
 

 

Abstract: This paper considers solving the Max-
Min Diversity Problem (MMDP) by using genetic 
algorithms (GAs). Computational experiments on 
the smaller benchmark data set showed that the 
classic GA quickly reached all optimal solutions 
obtained previously by an exact solver. However, 
some of larger instances of MMDP were 
challenging for the classic GA. Although 
researchers have established the most commonly 
used parameter setting for GA that has good 
performance for most of the problems, it is still 
challenging to choose the adequate values for the 
parameters of the algorithm. One approach to 
overcome this is changing parameter values 
during the algorithm run. This paper presents a 
possible implementation of this approach. The 
genetic algorithm is extended by adding a fuzzy 
rule formulated from GA experts' knowledge and 
experience. Short CPU times and high-quality 
solutions for tested instances indicate that the 
proposed approach is more suitable for solving the 
MMDP than the classic GA. 
 

Index Terms: Discrete optimization, Genetic 
algorithms, Parameter setting, Fuzzy rules 
 

1. INTRODUCTION 

HIS paper considers an interesting location 
problem called the Min-Max Diversity 

Problem (MMDP). Location problems, with their 
numerous applications in different areas, attract 
many researchers. The overall success of a 
company often depends on the physical location 
of business facilities, so it is not a surprise that 
location problems have been widely studied. 
Solving these problems can be very challenging 
task. This paper proposes an approach for 
solving MMDP that combines the two existing 
elements (genetic algorithms and fuzzy logic). 
Thus, exploited scientific research method can be 
classified as Hybridization, according to the 
classification from [3]. 
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1.1 The Min-Max Diversity Problem 

  The set � is a finite collection of � points. Let 
�(�)  =  {� ⊂  � ∶  |�| =  �} denote the set of all 
� points subsets of  �, where 2 ≤  � ≤  � − 1. 
The aim is to choose an element of �(�), i.e. a 
subset � of � points from a set �, in such a way 
that the minimum distance between the points 
from the chosen subset � is maximized.    

  Real number ���  called distance between � 

and � is, by definition, associated with each pair 
of points �, � ∈  �, � ≠ �. In many formulations (as 
discussed in [4]), distance ��� does not 

necessarily satisfy the properties of a customary 
distance metric (for example triangle inequality) 
and may even be negative. Further explanation 
and examples of the problem can be found in 
[20]. 

The MMDP is a variant of the classical 
Maximum Diversity Problem (MDP), which deals 
with selecting a subset � ∈ �(�) that maximizes 
the sum of the distances ��� over all pairs �, � ∈

 �, � ≠ �. Uniquely, in the MMDP the aim is to 
maximize the minimum distance between distinct 
points from the chosen subset M. The objective 
function in the MMDP has been shown to be 
more suitable for some applications in practice.  

The MMDP has important applications in 
plant breeding, social problems, ecological 
preservation, pollution control, product design, 
capital investment, workforce management, 
curriculum design, and genetic engineering [11]. 
Depending on the application, the specifications 
of the problem may vary. However, it is possible 
to study the general case suitable for most of 
these applications. Let us assume that each point 
can be represented by a set of attributes. The 
definition of distance between points can be 
customized to each specific application. For 
example, ���  can be defined as Euclidean 

distance between � and �. 

1.2  Mathematical model 

  Mathematical model of the MMDP presented 
in [20] has a quadratic binary nature. This model 
uses binary variable ��, � = 1, … , � that takes the 
value of 1 if point � is selected and 0 otherwise. 
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With the notation ���(�) =  min��� �������, the 

problem formulation is as follows. 

                                max  ���(�) (3) 

subject to: 

� �� = �

�

���

 

�� ∈ {0,1}, � = 1, … , �. 

 

1.3  Literature review 

The MMDP is NP-hard, which was proved 
in [8] and [10]. Resende et al. [20] presented a 
comprehensive literature review on the MMDP 
and proposed several solution methods for this 
problem, based on hybridization of the GRASP, 
path relinking and evolutionary path relinking 
methodologies. Proposed approaches were 
successfully tested on three groups of instances 
with up to 500 points and detailed results are 
presented in the paper. Another heuristic 
approach for the MMDP that relies on the 
equivalence between this problem and the 
classical max-clique is discussed in [4]. 
Presented approach was tested on the same 
instances as in [20] and outperformed, both in 
quality and CPU time, by the existing state of the 
art algorithms. Also, various successful methods 
for solving MDP (e.g. GRASP, Tabu search) 
were proposed in the literature [5], [8], [10]. 

2. FUZZY GENETIC ALGORITHM  
FOR SOLVING  MMDP 

  Many different techniques have been applied 
to solve the MMDP and the best results are 
achieved by applying GRASP with path relinking. 
The aim of this paper is to explore possibilities of 
solving this problem with genetic algorithm (GA).  
In the first part of this research, GA, with various 
parameter settings, is used and the best 
achieved results are presented in this paper. 
Parameter setting is an important part of each 
GA implementation. In general, GA experts 
choose parameter settings for each problem, 
according to their experience and intuition.  

2.1 Genetic algorithm 

Genetic algorithms (GAs) are robust and 
widely used optimization methods that mimic the 
process of natural selection and evolution. 
Populations of individuals, which correspond to 
the solutions of the problem, are being modified 
in each iteration of the algorithm. GA showed 
good results in solving some of the location 
problems, such as the Multi-Level Uncapacitated 
Facility Location Problem [16], the Load 
Balancing Problem [22] and many others [1], [17], 
[18], [21]. 

2.2 GA implementation for MMDP 

The binary encoding of individuals is used 
in this GA implementation due to the nature of 
the MMDP problem. Each solution is represented 
by one � bits long string, where � =  |�|. The 
value of each bit in genetic code represents 
whether the one corresponding point from set � 
is chosen or not. 

The fitness function represents individual’s 
chance to be reproduced in the next GA 
generation and it is always problem dependent. 
In this implementation, the fitness function is 
proportional with ���(�), with an exception for 
non feasible individuals when penalization is 
applied. 

The population size is fixed to 150. Genetic 
operators (selection, mutation and crossover) are 
being applied until the stopping criterion. The 
main stopping criterion is the maximal number of 
generations �� (200 000). In addition, the 
algorithm stops if the same chromosome is the 
best in �� (10000) successive generations or if 
the same value of the fitness function is best in 
�� (100000) successive generations.  

To provide good diversity and better quality 
of genetic material, initial population is randomly 
generated in such a way that the value of each 
bit is set on 1 with the probability equals � �⁄ . 
Thus, some of generated individuals are not 
feasible (i.e. have sum of bits different from �). In 
this implementation, infeasible individuals are 
instantly being made valid by randomly changing 
appropriate number of bits (1 to 0 or 0 to 1) in 
order to obtain exactly � bits set to 1 in the 
genetic code. In the interest of implementation 
clarity this procedure is applied before the 
calculation of the fitness value of each individual, 
if needed.  

With the described setup, GA 
implementation is used for solving the MMDP by 
repetitive application of the selection, crossover 
and mutation operators. As a selection operator, 
a fine grained tournament selection, introduced in 
[9], is used. The tournament factor is set to 6.6, 
the value that has been proven as a very suitable 
for this selection approach [19]. Then, the 
standard onepoint crossover operator is applied 
to each pair of selected parents producing two 
new chromosomes. The probability crossrate is 
set to 0.85 as in [19]. The obtained results are 
presented in the section 5. 

2.3 General limitations of search algorithms 

  There is no search algorithm suitable for all 
problems (see No Free Lunch Theorem [23]). 
Therefore, in the field of optimization, commonly, 
algorithms are carefully chosen for specific 
problems. Moreover, algorithm parameters are 
manually set to make algorithm performance 
better. This task tends to be, not only problem 
dependent, but also, for different instances of the 
same problem, preferable parameter setup may 



 

significantly differ. Careful setting of parameter 
values is of a significant value for the 
performance of evolutionary algorithms (EAs)
such as GA. Moreover, for EAs in general
parameters is very challenging task 
linear interaction among the parameters

2.4 Parameter tuning 

  The performance of GA may notably vary 
depending on the chosen parameter values.
the years, researchers have developed 
parameter tuning that works very good with 
various problems [16], [22]. 
  However, as stated in [13], the parameter 
control problem, which considers careful 
changing of the parameter values, is far from 
being solved. There are various approaches
this problem [14]. The paper [6] presented a clear 
taxonomy by a list of essential features
illustrates that parameter tuning and problem 
solving can be seen as two optimization 
problems. More details regarding this can be 
found in [7]. 
 

Figure 1 Control flow (a) and information flow 
three layers in the hierarchy of parameter tuning, after 
 

  It was no surprise that, among tested
parameter setting, there was no setting
performed well for all tested MMDP
Therefore, it seems reasonable to change some 
parameters during the algorithm run. For 
example, if the algorithm keeps having the same 
best individual, while changing the population 
over the certain number of generations, the 
probability of mutation should be increased.
Although, the population size is a paramet
can be changed, it is fixed to 150 in this paper. It 
seems easier to identify influence of the other 
parameters, while the population size remains 
the same.  
  A possible approach to parameter tuning 
problem is to attack parameter control problem. 
More than a decade after the first extensive 
overview on parameter control, a survey of the 
state of the art on parameter control is presented 
[13]. One of many approaches to this problem
to use fuzzy rules to change parameters' values 
during the algorithms' run.  

3. FUZZY LOGIC 

 According to Aristotle every proposition must 
be either true or false. Plato later proposed that a 
third region between true and false exists. 
beginning of the 20th century, Lukasiewicz
presented a systematic alternative to the 
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Lukasiewicz 
presented a systematic alternative to the bi-

valued. On top of Lukasiewicz’s possibility theory
Zadeh [24] introduced the concept of fuzzy logic 
mainly to capture imprecise, ambiguous and 
uncertain nature of the world. Zadeh
also formulating natural language terms 
logic. 

 There is a wide range of fuzzy logic 
applications [25]. Practical problem
being solved by experts normally 
important aspect, common sense and intuition. 
Representing experts’ knowledge that relies on 
vague ambiguous formulations is a challenging 
task. Such imprecise knowledge
proves very effective in many applications where 
the complexity of problems prevents quantitative 
understanding. Fuzzy logic systems resemble 
human reasoning in how it exploits approximation 
and how it accounts for uncertainty.

 In fuzzy theory, fuzzy set A
defined by function μ�(x) called the membership 
function of set A. 

��(�): � → [0,1] where 
��(�) = 1 if � is totally in � 
��(�) = 0 if � is not in � 
0 < ��(�) < 1 if � is partly in �

  This set allows a continuum of possible 
choices. For any element � 
membership function ��(�) equals the degree to 
witch � is an element of set �
value between 0 and 1, represents the degree of 
membership, also called membership value, of 
element � in set �. Two most commonly used 
representations of membership functions are 
Gaussian and triangular shaped functions.

3.1 Fundamental operations on fuzzy sets

  The most commonly used operations on 
fuzzy sets are: 

 Insertion: ��∩�(�) = min 
 Union: ��∪�(�) = max (�

 However, the following definitions of these 
operators are usually easier to work with:

 Insertion: ��∩�(�) = ��(�
 Union: ��∪�(�) = ��(�) +

��(�) ∗  ��(�). 

3.2 Fuzzy implication 

 In a fuzzy implication both antecedent and 
consequent have to be modeled in the sense of 
fuzzy sets. Let us consider an implication 
formulated as: "IF � is � THEN
both � and � are fuzzy sets. 

 Fuzzy relation � is also a fuzzy set
{(�, �), ��(�, �)}, where membership function 
��(�, �) can be defined in various ways. 
following two definitions are most commonly 
used: 
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1) Product rule:  

��(�, �) = ��(�) ∗ ��(�)  

2) Mamdani-type rule:  

��(�, �) = ��� (��(�), ��(�))  

 Furthermore, generalized Modus ponens 
allows using a degree of fulfillment instead of true 
or false values. The result of applying fuzzy rule 
on fuzzy input is a fuzzy set as an output. 
Usually, instead of a fuzzy set, crisp value is 
needed as an result. Defuzzification is the 
process of converting a fuzzy output into a crisp 
value and it can be done in various ways. 

4. FUZZY GA FOR SOLVING MMDP  

  The main idea is to implement some expert 
knowledge as a fuzzy rule that would improve the 
GA performance by adapting the algorithm 
parameters. Let us consider the following 
statement. If the probability of mutation is small 
and population diversity is small then the 
probability of mutation should slightly increase.  
  In order to implement fuzzy logic controller, 
before implementing the rule, we have to choose 
inputs and outputs specified with their 
membership functions according to adequate 
linguistic labels. For this research, chosen output 
value is the mutation probability parameter. In 
this implementation inputs values are the 
mutation probability parameter �� and 
phenotypic diversity measure based on fitness 
function.  

4.1 Measuring the diversity of the population 

  According to [12], there are two diversity 
measures that describe the state of the 
population: genotypic diversity measures and 
phenotypic diversity measures. While the first 
type considers the genetic material in the 
population, the phenotypic diversity measures 
deal with the fitness values in the population. 
  Different measures can be used in order to 
detect convergence in a population. Let us 
consider two measures proposed in [11]: 

���� =
�����

�̅
 and ���� =

� �

������
, where ����� is 

the best fitness values, ������ is the worst fitness 
values and �̅ is the average value of the fitness 
values within current population. Both values are 
from the [0, 1] interval. If they are near to 1, it 
indicates the convergence. On the other hand, 
the population has very high diversity if these two 
values are near 0. 

4.2 Fuzzy rule for GA mutation parameter 

  In this implementation, mutation rate 
parameter is being changed by applying specially 
designed fuzzy rule after every 5 GA generations. 
In essence, if the difference between two 
described measures ���� and ���� has 
decreased compared to the difference from the 
previous generation, the mutation probability 

should increase slightly. This fuzzy rule is 
implemented according to the experts' opinion 
that the converging population would probably 
benefit from the slightly higher mutation 
probability. Triangular type of membership 
functions were used for representing the change 
in difference between ���� and ����, as well 
as  the term "increase slightly". Those 
membership functions are combined with product 
rule to represent a fuzzy relation. 

5. COMPUTATIONAL RESULTS 

Previously described methods have been 
coded in C# and run on an Intel Core i7-4700MQ 
2.39 GHz with 8GB RAM memory under 
Windows 10 operating system. For the classical 
GA the GA Framework

1
 is used. Note that 

parallelized version of GA from GA Framework is 
used.  

In order to evaluate the computational 
effectiveness of the proposed approach, a 
computational experiment has been performed. 
Optimization package CPLEX 12.1 has been 
used to solve smaller instances to optimality and 
it was run on the same platform. Three sets of 
benchmark instances from the collection 
MMDPLIB, as in [20], are used for this 
experiment.  

1) "Glover" data set was developed and 
presented by Glover in [11]. It contains 75 
matrices for which the values were calculated as 
the Euclidean distances from randomly 

generated points with coordinates in the 0– 100 
range. The problem generator described in 
details in [11], was used to construct MMDP 
instances with � ∈ {10,15, 30}. The value of � 
ranges from 0.2� to 0.8�.  

2) "Geo" data set contains 60 instances 
introduced in [20] and generated in the same way 
as the Glover ones, but with larger � values ( 
� ∈ {100,250,500}). The � values are 0.1� and 
0.3�. For each combination of � and � values, 10 
distinct instances are provided. 

3) "Ran" data set, also presented in [20], 
contains 60 instances with the same � and � 
values as Geo instances. The diversity values 
are integer random values from the interval 
[50,100], with the only exception of � = 500 and 
� = 0.3�, where the diversity values are integer 
random ones within the interval [1,200]. 

CPLEX solver successfully obtained good 
results on Glover instances using the presented 
mathematical formulation of this problem. The 
execution times of the CPLEX for Glover 
instances are available online

2
. 

For all the instances from the set Glover, 
both GA approaches achieved optimal results, 
previously obtained by CPLEX solver. In 
comparison to GA, GA with an additional fuzzy 

 
1 https://code.google.com/archive/p/gaframework/source 
2 http://www.math.rs/~nina/MMDP/MMDPGloverCPLEX.pdf 



 

rule (FGA) showed better execution times. Figure 
2 represents the comparison between execution 
times for these two approaches, for some of the 
Glover instances with � ∈ {10,15, 20} and � = 6. 
The comparison done on the whole set of Glover 
instances shows that FGA performed faster in the 
average. Note that the time was presented as the 
average time among 20 executions done with 20 
different seeds. Computational comparison for 
Glover set instances are presented online

3
. 

It can be seen that for the most of Glover 
instances FGA outperformed both CPLEX and 
classical GA in the sense of execution times. In 
order to examine the performance of GA 
executions with different seeds, the average and 
standard deviations for obtained results are 
calculated with respect to the best GA solution for 
the current instance. Similarly, the same two 
values are presented for the solution times of 
each Glover instance with respect to the average 
solution time.  Detailed computational results for 
Glover instances are also available online

4
, 

where the overall number of generations 
(summarized for 20 different seeds) is presented 
as well. It can be concluded that similar 
termination criteria were met in FGA and GA. 
Therefore, implemented change of the mutation 
rate parameter does not have significant 
influence on the number of generations for the 
tested stopping criteria, although FGA reaches 
the optimal solution faster than GA for most of 
the instances. 

 
Table 1: Mutation parameter's change occurrences. ���� is 

the average number of generations, �� is the average number 

of fuzzy rule calls, ���� is the average number of mutation 
parameter's changes, � is the percent of generations with 
parameter change   

Different group 
instances 

Glover 

The average in 20 executions of the 
algorithm 

 

� [%] � � ���� �� ���� 

10 2 25301.09 5060.22 3661.20 14.47 

10, 15 3 56357.89 11271.58 4108.60 7.29 

10, 15 4 70040.08 14008.02 8588.40 12.26 

10, 15, 30 6 82253.69 16450.74 8122.27 9.87 

10 8 16300.18 3260.04 1836.40 11.27 

15, 30 9 98085.21 19617.04 9969.10 10.16 

15, 30 12 77347.35 15469.47 8256.90 10.68 

30 18 103999.21 20799.84 10097.80 9.71 

30 24 100160.47 20032.09 9696.80 9.68 

   
  As mentioned above, the proposed fuzzy 
rule is applied once in every five GA generations 
and some of these fuzzy rule calls change the 
mutation parameter. Table 1 summarizes this 
comparison, by presenting the average numbers 

 
3 http://www.math.rs/~nina/MMDP/MMDP_FGA.pdf 
4 http://www.math.rs/~nina/MMDP/MMDP_FGA_Glover.pdf 

of generations, fuzzy rule calls, and mutation 
parameter's changes. Results are grouped by the 
value of � and the average values are 
presented. Note that there were 20 executions for 
each instance.  

Proposed FGA approach is very good in 
comparison to the prominent results from the 
literature. A comparison to the results from [20] is 
available online

5
. FGA outperforms the execution 

time of the best approach from the literature [20] 
for 70 out of 75 tested Glover instances. Table 2 
contains comparison for 10 different Glover 
instances, where FGA approach achieved 
optimal solution faster than the best approach 
from the literature [20] (labeled as GRASP in the 
Table 2). Note that both approaches achieve 
optimal solutions for all Glover instances. 

 
Table 2: Comparison of solution times for some of the Glover 
instances.   

 FGA GRASP DIFFERENCE 

m=2 

Time 
best 
[s] 

Time 
best  

[s] 

FGA TIME - 
GRASP TIME 

[s] 

Glover(n10)1 0.00 0.06 -0.056 
Glover(n10)2 0.00 0.03 -0.025 
Glover(n10)3 0.00 0.02 -0.019 
Glover(n10)4 0.00 0.01 -0.006 
Glover(n10)5 0.00 0.01 -0.01 
Average difference for m=2 -0.0232 

m=24   
 

Glover(n30)1 0.00 0.07 -0.069 
Glover(n30)2 0.01 0.06 -0.045 
Glover(n30)3 0.02 0.06 -0.042 
Glover(n30)4 0.02 0.06 -0.038 
Glover(n30)5 0.01 0.07 -0.063 
Average difference for m=24 -0.0514 

 
For two larger data sets (named Geo and 

Ran), CPLEX solver was not able to provide 
results, but comparison with the best known 
results from the literature was possible. Using the 
same stopping criteria as for Glover instances, 
leads to the results are available online for both 
Geo

6
  and Ran

7
 instances. 

It can be concluded that GA and FGA 
achieve the same results, not reaching the best 
known solutions for the most of the larger 
instances. Note that FGA still has shorter CPU 
times. Moreover, it can be concluded that the 
stopping criteria should be changed, i.e. 
parameters related to the number of generations 
should be increased. One more test was run with 
the relaxed stopping criteria (�� set to 500000, 
�� to 100000 and �� 200000) and the results 
are also available online8. 

Results from [4] still represent state of the 
art for the most of the larger instances. However, 
the aim of this paper was to improve the 

 
5
 http://www.math.rs/~nina/MMDP/MMDP_FGA_GRASP.pdf 

6 http://www.math.rs/~nina/MMDP/MMDP_Geo_GA_FGA.pdf 
7 http://www.math.rs/~nina/MMDP/MMDP_Ran_GA_FGA.pdf 
8 http://www.math.rs/~nina/MMDP/MMDP.pdf 



 

performance of GA in solving MMDP and that 
has been achieved by implanting fuzzy rule that 
changes mutation parameter value during the 
algorithm's run. Proposed FGA outperforms GA 
approach especially for larger instances. 

Termination criteria met depends on the 
seed, but usual termination criteria for each 
instance can be concluded from the average 
number of generations for 20 different seeds. For 
the most of instances with size 25, two stopping 
criteria that were usually met were the maximum 
function value repetition counter reached and the 
maximum chromosome repetition counter 
reached. However, for larger instances the most 
common criteria was the maximum chromosome 
repetition counter reached. Since similar 
termination criteria were met in FGA and GA, it 
can be concluded that implemented change of 
the mutation rate parameter does not have 
significant influence on the number of 
generations for the tested stopping criteria. 
However, note that FGA reaches the best 
solutions faster than GA for most of the 
instances. 

6. CONCLUSION 

 This paper considers The Max-Min Diversity 
Problem (MMDP) proposed in [20], where 
GRASP with path relinking achieved very good 
results. Since GA has proved to have promising 
results when applied to various location 
problems, a simple GA for solving the MMDP 
was proposed in this paper. Computational 
experiments on smaller instances showed that 
GA quickly reached all optimal solutions 
previously obtained deterministically by CPLEX 
12.1 solver. However, larger instances were 
challenging for GA. 

Although, researchers have established the 
most commonly used parameter setting for GA 
that have good performance for most of the 
problems, it is still challenging to choose the 
adequate values for the parameters of the 
algorithm. One approach to try to overcome this 
challenge is to change parameter values during 
the algorithm run, by using fuzzy rules. This 
paper considers an implementation of a fuzzy 
rule obtained from GA experts' knowledge and 
experience. This approach showed good results 
on tested instances. Short CPU times and high-
quality solutions indicate that the proposed 
method is more suitable for solving the MMDP 
than the classical GA. 

There are several directions for the future 
work. Encouraged by promising improvement in 
GA's performance, proposed method should be 
tested on some similar large-scale equity location 
problems (with adequate modification in the 
implementation). Also, this approach should be 
tested for the other parameters of GA algorithm, 
such as population size, crossover rate, etc. 
Furthermore, this approach could be improved in 
various ways, such as adding more fuzzy rules 
and striving to find more suitable membership 
function. Introduced fuzzy rule was implemented 
just for mutation rate parameter, but this 
approach could be adapted for the other GA 
parameters. Moreover, it would be interesting for 
the future work to try the efficiency of the 
proposed FGA method with the rules acquired 
with the adequate learning technique.  

 
 
 

 

Figure 2: Comparison of execution time in seconds (T(s) - ordinate) spent for solving "Glover" instances,  
which names are presented (abscissa).  
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