It operates with pushbroom 
principle and acquires images in 4 different 
spectral bands (panchromatic, red, green and 
blue).  
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The technical specifications of RASAT satellite 

sensor is given in Table 1 (Erdogan et al., 2016). 
All product levels of RASAT imagery over Turkey 
are freely available to Turkish citizens on the 
geoportal provided by TUBITAK Space (Gezgin, 
2016; Teke et al., 2015). 

 
Table 1: Technical specifications of RASAT satellite 

sensor (Erdogan et al., 2016). 

Orbit Near polar, sun 
synchronous 

Altitude 700 km 
Equatorial pass 
local time 

10:30 

Sensor type Optical pushbroom 
Spatial resolution Panchromatic: 7.5 m 

Multispectral: 15 m 
Spectral bands 
(μm) 

0.42–0.73 (Panchromatic) 
1st Band: 0.42–0.55 (Blue) 
2nd Band: 0.55–0.58 
(Green) 
3rd Band: 0.58–0.73 (Red) 

Radiometric 
resolution 

8 bits 

Revisit time 4 days 
Swath width 30 km 

 
The georeferencing accuracy of the RASAT 

images does not represent state-of-the-art, due to 
lack of physical sensor modeling and software 
development. In addition, there are deficiencies in 
mechanical parts of the satellite, such as 
startracker and controller. These facts have been 
stated by different authors (Tufekci et al., 2011; 
Teke et al., 2015; Erdogan et al., 2016; Teke, 
2016). In order to obtain high accuracy in point 
positioning, high quality image trajectory 
measurement is crucial (Kocaman and Gruen, 
2008). In addition, despite their weaker sensor 
geometry, the Linear Array CCD sensors reach 
the accuracy potential of the conventional frame 
imagery for point determination especially with 
the use of self-calibration for modeling the 
systematic errors (Kocaman, 2009).  

 
The aim of this study is to evaluate the 

radiometric and geometric qualities of RASAT 
images over a test field near the city of 

Investigations on the Radiometric  
and Geometric Quality  
of RASAT Pan Imagery  
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Edirne/Kesan in Turkey. Two overlapping images 
of the area from the year 2012 and 2015 are used 
for the investigations. The preliminary results 
presented by Kocaman et al. (2016) have shown 
that the dynamic range (radiometric resolution) of 
the images is around 6 bits for the processed 
dataset. On the other side, the noise level is 
relatively low and neither significant image 
artifacts nor systematic errors have been 
observed.  

 
The initial geometric assessment results have 

been obtained using 21 ground control points 
(GCPs) and using polynomial functions with 
different numbers of indeterminates (polynomial 
orders) for the estimation of the exterior 
orientation parameters. Although the dataset is 
far from being optimal, triangulation results in the 
order of 1-1.5 pixels could be obtained in the 
investigations. The difficulties encountered in the 
triangulation are manifold and the major ones can 
be listed as problems in point determination (i.e. 
few man-made targets with the given resolution) 
and measurement (i.e. radiometric differences 
between the images due to large time interval 
between the image acquisitions, finding suitable 
GCPs in both images, etc.) and unavailability of 
the metadata (e.g. accurate satellite orbit and 
rotation data, interior orientation, etc.). 

 
In this paper, absolute georeferencing accuracy 

of the panchromatic (PAN) images has been 
evaluated using Level 2 (L2) images and the 
results are presented here. A similar study has 
been carried out by Cam et al. (2016) over 
Zonguldak test site using mono images. In our 
study site, stereo images with 3 years temporal 
difference (i.e. images of 2012 and 2015) have 
been processed. Aerial orthoimages with 30 cm 
grid spacing have been used as reference data 
and an automatic image matching technique with 
dense feature points has been applied between 
RASAT images and the aerial images. The 
results show that sub-pixel accuracy in X direction 
(latitude) can be achieved, whereas in Y direction 
(longitudinal) shifts of 1.3 pixels should be 
expected. 

2. METHODOLOGY AND DATA 

2.1 Data Characteristics 

Two image acquisitions of RASAT over Kesan 
area have been used in the study. The image 
processing levels are provided in Table 2. The 
main characteristics and an overview of the 
testfield are provided in Figure 1 and Table 3. 

 
 
 

Table 2: RASAT imagery processing levels (Gezgin, 
2016) 

Product 
level 

Processing 

L0 Raw imagery 

L1 Radiometrically pre-processed 

L1R 
Radiometrically pre-processed and 
band-to-band registration is 
performed 

L1RB 

Radiometrically pre-processed and 
band-to-band registration is 
performed, and the quality of the 
Red-channel is improved 

L2 
Geometrically processed 
(georeferenced) 

L3 
Geometrically processed used 
SRTM-90 (orthorectified) 

Pan-sharp Pan-sharpened imagery 

RGB 
RGB color image produced from 
L1RB 

 
 

  
 
Figure 1: An overview of Kesan testfield. Red triangles 
denote positions of the GCPs, red circles denote 
check points and grey rectangles denote the coverage 
area of the two RASAT acquisitions. 

 
The images with all available levels and 

channels for both acquisitions have been 
downloaded from Gezgin Geoportal. So far, only 
the panchromatic channel images with a ground 
sample distance (GSD) of 7.5 m have been 
investigated. For radiometric quality 
investigations, Level 1 and Level 1R images 
(radiometrically pre-processed) have been used. 
For geometric accuracy investigations, initially 

Image 2012: 
RST_20120326_df_6 

Image 2015: 
RST_20150810_5d3_1 
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Level 1R images have been used with stereo 
processing (Kocaman et al., 2016). However, due 
to sub-optimal stereo configuration, Level 2 
images (geometrically corrected) have been 
assessed here. The image products used for 
radiometric and geometric investigations are 
mainly panchromatic L1 and L11 images. 

 
Table 3: Main characteristics of the Kesan testfield 

Parameter Main features 
GCPs 30 points with an accuracy of 

~20 cm in X,Y,Z 

Stereo 
coverage area 

22 km x 20 km 

Min & max 
elevation  

~20 m & ~400 m 

Imagery from 
2012 

Name: RST_20120326_df_6  

Acquisition date & time: 
26.03.2012 9:37 

Availability: All channels and all 
levels except L3 are available. 

Acquisition angles: Roll: ~21°, 
Pitch & yaw: ~0° 

Imagery from 
2015 

RST_20150810_5d3_1.  

Acquisition date & time: 
10.08.2015 10:10 

Availability: All channels and 
product levels are available. 

Acquisition angles: Roll: ~3°, 
Pitch: ~0°, Yaw: 180° 

 
For geometric accuracy investigations, aerial 

orthoimages with 30 cm resolution have been 
received from the Mapping Department of the 
General Directorate of Land Registry and 
Cadastre in Ankara, Turkey. Accuracies of the 
provided orthoimages are also around one pixel. 
The tiled orthoimages have been first mosaiced 
and then downsampled to match the resolution of 
RASAT images. The aerial orthoimage mosaic is 
shown in Figure 2. Each RASAT PAN L2 image 
(2012 and 2015) is compared with the aerial 
image mosaic by dense feature point matching 
method. 
 

2.2 Radiometric Quality Investigations  

In terms of radiometric quality control, MTF 
analysis, histogram checks, visual checks, and 
noise analysis on homogeneous surfaces have 
been performed. The MTF is a fundamental 
criterion for measuring the spatial resolution 
performance of the imagery and is 
mathematically defined as the normalized 
magnitude of the Fourier transform of the point 
spread function (PSF) or line spread function 

(LSF) of an imaging system (Akca and Gruen, 
2009). RASAT panchromatic channel images 
have been analyzed in terms of MTF, ESF and 
LSF using Quick MTF software (2016). The 
software provides spatial frequency by the 
contrast 0.5 (50% of MTF) and this value is called 
MTF50.  As proposed by Crespi and de Vendictis 
(2009), road edges, both along the flight path and 
also perpendicular to the flight path, have been 
selected for the MTF analysis. The results are 
provided in the following section. 

 

 
 
Figure 2: Aerial orthoimage mosaic over Kesan 
Testfield. 

 
For the histogram analysis, histograms of L1 

and L1B images from both acquisitions have 
been compared in terms of occupied bins, mean 
and standard deviations and found to be similar. 
Regarding the noise analysis, image patches 
selected on the lake surfaces have been 
analyzed in terms of mean and standard deviation 
values. This method has been proposed by 
Baltsavias et al. (2001). The number of lakes 
varies with the images due to different terrain 
coverage. 

 

2.3 Geometric Quality Control 

The geometric quality and accuracy 
investigations have been performed by 
comparing the 30 cm resolution aerial 
orthoimages with the RASAT PAN L2 images. 
According to the geometric investigations 
performed here, the L2 image pixels have 
approximately 7 meter ground resolution.  The 
aerial orthoimage tiles have been first 
geometrically preprocessed to match the ground 
resolution and the projection system of the 
RASAT PAN L2 images. The preprocessing 
includes generation of an orthoimage mosaic by 
image merging and downsampling of the mosaic 
to 7 meters using bicubic interpolation. After 
downsampling, a projection system 
transformation has been performed to obtain the 
same reference system as the RASAT images. 
Since both RASAT images (from 2012 and 2015) 
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cover a larger area than the aerial orthomosaic, 
they have been clipped by the coverage area of 
the orthomosaic. On the other side, the aerial 
orthomosaic has been converted to 8 bit 
grayscale to prepare for image matching. Each 
RASAT image is matched with the aerial 
orthomosaic twice using a dense feature point 
matching algorithm. 

 
The software for image matching has been 

developed with Python programming language 
using PIL (Python Imaging Library, 2016) and 
OpenCV (Open Computer Vision, 2016) libraries. 
A similar method has been previously used for 
the matching of MSG SEVIRI and AVHRR image 
series (Kocaman, 2013; Kocaman et al., 2015). 
Kanade-Lucas-Tomasi (Lucas and Kanade, 
1981) tracking method provided under OpenCV 
has been used for feature point matching. The 
points to be matched have been selected using 
GoodFeaturesToTrack function under OpenCV. 
In addition, a statistical outlier detection method 
has been implemented and the false matches are 
eliminated from the matching results.  

3. RESULTS AND DISCUSSION 

3.1 Radiometric Investigations 

The L1 image histograms of both acquisitions 
are provided in Figure 3a and 3b. From the 
Figures, it can be seen that the full range (256 
gray values) of the histogram is not covered. For 
the 2012 image (RST_20120326_df_6_L1), ca. 
20% is occupied and for the 2015 image 
(RST_20150810_5d3_1_L1), ca. 30% is covered. 
These values show that the actual radiometric 
range of the sensor is approximately 6 bits. The 
mean values of the 2012 and 2015 images are 
64.8 and 82.4 with standard deviations of 10.0 
and 15.6, respectively. This shows also that the 
contrast of the latter image is better, which could 
be explained by better illumination conditions in 
summer.  

 
Image patches (ca. 20 x 80 pixels from L1 

images) selected from the lake surfaces have 
been analyzed using a window size of 5x5 pixels 
with a step size of one pixel. Examples to the 
selected lake surfaces are given in Figure 4. Only 
70% of the results for each patch have been used 
for the final analysis. The remaining 30% with 
largest standard deviations have been excluded 
from the analysis.  The analysis results of both 
images are given in Table 4. The minimum, the 
maximum and the standard deviation values are 
computed using the mean standard deviations 
obtained from all lakes per image. The results 
show that the noise levels in both images are 
relatively low. However, the low image contrast 
should also be taken into account while 

evaluating the noise level. 
 

 
    Number of pixels 
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Figure 3a: Histogram of RST_20120326_df_6 L1 
image. 

 
    Number of pixels 
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Figure 3b: Histogram of RST_20150810_5d3_1 L1 
image. 

 
The MTF analyzes have been performed using 

several road lines in satellite along-track and 
across-track directions. Finding optimal edges 
has however been a challenging task and the 
selected lines are sub-optimal for being 
conclusive for the spatial resolution. Examples to 
the line patches are given in Figure 5. A summary 
of the MTF results are given in Table 5. The 
values in the tables are statistical summaries of 
all samples per image and direction (i.e. along-
track and across-track). These results are in 
accordance with the findings of Turkmenoglu and 
Yaglioglu (2013). No significant resolution 
difference has been observed in the along-track 
and across-track directions. The MTF, ESF and 
LSF analysis charts for one edge are given in 
Figures 6 and 7. 
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Figure 4: Two lakes with RASAT L1 image patches 
(white rectangles with dotted lines) used for the noise 
estimation. 

 
 
Table 4: Image noise analysis results 

Image Kesan-
2012 

Kesan-2015 

No. of lakes 9 7 
Min. std. dev. 0.50 pixels 0.61 pixels 
Max. std. dev. 0.68 pixels 0.76 pixels 
Mean std. dev. 0.60 pixels 0.68 pixels 
 

    
 
Figure 5: Examples to the along-track (left) and 
across-track (right) road lines used for the MTF 
analysis. 
 
Table 5: MTF50 results of both panchromatic images. 

Image 
2012 

Along-track (3 
samples) 

Across-track (4 
samples) 

Mean 0,43 c/p 0,35 c/p 

Std. dev. 0,10 c/p 0,14 c/p 

Min. 0,29 c/p 0,20 c/p 

Max. 0,55 c/p 0,57 c/p 

Image 
2015 

Along-track (3 
samples) 

Across-track (3 
samples) 

Mean 0,34 c/p 0,50 c/p 

Std. dev. 0,05 c/p 0,19 c/p 

Min. 0,28 c/p 0,33 c/p 

Max. 0,37 c/p 0,71 c/p 
 

 
 

Figure 6: MTF analysis output in Quick MTF for the 
edge sample in Figure 5 (left image). 

 

 
 
Figure 7: ESF and LSF analysis output in Quick MTF 
the edge sample in Figure 5 (left image). 
 

3.2 Geometric Accuracy Results 

The results obtained from the processing of the 
existing data and the geometric accuracy 
assessment methodology, as described in 
Section 2, are provided in Tables 6 and 7 for the 
years 2012 and 2015 separately. The geometric 
accuracy assessment has been obtained in 2D 
only. The Mean-x and Mean-y values denote the 

mean errors in x and y directions. The x and y 
values show the standard deviations from the 
mean values; Med-x and Med-y denote the 
median errors; and the MADx and MADy denote 
the absolute deviations from the median values. 
All values except the number of matched points 
are given in pixels. Image matching between the 
images have been performed twice for each pair. 
In the first one, 5000 feature points have been 
initially selected in the aerial orthomosaic and 
matched in RASAT PAN L2 images 
automatically. Secondly, 5000 feature points have 
been selected in RASAT images and matched in 
aerial image. Image residuals are calculated 
based on the coordinate differences of every 
successfully matched point in the two images of 
each matching pair. Points having residuals with 
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more than three times the standard deviations 
have been eliminated from the analysis. The 
residual distributions of all matching procedures 
are given in Figures 8a, 8b, 9a and 9b. 

 
Table 6: Absolute geometric accuracy results of 
RASAT PAN L2 image from the year 2012 obtained 
from image matching (in pixels). 

 Aerial 
orthomosaic 
as reference 

RASAT PAN L2 
as  reference 

Mean-x 0,00 -0,05 
Mean-y 0,76 -0,98 
x  2,43 2,27 
y 2,58 2,39 
Med-x -0,33 0,35 
Med-y 1,34 -1,57 
MADx  1,49 1,26 
MADy 1,61 1,41 
Number of 
matched 
points 2202 

 
2511 

 
Table 7: Absolute geometric accuracy results of 
RASAT PAN L2 image from the year 2015 obtained 
from image matching (in pixels). 

 Aerial 
orthomosaic 
as reference 

RASAT PAN L2 
as  reference 

Mean-x 0,64 -0,22 
Mean-y -1,33 1,21 
x  1,13 1,30 
y 0,66 0,75 
Med-x 0,66 -0,27 
Med-y -1,35 1,25 
MADx  0,75 0,84 
MADy 0,42 0,46 
Number of 
matched 
points 3480 

  
3684 

 
The values provided in Tables 6 and 7 show 

that the matching results are similar for both 
matching pairs (orthoimage as reference and 
RASAT as reference), which is an indication of 
the reliability of the matching method. Both 
RASAT acquisitions have subpixel accuracy in X 
direction (latitude). In the Y direction (longitude), 
the mean and the median values are above a 
pixel. The larger standard deviations in 2012 
image indicate the existence of systematic errors 
in this image. The higher median value in 
comparison to the mean value for this image also 
emphasizes the same fact. Local systematic 
errors can be seen in Figures 8-9. In addition, the 
errors increase over hilly terrain. This can be 
explained with the fact that the RASAT L2 images 
are georeferenced but not orthorectified. 

 
Figure 8a: Residual vectors obtained from the point 
matching between the aerial orthomosaic (reference 
image) and RASAT PAN L2 image acquired in 2012.  

 

 
Figure 8b: Residual vectors obtained from the point 
matching between the aerial orthomosaic and RASAT 
PAN L2 image (reference image) acquired in 2012. 

 
 

 
Figure 9a: Residual vectors obtained from the point 
matching between the aerial orthomosaic (reference 
image) and RASAT PAN L2 image acquired in 2015. 
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Figure 9b: Residual vectors obtained from the point 
matching between the aerial orthomosaic and RASAT 
PAN L2 image (reference image) acquired in 2015. 

4. CONCLUSION 

The geometric and the radiometric qualites of 
the RASAT panchromatic images have been 
investigated in this study. Two RASAT images 
acquired over Edirne/Kesan Testfield in 2012 and 
2015 with ca. 60% overlap have been analyzed 
for this purpose. The radiometric investigations 
show that the radiometric range of the images is 
lower than 8 bit and equals to ca. 6 bits. The 
estimated noise is relatively low and around 0.6-
0.7 pixels. The MTF analysis both in cross-track 
and in along-track directions do not show 
significant spatial resolution difference in these 
directions. 

 
For the geometric analysis, georeferenced 

RASAT PAN L2 images were compared with the 
aerial orthophotos received from the Turkish 
General Directorate of Land Registry and 
Cadastre with dense feature point matching 
method. Thousands of points determined for this 
purpose have been automatically matched in the 
other image. The results show that georeferenced 
RASAT L2 images have subpixel accuracy in X 
(latitude) direction (~ 1/3 pixel). In the Y 
(longitude) direction, 1.3 pixel accuracy could be 
obtained. 

 
Evaluating these results, it can be said that the 

RASAT PAN images can easily be used for 
applications where 7.5 meters resolution is 
sufficient (e.g. regional land use changes). The 
lack of stereo images will be a problem for 3D 
applications. In addition, 3D point positioning 
accuracy should be re-evaluated with images with 
better stereo configuration (e.g. more suitable 
acquisition angles, low temporal variance, etc.). 
For a more comprehensive analysis of the 
sensor, images taken in the multispectral bands, 
band-to-band registration accuracy and the 
quality of the other products in different 
processing levels should be investigated as well. 
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