
 

 

Abstract: In this study, the Uncapacitated 
Multiple Allocation p-Hub Center Problem – 
UMApHCP is considered. Since UMApHCP is 
known to be an NP-hard, the use of metaheuristics 
as solution methods represents a promising 
research direction. This paper proposes a Memetic 
algorithm (MA), as an efficient hybrid metaheuristic 
approach to UMApHCP. The basic idea behind the 
implemented MA is to combine Particle Swarm 
Optimization (PSO) as a population-based method 
and a Local Search (LS) heuristic. All elements of 
the proposed MA are adjusted to the 
characteristics of the UMApHCP. The proposed MA 
is benchmarked on standard test instances for hub 
location problems and the results of MA are 
compared with the ones obtained by exact and 
heuristic methods from literature. The analysis of 
experimental results shows that the proposed MA 
reaches all optimal and best-known solutions in 
very short running times. The MA showed to be 
superior over other heuristic approaches to 
UMApHCP in the sense of stability, solution 
quality, and running times. 
 

Index Terms: Hub location problem, multiple 
allocation, p-center, hybrid metaheuristic, memetic 
algorithm  

 

1. INTRODUCTION 

UB networks have wide area of application in 
transportation and telecommunication 

systems, such as computer and wireless 
networks, satellite communications, passenger 
travel, cargo transportation, postal network 
services, systems of express delivery, etc. Hubs 
nodes serve as consolidation, switching, and 
sorting centers in a network. Since transportation 
between hubs is discounted by some factor, hub 
nodes will naturally concentrate network flow in 
order to decrease transportation costs. 
 

In general, hub location problems deal with 
location of hubs and allocation of non-hub nodes 
to one of more located hubs. Location and 
allocation part cannot be considered separately, 
since allocation depends on the chosen hub 
locations, and vice versa. Up to now, numerous  
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hub location models have been introduced in the 
literature. Most of them assume that the sub-
network of hubs is complete, with a direct link 
between every hub pair, and that direct 
transportation from an origin to a destination 
node is not allowed. Each non-hub node may be 
allocated exactly to one hub (single allocation 
scheme) or to multiple hubs (multiple allocation 
scheme). The number of hubs may be fixed to a 
constant, which is usually significantly smaller 
compared to total number of nodes in the 
network. Fixed costs for establishing hubs or 
inter-hub links may also be involved. Regarding 
objective function type, one can distinguish hub 
center problems that minimize the maximal cost 
(distance, time) between two nodes in the 
network and hub median problems that minimize 
the total transportation costs in the network. A 
review of models, classification and solution 
methods on hub location problems can be found 
in [2, 6, 10], etc. 

 
In this paper, the Uncapacitated Multiple 

Allocation p-Hub Center Problem (UMApHCP) is 
considered. The problem was introduced by 
Campbell [5] and formulated as a quadratic 
program. The objective of the UMApHCP is of 
type min-max, which is suitable for modeling 
practical situation when the maximal distance, 
cost or time between two locations, or maximal 
load of established facility, needs to be minimized 
[6, 10, 17–19]. According to Campbell [5], this 
type of hub center problem is important for a hub 
system involving perishable or time sensitive 
items in which cost refers to time. Ernst et al. [9] 
study both multiple and single allocation variant 
of the uncapacitated p-hub center problem, and 
propose integer programming formulations for 
both variants. A three-index formulation of the 
UMApHCP proposed in [9] showed to be more 
efficient compared to existing four-index 
formulations. Starting from the branch-and-bound 
algorithm for the Uncapacitated Multiple 
Allocation p-Hub Median Problem (UMApHMP) 
described in [7], and a simple heuristic method 
for a feasible solution to the UMApHMP from [8], 
Ernst et al. in [9] develop a shortest path based 
branch-and-bound method (BnB) for solving the 
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UMApHCP and a heuristic approach (Heur) to 
obtain an upper bound for the optimal solution. 
Both BnB and Heur from [9] are tested on 
standard CAB and AP hub data set with �	 ≤ 	200 
nodes and �	 ≤ 	10 hubs [3]. The BnB method 
provided optimal solutions for smaller and 
medium-size AP problem instances, while 
solutions obtained by heuristic Heur in some 
cases had significant gaps from the optimal ones. 
The BnB method was also successful in solving 
larger AP instances with �	 = 	100, �	 ≤ 	10 and 
�	 = 	200. In study [15], a genetic algorithm (GA) 
for solving UMApHCP is proposed. The results of 
computational experiments on smaller and 
medium-size AP instances show that the GA 
from [15] reaches all known optimal solutions 
obtained by BnB from [9], and outperforms 
heuristic Heur from the same paper. The GA also 
provided solutions for larger AP instances with 
�	 = 	100, 15	 ≤ 	�	 ≤ 	30, �	 = 	200, �	 = 	2 and 
4	 ≤ 	�	 ≤ 	50 nodes that were unsolved to 
optimality, but in significantly longer running 
times. 

 
The goal of this study is to develop an efficient 

hybrid metaheuristic method for UMApHCP, 
which can provide high-quality solutions in short 
CPU times, especially in the case of large 
problem dimensions. Hybridization of 
metaheuristics was not previously considered in 
the literature when solving the UMApHCP. A 
Particle Swarm Optimization (PSO) method 
adapted to UMApHCP is designed first, as a 
population-based algorithm that provides 
diversification of solutions. The PSO method is 
further combined with a Local Search (LS) 
heuristic within the frame of a Memetic algorithm 
(MA). The role of PSO is to ensure search 
diversification, while LS is used to direct the MA 
to promising search regions. Evolutionary-based 
approaches are mostly used as population-based 
component of a memetic algorithm. In this paper, 
PSO is used instead of an evolutionary approach, 
since it showed to be much faster, and on the 
other side, it provided good search diversification. 
Each constructive element of the proposed MA is 
adapted to the problems under consideration. 
The proposed MA is benchmarked on standard 
AP hub data set with �	 ≤ 	200 nodes and 
�	 ≤ 	50 hubs. The best results obtained by MA 
are compared with the results of exact SP-BnB 
method [9], and the best results of heuristic Heur 
from [9] and GA approach from [15]. Regarding 
the classification of scientific contributions from 
[4], the research presented in this study can be 
considered as evolutionary innovation, class 
specialization. 

 
The remainder of paper is organized as 

follows. In Section 2, a formulation of the 

Uncapacitated Multiple Allocation p-Hub Location 
problem is given. Section 3 describes the 
proposed Memetic algorithm designed for the 
UMApHCP. In Section 4, the results of 
computational experiments are presented. 
Finally, Section 5 summarizes the results and 
provides future research directions. 

2. MATHEMATICAL FORMULATION 

In this paper, the three-index mixed integer 
linear formulation for the UMApHCP from [9] is 
used. The following notation is introduced: 

o I = {1,..., n} is the set of nodes; 
o � is the set of arcs, where (�, �) ∈ 	� 

represents a link from location � ∈ 	� to  
� ∈ 	�; 

o ��� ≥ 	0 represents transportation cost 

(per unit flow volume) from � ∈ 	� to 
� ∈ 	�; 

o ���� 	= 	max{��� ∶ 	�, �	 ∈ 	�	}; 

o ��� ≥ 		0 denotes the flow volume (i.e., 

the number of units of flow) departing 
from origin � ∈ 	� to destination � ∈ 	�; 

o � is the number of hubs to be 
established; 

o � ∈ (0,1) is the discount factor for the 
flow between hubs. 

 

It is assumed that ��� = ��� and transportation 

costs ��� satisfy the triangle inequality, since they 

are usually proportional or equal to distance or 
time needed to transport goods from origin � to 
destination �. Transportation costs for the flow 
from � to � are calculated as the product of flow 
volume ��� and the corresponding costs ��� per 

unit of flow volume. The costs of flow between 
hubs are multiplied by the discount factor 
� ∈ (0,1). Direct connection between origin and 
destination node is not allowed. There is no limit 
on the incoming amount of flow in a hub. Multiple 
allocation scheme is assumed, which means that 
each non-hub node may be allocated to different 
hubs, depending on the considered origin-
destination route, while each hub node will be 
naturally assigned to itself. The objective of the 
UMApHCP is to establish � hubs and to allocate 
non-hub nodes to hubs, such that the maximum 
transportation costs for the flow between any pair 
of nodes in the network is minimized. 

 
Three sets of binary variables are used: 

o �� = 1 if and only if the hub is located 
at node �; 

o ���
� = 1 if and only if the origin node � is 

allocated to hub � when transporting 
the flow to destination node �; 

o ���
� = 1 if and only if the destination 

node � is allocated to hub � when 



 

receiving the flow from origin node �; 
o �	 ≥ 	0 is a real non-negative variable 

used in the objective. 
 
Using the above notation, the UMApHCP may 

be formulated as: 
 

 min � (1) 
such that 
 
 

� �� = �,
�

���
 (2) 

 
 ���
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−��1 − ���
� ��������		∀�, �, � ∈ �. 

(7) 

 
 ��, ���

� , ���
� ∈ {0,1}				∀�, �, �, � ∈ �. (8) 

 
By (1) and (7) the maximum of transportation 

costs for the flow between any origin-destination 
pair in the network is minimized. Constraint (2) 
ensures that exactly � hubs are established. 
Constraints (3) and (4) mean that origin and 
destination nodes may be assigned only to 
established hubs. By constraints (5) and (6) it is 
ensured that in each origin-destination pair (�, �), 
origin node � is allocated to exactly one hub �, 
and destination node � is allocated to exactly one 
hub �. Constraint (7) imposes the lower bound for 
the objective variable �. Finally, (8) indicates the 

binary nature of variables ��, ���
�  and ���

� . 

 
Ernst et al. [9] remark that constraints (3) and 

(4) may be replaced with 
 

 
� � ���

� ≤ ����				∀� ∈ �
�

���

�

���
 (9) 

and 
 

 
� � ���

� ≤ ����				∀� ∈ �
�

���

�

���
 (10) 

 
respectively, which result in a smaller number of 
constraints, but, as experiments showed, 
produced no reduction of solution times [9]. 
Therefore, constraints (3) and (4) are kept in this 
paper. 

 
Note that in [9], it is simply assumed that 

transportation costs from � to � are equal to 
corresponding distance from � to �. In the model 
(1)–(8) used in this paper, transportation costs for 
the flow from origin � to destination � is obtained 
by multiplying the number of units of flow ��� from 

� to � by transportation costs per unit of flow ���. If 

it is assumed that transportation costs per unit of 
flow are equal to corresponding distances, and 
that ��� = 1 for every �, � ∈ 	�, the model from [9] 

is obtained. Ernst et al. in [9] proved that 
UMApHCP is NP-hard, even in the case when 
� = 0. 

3. PROPOSED MEMETIC ALGORITHM 

Memetic algorithm (MA) is a hybrid 
metaheuristic method, based on a combination of 
a population-based approach and a local search 
heuristic [20, 21]. Particle Swarm Optimization, 
Bee Colony Optimization, etc., offer more 
facilities for exploration, while local search based 
heuristics (Iterated Local Search, Variable 
Neighborhood Search, Tabu-Search, Simulated 
Annealing, etc.) provide more capabilities for 
exploitation. It is important to achieve a good 
balance between exploitation and exploration 
strategies, such that the resulting MA provides 
high-quality solutions in short running times [21]. 
This type of hybridization has been applied to 
numerous optimization problems in the literature, 
see [11, 16, 17, 21], etc. 

 
In this study, a memetic algorithm MA is 

proposed, as a hybrid metaheuristic approach 
obtained by combining a Particle Swarm 
Optimization (PSO) as a population-based 
method, and a Local Search (LS) as an 
improvement strategy. The MA works over a 
population of individuals denoted as ���, where 
each individual ��� ∈ 	��� corresponds to a 
solution in the search space. 

 
Initial population ��� is generated by uniform 

distribution, providing a good initial diversity of 
solutions. In each iteration of MA, individuals 
from the population are evaluated by calculating 
their objective functions. High-quality individuals 
are selected in the subset ���� and denoted as 
elite ones. Elite individuals are directly passing to 
the next MA generation, while remaining lower-
quality individuals ���	\	���� are subject to PSO. 
Local Search heuristic is applied to individuals 
produced by the PSO and elite ones. Individuals 
improved by LS enter the next MA generation, if 
they satisfy quality criteria. If a duplicate 
individual appears during the MA run, it is being 
removed by setting its objective value to positive 
infinity. This strategy helps in preserving the 
diversity of individuals and preventing a 
premature convergence of the MA. The best 



 

individual and its objective function value are 
saved and updated in each MA generation. The 
MA terminates when a stopping criterion is 
satisfied, i.e., if the best objective value remains 
unchanged through ������ subsequent MA 

generations. The basic concept of Memetic 
algorithm for solving UMApHCP is presented in 
Algorithm 1. In the following subsections, a 
detailed description the proposed MA is provided. 

 
Algorithm 1: Memetic Algorithm for UMApHCP 
Input data 
Generate initial population ��� 
while not Stopping criterion do 
    Evaluate individuals from ��� 
    Update ������� and ������� 
    Determine the subset of elite individuals ��� 
    for all ��� ∈ ���\���� do 
        Particle Swarm Optimization(���) 
    end for 
    for all ��� ∈ ��� do 
        Local Search(���) 
    end for 
    Update ��� 
end while 
Write Output 

 

3.1 Encoding of solutions 

A solution to the problem is encoded as a 
binary string ��� of length �. Each bit in the code 
corresponds to a potential hub location. If the bit 
on the �-th position in the code takes the value of 
1, it means that a hub is established at the �-th 
node (���(�) = 1	 ⇒ 	�� = 1). Zero on the �-th 
position in the code implies that the �-th node is 
not chosen as a hub (���(�) = 0	 ⇒ 	�� = 0). A 
code ��� is considered correct if it contains 
exactly � bits with the value of 1. This means that 
exactly � hubs are established, and the 
corresponding solution is feasible. For example, 
code ��� = 10110001 corresponds to a feasible 
solution to the UMApHCP for �	 = 	8 and �	 = 	4, 
since exactly 4 hubs are established: ���(1) =
���(3) = ���(4) = ���(8) = 1. 

 

3.2 Objective Function Calculation 

The locations of established hubs are first 
obtained from the solution code. Let � denotes 
locations of established hubs in the solution's 
code ���. For a feasible solution, |�| = � holds. 
After the set � is obtained, a complete graph that 
contains 2�	 + 	� nodes is created as follows. For 
each origin node � ∈ 	�	\	� and each hub � ∈ 	�, 
an edge (�, �) is formed. The weight, equal to 
transportation costs ��� from origin node � to hub 

�, is assigned to edge (�, �). Similarly, edges 
(�, �) that connect pair of hubs �, � ∈ 	� are 
created, and weights �	��� are assigned to them. 
Finally, for each destination node � ∈ 	�\� and 
each hub � ∈ 	�, edge (�, �) is formed, with the 

weight equal to transportation costs ���. The 

weights of edges (�, �), �, � ∈ 	�\� are set to 
infinity, since direct transportation between non-
hub nodes is not allowed. 

 
On the constructed graph, the well-known 

Floyd-Warsall algorithm [1, 7] is applied in order 
to find shortest paths between all pair of nodes. 
Finally, the objective function value for the 
UMApHCP is obtained as the maximum among 
all shortest distances between nodes �, � ∈ 	�, 
multiplied with corresponding flow volume ���. 

The complexity of objective function calculation is 
determined by the complexity of the applied 
Floyd-Warsall algorithm, which is �(���), see [7]. 

 

3.3 Particle Swarm Optimization 

Particle swarm optimization method (PSO) is a 
population-based metaheuristic, based on the 
idea of swarm intelligence [12]. It has been 
applied to both continuous and discrete 
optimization problems in many areas [13, 22–24]. 
A variant of PSO method is used instead of an 
evolutionary algorithm as a population-based part 
of the MA because it has simpler concept and it 
is easier to implement but on the other side, it 
provides good diversification of solutions in the 
search space in an efficient manner. PSO shares 
many similarities with evolutionary-based 
algorithms, but the main difference is that the 
concept of PSO does not use any variation 
operator (e.g. crossover, mutation). 

 
We have implemented a modification of the 

basic PSO concept and adapted it to the 
considered problem. The PSO is applied only to 
the set of non-elite individuals in each iteration of 
the MA. The idea behind PSO is to and find the 
optimum using a swarm � of particles moving in 
a �-dimensional search space, each representing 
a candidate solution to the problem. Each particle 
�	 ∈ 	� has assigned the following �-dimensional 
vectors: 

o �� is a binary vector representing the 
current position of a particle � ∈ �. It is 
actually equal to ���; 

o �� is a vector that corresponds to the 
velocity of a particle � ∈ �, with real 
coordinates from interval [����, ����], 
where ����, ���� are pre-determined 
parameters; 

o �� is a binary vector corresponding to 
the best visited position of particle 
� ∈ �. 

 
The best and the second best global position 

are saved in �-dimensional binary vectors � and 
�′, respectively, which are updated in each PSO 
iteration. 

 



 

In the initialization phase, initial swarm � is 
created. For each � ∈ �, vector �� is equal to the 
solution's code ��� of a non-elite individual. 
Coordinates of ��, � ∈ � are obtained by uniform 
distribution from [����, ����]. Having in mind the 
nature of considered problems, in the proposed 
PSO implementation, ���� and ���� are set to 0 
and 1, respectively. Initial coordinate values of 
vectors ��, ∈ �, � and �′ are also calculated in 
this step. 

 
After the initialization phase, in each PSO 

iteration, a particle � ∈ � successively adjusts its 
position �� in respect to the best position ��  
visited by itself and the best position visited by 
the whole swarm �. In addition, inspired by idea 
presented in [25], the second best global position 
�′ is used in adjusting a particle's position. 
Therefore, velocity change vector ∆��, assigned 
to a particle � ∈ �, is calculated as 

 
∆�� = ����(�� − ��) + ����(� − ��) + ������(�′ − ��) 

 
where �� is cognitive learning parameter, while �� 

and ��� are social learning parameters. The 

values of parameters ��, ��, and ��� are uniformly 

chosen from the interval (0,1) in each PSO 
iteration, while parameters ��, ��, and ���  are 

constant through all PSO iterations. 
 

In each PSO iteration, the flying direction of a 
particle � ∈ � and � = 1, 2, … , � is calculated as 

 

��� = �

1 if	��� + ∆��� > 1,
0 if	��� + ∆��� < 0,

��� + ∆��� otherwise.

� 

 
After the flying direction of particle � ∈ � is 

obtained, the new particle position is calculated 
as �� = �� + ��. Since a discrete problem is being 
solved, a sigmoid function �(�) 	= 1/(1 + ���) is 
used to normalize the velocities values into the 
interval [0, 1] (see [13]). More precisely, number � 
is randomly chosen from (0, 1), and ��� is set to 1, 
if �	 < 	 (1	 + 	1/(1 + �����), otherwise, ��� is equal 
to 0. Therefore, ��� ∈ {0,1} and ��� ∈ [0,1], 
� = 1, . . . , �, � ∈ 	�. 

 
In the case that the number of bits ���, � =

1, . . . , � with the value of 1 is different from �, the 
obtained new particle position �� corresponds to 
an infeasible solution. Such particle positions are 
corrected by inverting adequate number of 
randomly chosen bits from 1 to 0 (if there is more 
than � ones in ���) or from 0 to 1 (if ��� has less 
than � ones). 

 
If a particle � ∈ � has moved to a better 

position �� compared to its best local position, 
vector �� is updated with ��. If the new best local 

position is better than the best global one, the 
best global position � of the swarm is updated. 
The second best global position �′ is also 
updated, if necessary. The pseudocode of the 
described PSO part is presented in Algorithm 2. 

 

Algorithm 2. PSO part 

for all � ∈ � do 
    Initialize coordinates of binary vector �� 
    Initialize coordinates of real vector �� 
    �� = �� 
end for 
Initialize values of � and �′ 
while not stopping criteria do 
    for all � ∈ � do 
        ∆�� = ����(�� − ��) + ����(� − ��) 

       										+������(�′ − ��) 

        �� = �� + ∆�� 
        ��� = min{���, 1} , � = 1, 2, … , � 
        ��� = max	{���, 0}	� = 1, 2, … , � 
        �� = �� + �� 
       Update ��, � and �′ 
    end for 
end while 

 

3.4 Local Search part 

A local search improvement plays an important 
role in the memetic algorithm. Population-based 
method within the MA frame explores a search 
space, trying to identify the most promising 
regions, while the local search part exploits the 
surroundings of a solution, looking for an 
improvement. In general, there are two ways to 
combine a local search strategy with a 
population-based approach within a memetic 
algorithm. The first way is to apply a local search 
to all solutions or the selected subset of solutions 
in each MA generation. This approach provides 
solution improvements that are further transferred 
to the next MA generation. 

 
The second way is to apply a local search 

during the generation of solutions. This goal may 
be achieved, for example, by applying a local 
search to determine the best crossover point for 
the recombination operator or the most 
convenient tournament size in selection operator 
(in case of using an Evolutionary Algorithm as 
population-based method in the MA), the best 
way to combine cognitive and social learning 
elements (in case of using a Particle Swarm 
Optimization or Bee Colony Optimization 
method), etc. 

 
In this study, the first approach is used, i.e. 

local search improvement is applied to all 
individuals in each MA generation. This strategy 
is known as life-time learning in the literature, 



 

since both elite and lower-quality individuals have 
a chance to be improved, and these 
improvements are further reflected on the 
following MA generations [21]. 

 
Let ��� be a binary code of a solution that is 

subject to Local search method, and let � be the 
set of established hubs. In each LS iteration, an 
index �� from the set � and an index �� from the 
set �	\	� are chosen. A new solution ���′ is 
obtained by exchanging bits on positions �� and 
�� in the code of ���. The objective value of the 
newly generated solution �′ is calculated. If an 
improvement is achieved, the current solution ��� 
is replaced by ���′. Otherwise, solution ���′ is 
discarded, and another pair of bits in the solution 
��� is inverted, looking for improvement. The 
described step of the LS part is presented in 
Algorithm 3. 

 
Described LS procedure is applied 10 times on 

each individual in each MA generation. The LS 
method is repeated until no further improvement 
of the initial solution is achieved. There is no time 
limit imposed on a single LS run on an individual 
that is subject to the implemented LS. Note that 
the applied LS preserves exactly � ones in the 
code of an individual, and therefore, always 
produces a feasible solution. 

 
Algorithm 3. One iteration of the LS part 

for all ���	 ∈ 	��� do 
    Choose randomly two bits on positions ��, ��  
    with different values 
    Swap the bits' values on positions �� and �� 
    Calculate the new distance between two  
    furthest nodes 
    if new distance is smaller than the best  
    obtained solution value then 
        Update ��� 
    else 
        Revert the bit exchange 
    end if 
end for 

 

4. COMPUTATIONAL RESULTS 

The proposed MA implementation was coded 
in C++ programming language and run on an 
Intel i5-2430M 2.4 GHz with 8 Gb RAM memory 
under Windows 7 operating system. 
Computational experiments are carried out on the 
set of AP instances that are derived from data 
from Australian Post and used for various hub 
problems. These instances are introduced in [8] 
and involve up to � = 200 nodes and up to 
� = 50 hubs. CAB (Civil Aeronautic Board) 
instances [3] are not used in this paper since they 

are of small size (involve up to � = 25 nodes), 
and therefore, they are not challenging for 
evaluating heuristic methods. For all tested 
instances, � = 	0.75, while parameter � takes 
different values. On each test instance, the 
proposed MA is run 15 times. The number of 
individuals in the MA population |���|, the 
percentage of elite individuals in the population 
���, and the stopping criterion parameter ������ 

are experimentally determined and set to: 
|���| = 40, ��� = 75%, and ������ = 200.  The 

values of ��, ��, and ��� parameters are taken 

from [25]: �� = �� = 1.5, and ��� = 5. 

 
The MA solutions are compared with the ones 

obtained by shortest-path based BnB method 
(BnB) from [9], heuristic method (Heur) from [9], 
and genetic algorithm approach (GA) from [15]. 
In order to provide a fair comparisons of the 
proposed MA and GA from [15], the GA 
implementation is run on the same configuration 
as the MA, and experiments are repeated the 
same number of times on each instance as in the 
case of MA. However, repeated tests could not 
be done with BnB and Heur approaches from [9], 
since they are not available. 

 
Note that in UMApHCP used in the paper, 

transportation costs ��� are introduced in general 

sense, while in practice they are often considered 
to be equal or proportional to distances between 
the nodes � and �. As in studies [9] and [15], the 
distances between the nodes are taken as 
transportation costs per unit of flow in when 
calculating objective function value. In this way, 
by setting ��� = 1 for each �, � ∈ 	�, comparison 

with the results from [9] and [15] for the 
deterministic UMApHCP can be carried out. 

 
In Table 1 results and comparisons on AP 

instances with 10 ≤ � ≤ 100 and � ≤ 10, � =
200, � = 3. For these instances optimal solutions 
obtained by BnB are known [9]. The notation 
used in Table 1 is as follows: 

o � – number of nodes; 
o � – number of hubs to be located; 
o ��� - objective value of the optimal 

solution obtained by SP-BnB; 
o ���� – total running time of the 

Shortest path based BnB (in seconds); 
o �� – objective value of the best 

solution obtained by MA, with mark ��� 
when it coincides with the objective 
value of optimal solution; 

o ��� – running time in which MA 
reaches its best solution for the first 
time (in seconds); 

o ���
��� – total running time of the MA (in 

seconds); 



 

 

Table 1. Results and comparisons for AP instances with known optimal solutions 

� � ��� ���� �� ��� ���
��� ��� �� ��� ���

��� ��� � �� �� 
10 2 39922.112 0.00 opt 0.002 0.070 0.000 opt 0.001 0.348 0.000 opt 0.00 1.15 
10 3 32713.937 0.00 opt 0.002 0.078 0.000 opt 0.001 0.343 0.000 opt 0.00 0.00 
10 4 31577.965 0.00 opt 0.002 0.075 0.000 opt 0.001 0.350 0.000 opt 0.00 0.00 
10 5 30371.323 0.00 opt 0.003 0.135 0.000 opt 0.001 0.372 0.000 opt 0.00 0.00 
20 2 45954.151 0.00 opt 0.003 0.112 0.000 opt 0.001 0.372 0.000 opt 0.00 0.00 
20 3 40909.592 0.01 opt 0.005 0.191 0.000 opt 0.004 0.373 0.000 opt 0.00 6.09 
20 4 38320.251 0.01 opt 0.005 0.242 0.000 opt 0.010 0.410 0.000 opt 0.01 0.00 
20 5 37868.148 0.01 opt 0.003 0.059 0.000 opt 0.001 0.468 0.000 opt 0.01 0.00 
20 10 37868.148 0.05 opt 0.001 0.214 0.000 opt 0.006 2.191 0.000 opt 0.05 0.00 
25 2 51533.298 0.00 opt 0.004 0.125 0.000 opt 0.004 0.381 0.000 opt 0.00 0.00 
25 3 45552.497 0.01 opt 0.003 0.060 0.000 opt 0.011 0.420 0.000 opt 0.01 8.67 
25 4 45552.497 0.02 opt 0.003 0.039 0.000 opt 0.013 0.488 0.000 opt 0.02 0.00 
25 5 45552.497 0.03 opt 0.003 0.053 0.000 opt 0.008 0.780 0.000 opt 0.03 0.00 
25 10 45552.497 0.14 opt 0.001 0.221 0.000 opt 0.010 3.474 0.000 opt 0.13 0.00 
40 2 61140.798 0.03 opt 0.008 0.298 0.000 opt 0.009 0.457 0.000 opt 0.02 0.00 
40 3 56309.875 0.08 opt 0.018 0.441 0.000 opt 0.058 0.660 0.000 opt 0.05 0.37 
40 4 51279.142 0.14 opt 0.073 0.759 0.000 opt 0.130 1.152 0.000 opt 0.11 5.06 
40 5 49741.201 0.18 opt 0.017 0.172 0.000 opt 0.024 1.498 0.000 opt 0.17 0.00 
40 10 49741.201 1.00 opt 0.012 0.234 0.000 opt 0.011 8.859 0.000 opt 0.98 0.00 
50 2 61179.031 0.05 opt 0.017 0.419 0.000 opt 0.017 0.500 0.000 opt 0.04 0.00 
50 3 56729.936 0.16 opt 0.033 0.549 0.000 opt 0.056 1.029 0.000 opt 0.11 0.00 
50 4 52905.770 0.28 opt 0.041 0.761 0.000 opt 0.154 2.160 0.000 opt 0.20 0.00 
50 5 50707.866 0.52 opt 0.076 0.316 0.000 opt 0.102 3.029 0.000 opt 0.50 0.00 
50 10 50707.866 2.17 opt 0.020 0.252 0.000 opt 0.020 12.360 0.000 opt 2.15 0.00 

100 2 63197.103 0.56 opt 0.121 1.957 0.000 opt 0.085 1.235 0.000 opt 0.44 0.95 
100 3 57925.660 1.67 opt 0.322 2.657 0.000 opt 0.385 7.102 0.000 opt 1.48 0.00 
100 5 53949.329 22.52 opt 1.248 3.800 0.000 opt 10.833 26.598 0.289 opt 5.91 0.76 
100 10 51860.026 39.04 opt 0.178 0.655 0.000 opt 0.562 39.723 0.000 opt 38.07 0.00 
200 3 62945.552 35.37 opt 4.168 13.413 0.000 opt 32.331 71.443 0.464 opt 25.77 0.00 

Average 3.588 opt 0.220 0.978 0.000 opt 1.547 6.503 0.026 opt 2.63 0.79 

 
 

o ��� – standard deviation of the 
objective value of the best MA solution 
from the optimal one (in percent); 

o �� – objective value of the best 
solution obtained by GA, with mark ��� 
when it coincides with the objective 
value of optimal solution; 

o ��� – running time in which GA 
reaches its best solution for the first 
time (in seconds); 

o ���
��� – total running time of the GA (in 

seconds); 
o ��� – standard deviation of the 

objective value of the best GA solution 
from the optimal one (in percent); 

o � – objective value of the best solution 
obtained by Heur, with mark ��� when 
it coincides with the objective value of 
optimal solution; 

o �� – total running time of the Heur (in 
seconds); 

o �� – average gap of the objective 
value of the best Heur solution from 
the optimal one (in percent). 

 
Regarding the comparative data presented in 

Table 1, all three heuristic methods MA, GA and 
Heur, quickly reach optimal solutions obtained by 
the exact BnB method. The proposed MA 

showed to be highly reliable in providing optimal 
solution, since the standard deviation is 0%, 
meaning that the MA reached optimal solution in 
each run, for each considered instance. The 
average standard deviation of the GA is 0.026%, 
while heuristic Heur provided average gap of 
0.795%. Regarding the CPU times, it may be 
concluded that the proposed MA method reaches 
optimal solutions for the first time around seven 
times faster compared to the GA, in spite the fact 
that the MA needs additional processing effort to 
execute local search. In average, total MA 
running time is less than a second, which is 
around 6 times faster compared to 6.503 
seconds of the GA's average total running time. 

 
Configuration used in this study for 

experiments with MA and GA methods is not 
directly comparable with a DEC Alpha machine 
used for testing of BnB and Heur in [9], and 
therefore, precise comparisons of CPU times 
could not be carried out. However, regarding 
overall running times, a general conclusion is that 
the GA method is slower compared to heuristic 
Heur and exact BnB, while total running times of 
the proposed MA is similar or shorter when 
compared to Heur and BnB. 

 
In Table 2, comparative results of the proposed 

MA and GA from [15] on large AP instances with  



 

Table 2. Results and comparisons of MA and GA for large AP instances with no optimal solution known 

� � Best sol ��� ���
��� ��� �� ��� ���

��� ��� ��� 
100 15 51860.026 best 0.116 0.814 0.000 best 0.481 69.122 0.000 
100 20 51860.026 best 0.100 1.476 0.000 best 0.302 100.313 0.000 
100 25 51860.026 best 0.122 2.615 0.000 best 0.416 131.588 0.000 
100 30 51860.026 best 0.125 4.181 0.000 best 0.237 167.421 0.000 
200 2 67083.276 best 1.111 7.147 0.000 best 2.894 13.572 0.000 
200 5 57419.319 best 9.347 22.601 0.075 best 39.950 120.679 0.683 
200 10 55958.751 best 1.270 2.839 0.000 best 4.294 180.504 0.000 
200 15 55958.751 best 0.536 1.560 0.000 best 3.487 293.029 0.000 
200 20 55958.751 best 0.384 2.315 0.000 best 2.204 417.136 0.000 
200 25 55958.751 best 0.402 3.622 0.000 best 3.743 634.110 0.000 
200 30 55958.751 best 0.536 5.697 0.000 best 2.662 736.665 0.000 
200 35 55958.751 best 0.689 8.483 0.000 best 0.899 811.300 0.000 
200 40 55958.751 best 0.561 11.903 0.000 best 1.022 809.345 0.000 
200 45 55958.751 best 0.761 16.511 0.000 best 1.145 962.195 0.000 
200 50 55958.751 best 0.820 21.974 0.000 best 1.337 1164.707 0.000 

Average best 1.125 7.583 0.005 best 4.338 440.779 0.046 
         

� = 100 and � = 200 for which optimal solution 
could not be obtained by BnB or commercial 
CPLEX solver, due to time or memory limit. The 
results are presented in similar way as in Table 1. 
The column Best sol contains best-known 
solution for each of the considered instance, for 
which optimality could not be proved. In case that 
MA or GA reached this best-known solution, it is 
marked by ���� in the corresponding cell. The 
standard deviations of MA and GA solutions 
presented in columns ���[%] and ���[%] are 
calculated with respect to the corresponding 
best-known solution for each instance. 

 
From Table 2, it may be noticed that both 

approaches reach best-known solutions for all 
considered AP instances with � = 100 and 
� = 200 nodes. However, the proposed MA 
significantly outperforms GA in the sense of 
running times on this data set: the total running 
time of the MA is 7.583 seconds (in average), 
which is around 58 times shorter compared to 
440.779 seconds of average GA's total running 
time. In addition, the MA reaches the best-known 
solution for the first time in 1.125 seconds in 
average, compared to 4.338 seconds that GA 
needed, which is around 4 times faster. 

 
Although both approaches reach the same 

best solution in repeated runs, the MA showed 
better reliability in producing the best-known 
solution: standard deviation of the MA is equal to 
0.005%, compared to standard deviation of the 
GA which is 0.046%. Note that instance � = 200, 
� = 5 was difficult for both approaches, which is 
understandable, having in mind that instances 
with � ≪ � are most difficult to solve. 

 
Since both MA and GA reached all previously 

known optimal solutions from Table 1, and having 
in mind robustness of these approaches and 
small values of standard deviations for both GA 
and MA from the best-known solutions from 

Table 1, the best-known solutions presented in 
Table 1 coincide with the optimal ones. 

5. CONCLUSIONS 

This paper considers the Uncapacitated 
Multiple Allocation p-Hub Center Problem 
(UMApHCP). Due to the NP-hardness of 
UMApHCP, a Memetic algorithm (MA) is 
proposed as a metaheuristic method for solving 
both considered problems. The MA is based on 
hybridization of Particle Swarm Optimization and 
a powerful Local Search improvement heuristic. 
Constructive elements of the MA and applied 
strategies are adapted to the problems leading to 
efficient implementation of the algorithm. 

 
The MA is benchmarked on standard AP data 

set from the literature with up to 200 nodes. The 
MA performance is compared with the 
performance of the exact BnB method and 
heuristic approaches Heur and GA from the 
literature. On smaller-size AP instances, the 
proposed MA reaches all known optimal 
solutions, as well as the GA, while heuristic Heur 
produced solutions with significant gaps from the 
optimal ones. The results obtained on larger-size 
AP instances that are unsolved to optimality 
demonstrate the superiority of the proposed MA 
over the GA approach. Although both methods 
reach the same best-known solution in repeated 
runs, the MA showed better reliability than GA, 
when comparing average standard deviation 
values. In addition, CPU times of MA are several 
times shorter compared to GA running times. 

 
The obtained results indicate the potential of 

the MA when solving UMApHCP instances, 
especially the ones that reflect real-life networks 
with large number of nodes. One of directions of 
the future work is hybridization of the MA with an 
exact optimization method in order to prove the 
optimality of solutions on large AP instances. 
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