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Variable Neighborhood Search Based Heuristics for the
Hard Capacitated k-facility Location Problem
Mišković, Stefan and Stanimirović, Zorica

can be broadly categorized as continuous, discrete,
and network facility location problems. For each of
the categories, some metric is introduced in order
to calculate distances. According to objective type,
facility location models may be divided in center,
median and coverage models. Median type models locate the service providers at some positions
of the given set and allocate customers to located
providers, in order to minimize the average or total
travel time in a service network. Differently from
median models, the objective of models with center objective type is to minimize the worst-case, i.e.
the most expensive service delivery in the sense of
money or time. Coverage models deal with the location of service providers such that an adequate
coverage is provided to customers. In these models, it is required that there is at least one service
that can satisfy a customer’s demand in a position
within a given maximum distance. In case when no
capacity restrictions on facilities and facility-client
links are imposed, uncapacitated facility models
are defined, otherwise capacitated models are obtained. The allocation strategy is another important issue of the FLPs, especially in the cases when
capacity constraints are involved. In single allocation FLPs, each customer is assigned to only one
opened facility. In cases that clients can be supplied from more than one opened facilities, multiple
allocation FLPs are defined. Single-stage FLPs focus on distribution systems covering only one stage
of distribution process, while in multi-stage models a network flow comprising several hierarchical
stages is considered. The goal of static FLPs is to
optimize system performance for a single (representative) time period, while dynamic FLPs reflect
varying the input data (demand, capacities, costs
or flow amount) over time within a given planning
horizon. For a detailed classical and advanced classification of facility location models we refer to [4],
[14], and [33].
One of the earliest facility location problems is the uncapacitated facility location problem (UFLP), introduced by Krarup and Pruzan
in [25]. Given the set of clients with certain demands assigned and the set of potential facility
locations, the goal of the UFLP is to choose lo-

Abstract: This paper deals with the hard capacitated k-facility location problem (CKFLP), which represents a generalization of the well-known capacitated facility location problem. We consider a given set of clients
with certain demands, a set of potential facilities with
assigned capacities and opening costs, and a positive integer k. The goal of the CKFLP is to open at most k
facilities and to allocate clients to opened facilities, such
that the sum of service and opening costs is minimized.
The hard variant of CKFLP is considered, meaning that
at most one facility can be opened at any location. We
have designed an efficient Variable Neighborhood Search
based heuristic (VNS) for solving the considered problem, especially in the case of large and large-scale problem dimension. Conducted computational study shows
that the proposed VNS-based method quickly reaches
all known optimal solutions in significantly shorter running times compared to commercial CPLEX 12.1 solver,
and also provides solutions on challenging problem instances that remained out of reach for CPLEX 12.1. The
obtained results indicate the potential of the VNS-based
approach when solving hard CKFLP and similar capacitated location problems, especially in the case of large
problem dimensions.
Index terms: Capacitated facility location, Variable
neighborhood search, Network design.

1. Introduction
The research on facility location problems
(FLPs) has developed significantly over the past
two decades, considering the number of published
papers and covered topics. The problem of locating
facilities and allocating customers to them is the
core topic in distribution system design, which is a
strategic issue for almost every company. Application areas of FLPs include: the design and utilization of transportation and telecommunication networks, placement of public facilities (schools, hospitals, fire stations, sport centers, etc), choosing location of warehouses, stores in the chain of a trading
company, bank offices, etc. Newer applications of
FLPs are database location in computer networks,
vendor selection, location of accounts, etc. A recent
review of applications of facility location problems
can be found in [4].
In respect to the shape or topography of the
set of potential facilities, facility location problems
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cations of facilities, in order to minimize the cost
of satisfying clients’ demand. In general, the objective of UFLP involves both fixed costs for locating the facilities and transportation costs for
distributing the commodities between the facilities and the clients. The UFLP showed to be an
economic problem of great practical importance.
From the early works of Krarup and Pruzan [25]
and Cornuéjols et al. [11], many variants and generalizations of the UFLP were proposed: k–median
facility location problem, in which at most k facilities can be opened and no opening costs are
assumed; k-facility location problem, which represents a generalization of k-median FLP with fixed
opening costs involved; single-sink (single-client)
facility location problem; hard k-facility location
problem where at most one facility per location can
be opened, which is opposite to the soft k-facility
location problem that allows opening multiple facilities at single location, etc. Capacity restrictions
are usually imposed on potential facility locations
or on transportation links facility-client, which results in capacitated variants of these problems [14],
[24].
In this study, we consider hard capacitated
k-facility location problem (CKFLP), which was
much less studied in the literature compared
to other facility location problems. The problem
showed to be very difficult to solve due to the
presence of two kinds of hard constraints: limited number of locations to be opened (cardinality constraint) and the upper limit on the suppliers’ capabilities (capacity constraints). This results in the fact that the LP methods (such as LProunding and primal-dual techniques used to solve
k-median problem and capacitated FLP) can not
be directly applied to hard capacitated k–facility
location problem. Note that CKFLP represents a
generalization of the capacitated FLP in which k
is equal to the number of potential facility locations. Approximation algorithms for CKFLP with
both uniform and nonuniform capacities use local
search techniques in order to reduce integrality gap
[2], [5], while Combinatorial [1] and LP-rounding
[26] algorithms are applied case of uniform opening costs. Recent study by Aardal et al. [1] proposes the first fully polynomial time approximation
scheme for the single-client capacitated k-facility
location problem. The authors showed that the capacitated k-facility location problem with uniform
capacities is solvable in polynomial time if the number of clients is fixed. They also extended the obtained results for special cases to design an improved approximation algorithm for hard capacitated k-facility location problem [1].

The hard CKFLP and related problems have
wide area of applications in transportation, telecommunication networks, but also in clustering,
data mining, logistic, etc. Since real-life applications usually involve large number of clients and
potential facility locations, exact or approximation
algorithms can not provide solutions to these problems in timely manner, or can not provide solutions at all due to memory limits of computing
platforms. Therefore, a significant number of metaheuristic methods have been proposed in the literature for different capacitated facility location problems: Lagrangian relaxation heuristic [23], local
search [27], tabu search [13], [15], reactive GRASP
heuristic [13], clustering search heuristic [8], genetic algorithm [10], hybrid firefly–genetic algorithm [32], scatter search [9], hybrid scatter search
and path relinking, [12], kernel search heuristic
[17], [18], variable neighborhood search heuristic
[3], [16], [31], etc.
Inspired by previous successful applications of
variable neighborhood search heuristics and its extensions to various facility location problems [21],
we have designed a VNS-based heuristic for solving
hard CKFLP. The variant of VNS heuristic proposed for the considered problem may be classified
as a Basic Variable Neighborhood Search. The performance of the proposed VNS heuristics has been
assessed on the benchmark instances from the literature. The results of the VNS-based method are
compared with the optimal solutions obtained by
commercial CPLEX solver, version 12.1. According
to the classification of scientific contributions suggested by [7], the research conducted in this study
can be classified as evolutionary innovation. More
precisely, it falls in the class Specialization introduced in [7].
The remainder of paper is organized as follows. In Section 2, we present a mathematical formulation of CKFLP. The proposed VNS-based algorithm for solving the considered problem is described in Section 3. In Section 4, we present and
analyze computational results obtained on CKFLP
problem instances. Section 5 provides summary of
results and indicates some possibilities for future
work.
2. Mathematical Formulation
We start from the given set of clients D, and
the set of potential facility locations F . Opening facility at location i ∈ F assumes certain fixed costs
fi . Each client j ∈ D has a demand dj to be served,
representing the number of units of flow (products,
goods) that need to be delivered to it. Transportation of one unit of flow from a facility i ∈ F to a
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client j ∈ D assumes certain service costs cij , that
are usually proportional to the distance between
locations i and j. Each facility location i ∈ F is
assigned capacity si when serving clients. The decision maker is allowed to open at most k facilities
on the locations from the set F . The goal is to
choose locations for opening facilities and to allocate clients to opened facilities, such that clients’
demands and capacity constraints of facilities are
satisfied, while minimizing the the sum of transportation and facility location costs. In this study,
hard capacities are imposed [1], meaning that at
each location j ∈ F at most one facility can be established. This is opposite to soft capacities that
allow that multiple facilities can be opened at each
potential facility location j ∈ F , see [28], [34]. In
addition, multiple allocation scheme is assumed in
the CKFLP model, meaning that each client can be
provided with necessary products from more than
one previously opened facilities.
In order to present mathematical formulation
of CKFLP, we introduce two sets of decision variables: binary variables

1, if facility is opened at location i,
yi =
0, otherwise,

constraints (3) impose capacity limits on each facility location. By constraint (4), we ensure that
the number of opened facilities is at most k. Constraints (5) reflect the binary nature of decision
variables yi , while constraints (6) denote that decision variables xij take non-negative values.
In the case that no fixed costs for establishing facilities are assumed (fi = 0 for all i ∈ F ), the
considered CKFL reduces to the well-known capacitated k–facility median problem. This problem is
NP-hard as a generalization of the NP-hard uncapacitated k–facility median problem (si = +∞ for
all i ∈ F ), see [25]. Therefore, CKFP studied in this
paper is also NP-hard combinatorial optimization
problem.
3. Proposed VNS-based Method for
Solving Hard CKFLP
Variable neighborhood search (VNS) is a metaheuristic proposed by Mladenovic and Hansen in
1997 [30] based on the the idea of systematic
change of neighborhood within the search. VNS
metaheuristic uses three simple facts: (i) a local minima for one neighborhood is not necessarily a local minima within another neighborhood;
(ii) global optima is a local optima for all possible neighborhood structures, and (iii) local minima within one or more neighborhoods are usually close to each other. In general, these facts may
be exploited in three different ways: deterministic,
stochastic and both deterministic and stochastic,
see [30].
Variable neighborhood descent (VND) is a deterministic version of VNS, which uses successive neighborhoods in descent to a local optimum.
Reduced variable neighborhood search (RVNS)
method successively selects random points from
the given set of neighborhoods, without being followed by descent step. The basic variant of Variable neighborhood search (Basic VNS) successively
applies a shaking procedure that is used to hopefully resolve local minima traps, and local search
that is applied to improve a solution. Both shaking
and local search procedures are applied together
with the neighborhood change step. The iterative
process of the Basic VNS is finished when a stopping condition is met (maximum number of iterations, maximum CPU time allowed, maximum
number of iterations without improvement, etc).
Other variants of VNS heuristic have also been
proposed in the literature, such as General VNS
(GVNS), Variable neighborhood descent (VND),
sequential VND, nested VND, cyclic VND, etc. For
an overview of VNS-based heuristics and applica-

for every i ∈ F , and non-negative variables xij ≥ 0
that represents the amount of flow (the number of
units of products) that client j ∈ D receives from
facility i ∈ F .
Using the notation mentioned above, the mixed
integer linear programming (MILP) formulation of
the CKFLP may be written as in [1]:
min

XX

cij xij +

i∈F j∈D

X

fi yi

(1)

i∈F

subject to
X

xij = dj , for every j ∈ D

(2)

xij ≤ si yi , for every i ∈ F

(3)

i∈F

X
j∈D

X

yi ≤ k

(4)

i∈D

xij ≥ 0, for every i ∈ F, j ∈ D

(5)

yi ∈ {0, 1}, for every i ∈ F

(6)

By objective function (1), we minimize the sum
of transportation costs in the network and and
fixed costs of opening facilities. Constraints (2) ensure that demand of each client is satisfied, while
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tions to various combinatorial and global optimization problems we refer to [20] and [21].
In this study, we propose a Basic VNS heuristic for solving hard CKFLP problem. The main
structure of Basic VNS applied to considered problem is presented in Algorithm 1. The algorithm
starts with an initialization phase in which neighborhood structures Uk are chosen and initial solution Sinit is generated. Our Basic VNS heuristics
involves two parameters that need to be set in the
initialization part. The first parameter, denoted as
repmax , represents the maximum number of VNS
iterations without improvements of the best solution, and it is actually used as stopping criterion.
The second parameter, named kmax , denotes the
maximum number of neighborhoods, which is at
the same time the maximum number of iterations
in shaking and local search parts. After generating
initial solution, Basic VNS successively uses shaking and local search procedures to find improvements of the current best solution S. Both shaking and local search procedures are applied within
the change of neighborhoods Uk , k = 1, 2, . . . , kmax .
The algorithm stops when no improvement of the
best solution is obtained within rmax iterations.
Algorithm 1. Structure of the proposed Basic
VNS heuristics
Define the neighborhood structures Uk , k =
1, 2, . . . , kmax ;
Set parameter values kmax and rmax ;
Generate initial solution Sinit ;
S ← initial solution Sinit ;
while S is not improved within rmax iterations
do
k ← 1;
while k ≤ kmax do
S 0 ← Shake (S, k);
S 00 ← Local search(S, k);
if S 00 is better than S then
S ← S 00 ;
k ← 1;
else
k ← k + 1;
end if
end while
end while
In the following subsections we give detailed
description of the proposed Basic VNS heuristics.
We start by explaining the solution representation
and the way an initial solution for the CKFLP is
generated. We further provide the description of
neighborhood structures and explain the way of
calculating objective function of solutions during
the VNS run. Finally, Shaking and Local search

procedures are described in more details.
3.1 Solution Representation
Regarding the nature of the considered CKFLP, a potential solution is encoded as binary
string of length |F |. Each bit in the code corresponds to one potential location for establishing a
facility. If the bit on the i-th position in a solution’s
code takes the value of 1, it means that a facility is
opened at node i. If not, the bit on the i-th position is equal to 0. A solution is denoted as feasible
if the total number of bits with the value of 1 is
greater than 0 and not greater than k.
An initial solution Sinit for the VNS phase is
randomly generated and corrected to be feasible, if
necessary. More precisely, if the number of bits with
the value of 1 in Sinit is l, where l > k, we randomly
choose l −k bits with the value of 1 and invert them
to 0. If all bits in the code of Sinit are equal to 0,
we randomly choose k bits and set their values to
1. Neighborhood structures used within VNS, and
applied Shaking and Local Search procedures are
designed in such a way that infeasible solutions do
not appear during the VNS run.
3.2 Neighborhood Structures
In our study, we use three types of neighborhoods, based on facility swap and opening and closing facility. Neighborhood structures are defined as
follows:
1. Neighborhood U1 (S) consists of all solutions S 0
that are obtained by performing a facility swap in
the solution S. It means that one facility in the
solution S is opened, while another one is closed.
The code of a neighbor S 0 ∈ U1 (S) is obtained by
swapping two bits with different values in the code
of solution S. Note that all solutions S 0 ∈ U1 (S)
are feasible.
2. Neighborhood U2 (x) consists of all solutions S 0
obtained by closing one facility in solution S. The
code of a neighbour S 0 ∈ U1 (S) is obtained by bit
inversion from 1 to 0. If an infeasible solution S 0 is
obtained (with no established facilities), it is corrected to be feasible.
3. Neighborhood U3 (x) consists of all solutions S 0
obtained by opening one facility in solution S. The
code of a neighbour S 0 ∈ U1 (S) is obtained by bit
inversion from 0 to 1. If an infeasible solution S 0
is obtained (with number of established facilities
grater than k), it is corrected to be feasible.
3.3 Objective Function Calculation
In order to calculate objective function value
of the solution S, we first obtain the indices of locations of established facilities from the solution’s
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code. Let G = {i ∈ F : yi = 1} denote the set of
indices of locations with opened facilities. We further calculate
P the sum of capacities of all opened
facilities i∈G si . In the case that inequality
X
j∈D

dj >

X

si

algorithm involves frequent evaluation of solutions
generated during the algorithm’s run, a caching
technique was applied, which provided significant
time-savings [19].
Algorithm 2. Objective function calculation
From the code of solution S obtain the set of
opened facilities G;
for i ∈ G do
sumc ← sumc + si ;
end for
sumc ← 0
for j ∈ D do
sumd ← sumd + dj ;
end for
if sumd > sums then
obj(S) ← +∞;
else
S ∗ ← Solve the subproblem with fixed set G;
Calculate the objective obj ∗ of the subproblem
for S ∗ ;
obj(S) ← obj ∗ ;
for i ∈ G do
if there exists j ∈ D such that xij > 0 then
obj(S) ← obj(S) + fi ;
else
Set the value of the i-th bit in the code of
solution S to 0;
end if
end for
end if
return obj(S)

(7)

i∈G

holds, the set of opened facilities can not satisfy
users’ demands, and therefore the objective value of
this solution is set to +∞. Otherwise, we consider
the subproblem obtained from the initial problem
(1) – (6) when the set of opened facilities is fixed.
It means that the values of all variables yi , i ∈ F
are known: yi = 1, for all i ∈ G, and yi = 0, for
all i ∈ F \ G. In addition, since the set of opened
facilities is known, the sum of fixed costs is omitted from the objective function of the subproblem.
More precisely, the obtained subproblem is as follows:
min

XX

cij xij

(8)

i∈G j∈D

subject to
X

xij = dj ∀j ∈ D

(9)

i∈G

X

xij ≤ si ∀i ∈ G

(10)

j∈D

xij ≥ 0 ∀i ∈ G ∀j ∈ D.

(11)

The obtained subproblem (8)–(11) is solved to
optimality by using CPLEX 12.1 solver. Let obj ∗
be the objective value (8) of the optimal solution
S ∗ of the subproblem (8)–(11). In order to obtain
objective value obj(S) for the initial problem (1)–
(6), we perform the following steps. We first set
obj(S) to obj ∗ . Then, for each i ∈ G we search for
all indices j ∈ D such that xij > 0 in the optimal
solution S ∗ of the subproblem, i.e., we identify all
clients j ∈ D that are served by an opened facility j ∈ G in solution S ∗ . The value obj(S) is then
updated as
obj(S) = obj(S) +

X

fi .

3.4 Shaking and Local Search Procedures
In order to hopefully resolve local optima
traps, the Basic VNS uses the shaking procedure
presented in Algorithm 3. At the input, the used
Shaking procedure requires a solution S and the
value of parameter k (neighborhood type). At each
iteration of the Shaking procedure, solution S is replaced by a randomly chosen solution S 0 from the
neighborhood Uk (S), k = 1, 2, . . . , kmax . The solution S 0 obtained in the k–th iteration is returned
as the output of our shaking procedure and it is
used as input of the Local search part.
Algorithm 3. Shaking procedure
Shake (S, k)
for i = 1 to k do
Select S 0 from Uk (S) at random;
return S 0
end for
The Local search procedure used within Basic VNS is a simple local search based on exploration of the neighborhood Uk (S 0 ) of the solution S 0 . The procedure systematically explores the
neighborhood Uk (S 0 ) until the first improvement

(12)

{i∈G:(∃j∈D) xij >0}

Since it may happen that there are some opened
facilities i ∈ G that have no clients assigned, in this
case it is necessary to update the code of solution S
by inverting the bits i ∈ G that correspond to unused facilities from 1 to 0. The steps of calculating
objective function value is presented in Algorithm
2. Having in mind that the proposed VNS-based
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varied the value of parameter k representing the
maximum number of facilities to be located.
Column headings in Tables 1–3 represent:

is found and returns the obtained improved solution. The use of first improvement strategy instead
of searching for the best improvement in the current neighborhood provided significant time savings, while the quality obtained VNS solutions was
preserved. The pseudocode of local search procedure is presented in Algorithm 4. Shaking and Local search procedures are iteratively applied together with neighborhood change step until maximum number of iterations without improvement
rmax = 500 is reached. In this VNS implementation, the value of parameter kmax is set to 3.
Algorithm 4. Local search procedure
Local search (S 0 , k)
S 00 ← S 0 ;
for each S from Uk (S 0 ) do
calculate obj(S);
if obj(S) < obj(S 00 ) then
S 00 ← S;
end if
end for
return S 00

• Instance’s name;
• The value of parameter k;
• Optimal solution – Opt.sol. obtained by
CPLEX 12.1 solver;
• CPLEX 12.1 running time – tCPLEX (in
seconds);
• The best solution V N Sbest reached by the
proposed VNS-based method, with mark
opt in cases when it coincides with the
optimal solution obtained by CPLEX 12.1
solver;
• Running time in which VNS-based method
reached V N Sbest solution – tVNS (in
seconds).
Since the M ∗ instances used in our experiments are out of reach for exact CPLEX 12.1
solver, the columns related to the results of CPLEX
12.1 are omitted from Table 3.
From the results presented in Tables 1–2, we
can see that the proposed VNS method was able to
reach all optimal solutions on all instances that are
previously obtained by CPLEX 12.1. For smallersize instances cap101 and cap131, CPLEX 12.1
produced optimal solutions quickly, as well as the
VNS method, which was around two times faster
compared to CPLEX 12.1. For large-size instances,
CPLEX 12.1 also provided optimal solutions in all
cases. In average, CPLEX 12.1 needed 123.480 seconds to solve capa, capb and capc instances to optimality. The VNS was successful in reaching optimal solutions for all large-size instances in significantly shorter running times compared to CPLEX
12.1. The average running time of VNS method
on capa, capb and capc instances was 17.866 seconds, which is around 7 times faster compared to
CPLEX 12.1 solver. The considered M ∗ instances
of large dimensions could not be solved to optimality by CPLEX 12.1, due to memory or time limit
of 1 hour. On the other side, the proposed VNS
method quickly found solutions on these challenging instances. As it can be seen from Table 3, the
average CPU time of the VNS was 482.6, which is
reasonably short, having in mind problem dimension and its complexity.
The presented experimental results show that
the proposed VNS is a promising solution approach
for hard CKFLP, and it would be interesting to
combine VNS with other metaheuristic methods.
This will be one of directions of future work on
this problem.

4. Computational Results
In this section, we present results and analysis of our computational experiments. We have
conducted our experiments on the set of ORLIB
[6] instances cap101, cap131, capa, capb and capc,
which are used in the literature for similar variants of capacitated facility location problems. For
each considered instance, different limits on the
number of facilities to be located are imposed. We
have also tested the proposed algorithm on M ∗ instances from the literature, which have been used
for multi-level facility location problems [29]. Having in mind the characteristics of the considered
CKFLP, we have chosen only M ∗ instances with
single level in our experiments. All tests were conducted on an Intel Core i5-2430M with 2.4 GHz
and 8GB RAM memory. We have used commercial CPLEX solver, version 12.1, in order to find
optimal solutions on the considered test instances.
In Table 1, we present the results of the
CPLEX 12.1 solver and proposed VNS-based method
obtained on smaller-size instance cap101 with 25
clients and 50 potential locations of facilities, and
cap131 instance containing 50 clients and 50 potential facility locations. Table 2 contains results
on large-size capa, capb, and capc instances that
involve 100 clients and 1000 potential facility locations. In Table 3, we present computational results
on two single-level M ∗ instances with 500 and 1000
locations of clients and 500 and 1000 potential facility locations. For each tested instance, we have
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Table 1. Experimental results on smaller size cap101 and cap131 instances
Instance
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap101
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
cap131
Average

k
1
2
3
4
5
7
9
11
13
15
17
19
21
23
25
1
2
3
4
5
6
10
15
20
25
30
35
40
45
50

Opt.sol. · 109
5.6700
3.8832
3.2368
3.1617
3.1018
3.0103
2.9652
2.9289
2.9057
2.8891
2.8782
2.8709
2.8653
2.8619
2.8603
5.6700
3.8832
3.2368
3.1617
3.1018
3.0466
2.9446
2.8871
2.8676
2.8586
2.8545
2.8521
2.8509
2.8503
2.8503
3.2002

tCPLEX [ms]
16
89
47
53
52
47
50
39
35
28
27
23
19
20
10
30
285
135
232
192
176
211
101
68
46
43
35
34
35
25
73

V N Sbest
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt

tVNS [ms]
17
21
36
15
82
23
69
20
52
17
36
66
30
24
74
34
81
70
57
23
83
47
71
43
56
37
38
21
35
20
37

stances from the literature that are used for similar capacitated facility problems, and different limits on the number of opened facilities are imposed.
The results of the computational experiments show
that the proposed VNS-based heuristic converges
steadily to its best solutions that coincide with optimal ones obtained by CPLEX 12.1 solver. Short
VNS running times, which are several times shorter
compared to CPLEX 12.1 solver, indicate the efficiency of the proposed heuristic approach. In addition, VNS quickly provided solutions on challenging single-level M ∗ instances that could not be
solved to optimality by CPLEX 12.1.
The presented computational analysis clearly
indicates the potential of the VNS approach when
solving hard CKFLP, especially in the case of large
problem dimensions. Future work will include solving large-scale problem instances by the proposed
VNS approach, its hybridization with other heuristic or exact methods, or parallelization.

5. Conclusions
This study considers a variant of capacitated
facility problem, denoted as hard capacitated k–
facility location problem in the literature. This
problem has wide area of applications, including
the design of telecommunication and computer networks, logistic, location of public facilities, warehouses, bank and insurance company offices, etc.
A heuristic algorithm based on Variable neighborhood search is designed to solve problem instances in an efficient manner, especially the ones
with large number of clients and potential facility locations. The proposed algorithm follows the
structure of Basic Variable Neighborhood search,
and consists of successive application of Shaking
and Local search procedures within neighborhood
change step. Three neighborhood structures are
used within the proposed VNS, and an efficient
objective function calculation is implemented. The
VNS-based method is benchmarked on ORLIB in-
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Table 2. Experimental results on larger-size capa, capb and capc instances
Instance
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capa
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capb
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
capc
Average

k
100
75
60
50
45
40
35
30
25
20
19
18
17
16
15
100
75
60
50
45
40
35
30
25
20
19
18
17
16
15
100
75
60
50
45
40
35
30
25
20
19
18
17
16
15

Opt.sol · 108
3.1458
3.1458
3.1458
3.1458
3.1458
3.1544
3.2005
3.2924
3.4292
3.6721
3.7331
3.8086
3.8966
3.9918
4.0922
2.5248
2.5248
2.5248
2.5523
2.5920
2.6594
2.7733
2.9183
3.1273
3.4328
3.5125
3.6047
3.6995
3.8149
3.9360
2.2727
2.2728
2.2891
2.3530
2.4067
2.4838
2.6099
2.7777
3.0034
3.3082
3.3963
3.4931
3.5927
3.6941
3.8030
3.1545

tCPLEX [s]
8.7
6.8
6.7
6.6
6.7
10.0
19.2
26.9
34.9
180.9
196.0
262.3
305.0
362.9
294.0
2.5
3.2
3.1
6.2
7.4
9.7
18.1
15.1
35.7
186.2
227.1
228.8
286.4
297.3
307.4
2.6
3.5
5.0
7.1
8.2
11.6
20.3
36.8
43.0
199.4
309.9
385.4
370.5
415.4
376.1
123.5
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V N Sbest
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt

tVNS [s]
16.2
19.1
13.7
17.0
23.6
24.6
25.4
13.2
15.2
8.9
21.8
14.3
17.0
14.2
16.2
23.2
23.7
11.8
19.2
18.6
14.9
21.1
15.9
19.5
28.2
22.9
24.0
15.8
25.5
6.1
14.6
20.6
8.3
23.5
22.4
25.2
17.5
15.5
13.0
18.4
15.8
8.4
8.9
26.3
14.7
17.9

Table 3. Experimental results for M∗ instances
Instance
M500
M500
M500
M500
M500
M500
M500
M1000
M1000
M1000
M1000
M1000
M1000
M1000
M1000
M1000
M1000
M1000
Average

k
150
175
200
225
250
275
300
300
325
350
375
400
425
450
475
500
525
550
347

V N Sbest
41883.961
45706.880
48105.176
49612.358
52055.013
55231.731
55970.835
189290.223
205413.993
213850.796
223832.970
238124.885
245217.817
252169.252
254505.193
270793.170
271241.534
280993.583
166333.298

tVNS [s]
283.7
179.2
255.8
278.7
306.7
269.2
276.4
609.8
518.6
524.5
727.8
536.6
641.7
744.6
851.4
456.5
661.2
563.5
482.6
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Metaheuristic Approaches for Solving Facility
Location and Scale Decision Problem with
Customer Preference
Jordanski, Milos

Abstract: The facility location problem is a well-known
combinatorial optimization problem, in which the goal
is to determine locations of the facilities and allocate
customers to these facilities in order to maximize the
total service or to minimize total cost. In a classic covering
location problem, the customers are assumed to be covered
if they are located within the critical distance around the
nearest facility and the aim is to maximize the overall
demand of covered customers. In this paper, we address
facility location and scale decision problem with customer
preference that aims to optimize the location and scale of
facilities considering the minimum number of customers
required to open the facility and customer preference. We
propose particle swarm optimization, simulated annealing
and iterated local search metaheuristics for solving this
problem. The experimental results show that the proposed
algorithms reach acceptable performances in a reasonable
computation time.

facility hierarchy, eligible to provide that service, is located
within an appropriate distance. Drezner [8] introduced the
model where locations are decided in consideration of the
facility utility level, i.e. customers patronize the facility with
the highest utility value, rather than the closest facility. The
facility location model with a profit-maximizing objective
was proposed by Zhang [9], in which the facility can
be installed in the competition environment of product
reservation and proper product price.
This paper addresses, the Facility Location and Scale
Decision Problem with customer preference (FLSDP) introduced by Jung Lee and Young Lee [10] as well as
metaheuristics for solving this problem. FLSDP represents
an extension of MCLP by introducing the minimal number
of customers required (MCR) to open a new facility and
customer preference as two factors for the location decision of the service facility. Both the scale and location
of the facility are determined in order to maximize the
overall profit. Furthermore, Particle Swarm Optimization,
Simulated Annealing and Iterated Local Search for solving
FLSDP have been developed.
In [11], authors classified scientific innovations in two
basic categories: revolutionary, for paradigm-shifting breakthroughs, and evolutionary, for non-paradigm-shifting improvements of existing solutions. Furthermore, evolutionary
category includes 10 different classes of ideas (methods
for generating ideas). According to this, the approach
presented in this paper belongs to specialization method,
since we started from a well-established general approach
and derived it for a specific domain.
The remainder of the paper is organized as follows. In
Section 2, the mathematical formulation of the problem
is presented. Particle Swarm Optimization algorithm is
suggested and described for solving FLSDP in Section
3. In Section 4 Simulated Annealing metaheuristic has
been described and its implementation has been suggested.
Iterated Local Search algorithm for solving FLSDP
is presented in Section 5. In section 6, the evaluation
procedure for testing performances of the proposed methods
is described. The results of computational experiments are
analyzed and discussed in Section 7. Finally, conclusions
are described in Section 8.

Index terms: Customer restriction, Covering location problem, Heuristics, Iterated Local Search, Particle
Swarm Optimization, Simulated Annealing
1.

INTRODUCTION

The classical facility location problem is one of the most
important models in combinatorial optimization, the aim
of which is to determine the number and locations of the
facilities and allocate customers to these facilities in such
a way that the total cost is minimized or total service is
maximized. This problem has been applied in the location
decisions of customer services, transportation network and
computer networks. Various types of facility location problems have been formulated so far, and Brandeau and Chiu
[1] presented a survey of over 50 representative problems
in location research.
In 1974, Church and ReVelle [2] introduced the Maximal
Covering Location Problem (MCLP), where the aim was to
locate a fixed number of facilities to maximize the overall
demand of covered customers. Customers are considered
to be covered, or served, by the facility, if they are located
within a specified distance of the nearest facility. The MCLP
problem along with its extensions have been applied both
in public and private sectors [3], [4], [5], [6].
The hierarchical service location problem in the health
care area extends MCLP with introducing a hierarchy of
facilities and services [7]. Customers are assumed to be
covered by a given level of service if some member of the

2.

MODEL FORMULATION

The FLSDP model takes into account two factors into
the location decision of the service facility: MCR as a
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service provider constraint for the minimal requirement
of profit and customers preference as a service recipient
consideration. In addition, the locations of the facilities
and their scales have to be determined, where the service
types of the facility depend on the scale (level) of the
facility. Hence, the facility scale and the types of services
are determined in FLSDP. For example, a first level facility
may ensure service 1, while a second level facility may
provide services 1 and 2. The FLSDP model is formulated
by Jung Lee and Young Lee [10] as:
M aximize :

I X
J X
K
X

pij djk xijk

Variables:
xijk

yis =

(1)

Subject to:
djk xijk 6

j=1

S
X

tisk yis

∀i, k

(2)

s=k

xijk 6 aij
I
X

∀i, j, k

(3)

∀j, k

(4)

xijk 6 1

i=1

M CRs yis 6

J X
s
X

pij djk aij

∀i, s

(5)
3.

j=1 k=1
I X
S
X

bis yis 6 V

3.1.

(6)

i=1 s=1
S
X

yis 6 1

∀i

(7)

∀i, s

(8)

xijk ∈ {0, 1}

∀i, j, k

(9)

PARTICLE SWARM OPTIMIZATION FOR SOLVING
FLSDP
Particle Swarm Optimization

Particle Swarm Optimization (PSO) is a stochastic population based optimization technique proposed by Kennedy
and Eberhart in 1995 [12]. It is nature-inspired swarm
intelligence optimization algorithm which uses a swarm
of particles moving around in a multidimensional search
space looking for the best solution. Potential solutions are
represented by particles and are guided to fly in the solution
space according to their dynamically tuned velocities. Each
particle in a swarm keeps track of the current solution in
a search space (xi ), best solution achieved by that particle
so far (pi ), best solution in its neighborhood (pg ) as well
as current velocity (vi ). PSO algorithm guides its particles
towards its best location achieved so far pi and the best
location in a neighborhood pg , with a random wighted
acceleration at each direction. In order to control the size
of the next step, the value of velocity is confined, i.e. vi ∈
[vmin , vmax ], where vmin and vmax are adaptive parameters
of algorithm. The quality of a solution is estimated using
fitness function, which may represent the objective function
to be optimized or some approximation of the objective
function. The velocity and position vector is updated by
the following equations:

s=1

yis ∈ {0, 1}

1, if a facility of scale s is opened at site i
0, otherwise

This model aims to maximize the objective function
(1), i.e. the number of customers served by the facility
multiplied by the preference index. Each facility location
has its capacity, and the constraint (2) allows service
allocation only if the facility capacity is not exceeded.
Constraint (3) states that customers can be served only if
they are located with the appropriate distance of the facility.
Constraint (4) ensures that a customer can be served by,
at most, one of the facilities, while constraint (5) states
that there is the minimum number of potential customers
required for establishing a new facility. Constraint (6)
imposes that the total budget for establishing facility
locations can not be exceeded, whereas constraint (7)
states that only one facility can be opened on each site.
Constraints (8) and (9) states that xijk and yis are binary
variables.

i=1 j=1 k=1

J
X


1, if a costumer in node j is served with
=
service k in a facility located at site i

0,
otherwise
(

where:
Indices:
i: index of potential facility site, i=1, ..., I
j: index of customer node, j=1, ..., J
k: index of type of service, k=1, ..., K
s: index of facility scale, s=1, ..., S
Data:
djk : the number of customers requesting service k in
customer node j
pij : the preference of customer node j for the potential
facility site i
tisk : the capacity of service k in the facility site i of
scale s
bis : the price for opening a new facility at site i of scale
s
V: the available budget for opening facilities
M CRs : the minimum number of potential customers
needed for opening new facilities of scale s

1, if the customer node j is cover by a facility
aij =
opened at site i

0, othervise

vit+1 = W t ∗vit +c1 ∗r1 ∗(pti −xti )+c2 ∗r2 ∗(ptg −xti ) (10)
xt+1
= xti + vit+1
i

(11)

where xti and vit are position and velocity of particle at
time step t, W t is inertia weight, c1 and c2 are cognitive
and social acceleration constants, respectively, r1 and r2 are
random uniformly generated values from the range [0, 1], pti
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is the best solution of i-th particle achieved so far at time
step t, and ptg is the best solution in the neighborhood of
i-th particle at time step t. Each particle tries to modify
its position using the information such as current position
xti , current velocity vit , the respective distance between the
current position and pti , and the distance between the current
position and the ptg . There are various ways for updating
inertia weight W t , and one of the most common is:

fitness function.
4.
4.1.

Wmax − (Wmax − Wmin ) ∗ t
, t = 1, ..., tmax
tmax
(12)
where tmax is the maximum number of iterations.
The algorithm starts with a set of randomly generated
initial solutions and velocities and iterates repeatedly until the satisfaction of some terminating criteria, which is
problem-dependent.
Proposed PSO for Solving FLSDP

The proposed algorithm uses a simple code structure.
Since unknown variables are binary ones, the current position of a particle xi is a binary array of length I ∗ S,
which represents the binary variables yis . Fitness function
represents an approximation of the objective function and
estimates the quality of the solution. Calculating the fitness
function based on opened facility locations yis is consisted
of three steps:
• For each customer node j an array of potential
(opened) facility locations is sorted in descending order according to their preference. The facility location
i is a potential one for customer node j if the distance
between them is less than r and if the facility location
i is capable to serve customer node j
• Each customer node is assigned to the available opened
facility location, the first in the previously sorted array.
• Adding the profitability (the preference of the customer
node j for the facility i multiplied by the number of
customers requesting for a service in customer node
j) to the fitness function.
Since a solution in a search space is a binary array,
Sigmoid function Sigmoid(v) : [vmin , vmax ] → (0, 1)
is used to normalize the velocity of the particle [13]:
1
Sigmoid(v) =
1 + e−v

Simulated annealing

Simulated Annealing (SA) algorithm was first introduced
in 1953 by Metropolis et al. [15] and was later developed
in 1983 by Kirkpatric et al. [16] who noticed that there
was analogy between Metropolis problem and possible
configurations in an optimization problem.
Inspired from the annealing process of metallurgy, SA
simulates controlled cooling of materials. The SA algorithm
starts with an initial solution x0 and an initially high
temperature Tmax . The best solution xbest is set to the
initial solution, and the quality of a solution is estimated
using a fitness function. Each iteration at a particular
0
temperature generates a neighborhood solution xt from the
current solution xt by the local search mechanisms. Let
0
δ=f itness(xt ) − f itness(xt ) be the difference in quality
between the new neighborhood solution and the current
solution. If δ > 0 than the new neighborhood solution
is better than the current solution and the new current
0
solution becomes xt (maximization optimization problem).
Otherwise, the new neighborhood solution is accepted with
a probability exp(δ/T ) , i.e. if a randomly generated number
r ∼ U (0, 1) is less than exp(δ/T ) than xt is replaced
0
with xt . The best solution xbest is updated whenever a
new better solution is found. The temperature is reduced
step by step through a cooling schedule scheme, until it
reaches a temperature close to zero Tmin . An initial high
temperature causes algorithm to have higher probability of
selecting worse solutions in a solution neighborhood. By
reducing in each step, a chance of accepting worse solutions
is decreased. In the last stages of SA, algorithm converges
and only selects good solutions. The algorithm iterates until
some terminating criteria is satisfied. The procedure of SA
is described in Algorithm 1.
There are various ways for updating temperature [17],
such as:

Wt =

3.2.

SIMULATED ANNEALING FOR SOLVING FLSDP

(13)

t

Inertia weight W is not updated in each step of the
proposed PSO algorithm and a constant value is used. In
addition, the proposed PSO uses the following parameters,
some of which were suggested by other authors [14]:
• Number of particles: 25, 35 and 40 for first, second
and third group of instances, respectively
• Initial weight w = 0.529
• Cognitive constant c1 = 1.494
• Social constant c2 = 1.494
• Maximum velocity vmax = 10
• Minimum velocity vmin = -10
Finally, after the algorithm has found the best solution,
CPLEX solver is employed to calculate the objective
function with fixed opened facility locations, instead of

Tk+1 = Tk − const

(14)

Tk+1 = α ∗ Tk , 0 < α < 1

(15)

Tk+1 = αk ∗ Tk , 0 < α < 1

(16)

where α is a parameter of the SA algorithm.
4.2.

Proposed SA for solving FLSDP

We proposed SA which represents its solution xi in
the same way as the proposed PSO algorithm for solving
FLSDP (see Section 3.2), i.e. xi is a binary array of length
I ∗ S, which represents the binary variable yis . Fitness
function estimates the quality of a solution and is evaluated
in the same way as in Section 3.2. The neighborhood
of the current solution xi is defined as follows. Let xi
= (a1 , ...ai , ..., aI ) be the current solution, where ai is a
S−tuple of binary numbers. Then, the neighborhood of
the solution xi consists of all the solutions which can be
obtained by replacing ak with al , k, l ∈ {1, ..., I}.
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Algorithm 1 Simulated annealing

current local optimum in the next iteration. The above
process is performed repeatedly until a termination criterion
is met. The procedure of ILS is described [21] in the
Algorithm 2.

Procedure Simulated annealing
Select the initial solution x0 randomly;
Set initially high temperature Tmax > 0 and final temperature Tmin > 0;
Choose the temperature updating function, i.e. cooling
schedule;
Choose the schedule length M ;
repeat
Iteration count = 0;
repeat
0
Choose a neighborhood solution xt from the
current solution xt ;
0
if f (xt ) > f (xt ) then
0
xt = xt ;
else
Choose a random number r uniformly in the
range (0, 1);
0

Algorithm 2 Iterated Local Search
Procedure Iterated Local Search
x0 ← GenerateInitialSolution;
x∗ ← LocalSearch(x0 );
repeat
0
x ← P erturbation(x∗ , history);
0
0
x∗ ← LocalSearch(x );
0
∗
x ← AcceptanceCriterion(x∗ , x∗ , history);
until termination condition is met
End
The efficiency of the algorithm depends on the initial
solution, so the algorithm usually starts with a randomly
generated solution from the search space. Local search
procedure is application-specific and represents the most
important part of the algorithm. It finds a solution in
the current solution’s neighborhood which can be defined
in various ways. There are two different strategies for
accepting a solution from the neighborhood:
• First found better solution is accepted as a better
solution from the neighborhood
• All solutions from the neighborhood are inspected and
the best one is accepted as a better solution from the
neighborhood
With reducing of solution space around the current solution, local search can easily trap in a local optimum.
To solve this problem perturbation procedure is employed.
Perturbation step consists of a single random move from
the neighborhood of the current solution in order to obtain
an adequate degree of diversification. Acceptance criterion
determines whether the new solution is accepted or not. The
new solution is usually accepted if it is better than the old
one; otherwise, the worse solution is accepted with a certain
probability which depends on a quality of the solution.

f (x )−f (x )

if r < exp( t T t ) then
0
xt = xt ;
end if
end if
Iteration count = Iteration count + 1;
until Iteration count = M
Decrease T according to the temperature schedule;
until termination condition is satisfied
End

The proposed implementation of SA for solving FLSDP
uses the following parameters, some of which were suggested by other authors [18], [19], [20]:
• Tmax = 70 and Tmin = 10
• Cooling schedule: Tk+1 = α * Tk , α = 0.95
• Parameter schedule length M has initial value 25,
200 and 10*I in the first, second and third group of
instances, and this value is increased by I/5 at each
temperature change
As the final step of the proposed SA, CPLEX solver is
employed to calculate the objective function for the best
solution found by the proposed algorithm.
5.
5.1.

5.2.

Proposed ILS for Solving FLSDP

The solution xi in the proposed ILS has the same
representation as a solution in the proposed PSO algorithm.
Fitness function is evaluated in the same way as it is
explained in Section 3.2, while the neighborhood of the
current solution is defined likewise it is defined in Section
4.2. First found better solution from the neighborhood is
accepted as result of the local search phase.
The proposed perturbation procedure is defined as follows. First, index i ∈ {2, ..., I − 1} is randomly selected.
Next, there are two cases:
• Suppose i == 2 or i == I − 1 and the order in the
current solution is aib, where a, i, and b are S-tuples of
binary numbers, then bia is a new potential solution
(see Figures 1, 2); if bia is a correct solution, than
perturbation procedure is terminated; otherwise a new
index i is randomly selected.
• Suppose i ∈ {3, ..., I − 2} and the order in the current
solution is abicd, where a, b, i, c and d are S-tuples of

ITERATED LOCAL SEARCH FOR SOLVING FLSDP
Iterated Local Search

Iterated Local Search (ILS) is a simple, robust, effective and well-known metaheuristic based on local search
procedure which operates with a single solution. The main
idea of the heuristic is to combine an intensification stage
that finds a local optimum and a diversification stage that
randomly reconstructs part of the best solution found so far.
ILS starts with an initial solution and obtains local optimum
in its neighborhood by a local search procedure. In order to
improve the current local optimum, ILS performs the local
search procedure to a perturbed solution of the current local
optimum and finds a new local optimum. An acceptance
criterion is employed to determine either the current local
optimum or the new local optimum will become a new
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binary numbers, the replacement a with d and b with c
is attempted in order to obtain a new potential solution
(see Figure 3); if one of these replacement is correct
than perturbation procedure is terminated; otherwise a
new index i is randomly selected.

6.

The performances of the proposed algorithms for solving
FLSDP were tested on randomly generated instances, which
are publicly available (http://alas.matf.bg.ac.rs/∼mr09138/
FLSDP.zip). Since instances used by Jung Lee and Young
Lee [10] are not publicly available, we have generated
instances in the same way as they did. In order to obtain
various instances, the key parameters, such as the number
of potential facilities and customers, the coverage distances
of the facility and the MCR are varied and represented in
Table I. The number of potential facilities ranges from 5
to 70, and the number of customers ranges from 100 to
2000. There are three groups of instances depending on
the number of customer nodes. There are two levels in the
facility scale, small and large, and M CR1 and M CR2
representing the minimal number of customers required
to open small and large facility scale, respectively. The
available budget V is 1000 in all cases, and the cost of
opening small and large facilities ranges from [100, 200]
and [300, 400], respectively. The capacity of facility services
is distributed in the range of [350, 550] for small facilities
and [650, 850] for large facilities. Coordinates of potential
facility locations are generated randomly from the range
[0, 100], while the preference of a customer for the facility is
inversely proportional to the distance between the customer
node and the facility location.
The proposed algorithms for solving FLSDP were
implemented in C++ and IBM ILOG CPLEX 12.5 and
were run on Intel(R) Core(TM) 2 Duo CPU 2.00 GHz
with 4GB RAM. The time limit for running CPLEX was
set to 30 min.

A new current solution is randomly chosen in the search
space if previously described procedure did not find correct
solution within I iterations.

Fig. 1: Example of perturbation (i=2)

7.

Fig. 2: Example of perturbation (i=I-1)

The proposed ILS algorithm uses a combination of two
stopping criteria, i.e. the algorithm stops if one of the
following conditions is met:
•

RESULTS

The results of the computational experiment and the
performances of the proposed algorithms are summarized
in Tables II, III and IV. In order to enhance and assess the
reliability of the proposed algorithms, each test instance
was replicated 10 times and tested using different random
seeds in every run and measures agap (in percents) and
σ were calculated. Average gap (agap) represents average
distance from the optimal solution or the best known
solution through all 10 runs, while σ represents standard
deviation.
Table II shows performances of the proposed algorithms
on the first group of instances. CPLEX, ILS and SA reach
optimal solution on all instances, while PSO do not reach
optimal solution just on one instance. The fastest algorithm
is PSO and the most stable algorithm is SA.
The experimental results of the proposed algorithms on
the second group of instances are shown in Table III.
CPLEX reaches optimal solution on all instances, while
PSO, SA and ILS do not reach optimal solution on nine, two
and three instances, respectively. The results of proposed
metaheuristics, especially PSO, on this group of instances
are not as good as on the other groups. PSO does not show
good behavior since the number of potential facility location
is huge, and probably the main reason for this premature
convergence is the use of sigmoid function to normalize the

Fig. 3: Example of perturbation (i=3)

•

EVALUATION PROCEDURE

maximal number of I ∗ J/4 iterations
no improvement of the best solution is achieved
through I ∗ J/8 iterations

Finally, CPLEX solver is employed to calculate the
objective function for fixed best facility locations found by
the proposed ILS.
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TABLE I: The experimental parameters
Category
1
2
3

J
100
1000
2000

(M CR1 , M CR2 )
(5, 10), (7, 15), (10, 20)
(10, 20), (20, 40), (50, 100)
(10, 20), (20, 40), (50, 100)

I
5, 7, 10
10, 20, 30
30, 50, 70

r
20, 25, 30
20, 25, 30
20, 25, 30

J: the number of customer nodes
I: the number of potential facility location
M CR1 : the minimum number of customers needed for opening a small facility
M CR2 : the minimum number of customers needed for opening a large facility
r: coverage distance

velocity of the particle. This is supported by the fact that
on the second group of instances the fastest algorithm is
PSO. Observing agap as well as σ values, it is clear that
the most stable heuristic is SA.
The third group of instances with J = 2000 represents
the hardest group and the performances of the proposed
algorithms on this group of instances are shown in Table
IV. On eleven instances CPLEX succeeds to reach the
optimal solution in 30 min, while in other cases CPLEX
produces a solution, but do not confirm its optimality.
The total running times of the proposed metaheuristics
are significantly shorter compared to the time of CPLEX
solver. PSO reaches the same solution as CPLEX just
on few instances, while on other instances PSO obtains
worse solutions. ILS and SA reach better solution on some
instances on which CPLEX does not find the optimal
solution. Observing overall performances, it is clear that ILS
represents the best algorithm for solving FLDSP on third
group of instances. The fastest algorithm is PSO, whereas
SA is the most stable.
Observing all three groups of instances together, it is
clear that ILS reaches the best solution in most cases
compared to other proposed heuristics. However, all three
proposed algorithms reach acceptably good results in reasonable time and can be used for solving FLSDP.
In addition, since we have generated instances in the
same way as the authors in [10] did, it seems reasonable
to compare the efficiency of proposed algorithms and
algoritms from [10]. On the second group of instances the
running time of CPLEX solver is comparable with the
running time of Lagrangian relaxation procedure that is
proposed in [10]. Note that the running time of CPLEX
solver exceeds substantially the running times of other
methods proposed in this work.

been generated in order to test the proposed algorithms.
Experimental results on the first group of instances showed
that all metaheuristics reached optimal solution, obtained by
CPLEX, on almost all instances. On the second group of
instances CPLEX reached optimal solution on all instances,
while PSO, SA and ILS did not reach optimal solution
on nine, two and three instances, respectively. In addition,
the running time of CPLEX solver on these instances is
comparable with the running time of Lagrangian relaxation
procedure [10]. Finally, on hardest instances CPLEX did
not obtain optimal solution in all cases due to time limit,
but on these instances ILS and SA succeeded to reach better
solution within a reasonable computational time. Observing
overall performances, it is clear that ILS represents the
best algorithm for solving FLDSP on the third group of
instances.
Further research should be directed to hybridization of
proposed metaheuristics as well as modifying proposed
algorithms.
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TABLE II: The experimental results on the first group of instances
Instance/Algorithm
5-100-5-10-20
5-100-5-10-25
5-100-5-10-30
5-100-7-15-20
5-100-7-15-25
5-100-7-15-30
5-100-10-20-20
5-100-10-20-25
5-100-10-20-30
7-100-5-10-20
7-100-5-10-25
7-100-5-10-30
7-100-7-15-20
7-100-7-15-25
7-100-7-15-30
7-100-10-20-20
7-100-10-20-25
7-100-10-20-30
10-100-5-10-20
10-100-5-10-25
10-100-5-10-30
10-100-7-15-20
10-100-7-15-25
10-100-7-15-30
10-100-10-20-20
10-100-10-20-25
10-100-10-20-30

CPLEX
result
time
240.09
0.26
284.11
0.28
190.92
0.29
171.84
0.22
166.81
1.03
255.32
0.27
191.03
0.88
158.61
0.26
205.81
0.28
165.16
0.83
286.86
0.35
253.43
0.37
195.32
0.32
199.13
0.31
221.76
0.42
193.40
0.69
239.13
0.44
306.31
0.97
183.77
1.12
259.27
1.12
299.70
0.66
194.80
0.42
300.23
0.49
260.54
1.25
213.15
0.69
318.93
0.58
344.15
0.59

result
240.09
284.11
190.92
171.84
166.81
255.32
191.03
158.61
205.81
165.16
286.86
253.43
195.32
199.13
221.76
193.40
239.13
306.31
182.43
259.27
299.70
194.80
300.23
260.54
213.15
318.93
344.15

PSO
time
agap
0.01
6.69
0.01
0.72
0.01
0.00
0.01
1.71
0.00
0.42
0.01
0.00
0.01
0.15
0.01
0.96
0.00
0.00
0.01
0.00
0.02
4.18
0.01
3.37
0.01
4.45
0.01
0.22
0.01
1.71
0.01
0.00
0.01
2.09
0.01
0.53
0.02
2.79
0.02
0.00
0.02
3.04
0.02
0.00
0.02
0.98
0.02
5.19
0.02
0.39
0.02
0.00
0.02
1.70

ILS
σ
3.35
1.45
0.00
3.57
0.42
0.00
0.23
1.47
0.00
0.00
1.51
1.69
2.13
0.67
2.50
0.00
1.28
0.73
2.48
0.00
1.68
0.00
2.96
1.86
1.16
0.00
3.94

result
240.09
284.11
190.92
171.84
166.81
255.32
191.03
158.61
205.81
165.16
286.86
253.43
195.32
199.13
221.76
193.40
239.13
306.31
183.77
259.27
299.70
194.80
300.23
260.54
213.15
312.27
344.15

time
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.02
0.02
0.02
0.01
0.02
0.02
0.02
0.02
0.02
0.02
0.02
0.03
0.03
0.03
0.02
0.03
0.02
0.03

SA
agap
3.34
0.00
0.00
0.00
0.00
0.95
0.15
0.00
0.00
0.82
0.00
0.00
0.32
0.00
0.89
1.81
2.30
0.00
1.69
1.61
0.75
1.06
2.95
3.40
0.24
10.32
2.24

σ
4.09
0.00
0.00
0.00
0.00
1.46
0.23
0.00
0.00
1.63
0.00
0.00
0.64
0.00
0.76
2.77
1.81
0.00
2.33
1.78
1.32
1.50
1.40
1.90
0.39
3.31
1.76

result
240.09
284.11
190.92
171.84
166.81
255.32
191.03
158.61
205.81
165.16
286.86
253.43
195.32
199.13
221.76
193.40
239.13
306.31
183.77
259.27
299.70
194.80
300.23
260.54
213.15
318.93
344.15

time
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.10
0.10
0.10
0.11
0.11
0.10
0.10
0.10
0.10
0.20
0.18
0.19
0.19
0.19
0.18
0.19
0.19
0.19

agap
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.09
0.00
0.10
0.00
0.00

σ
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.33
0.00
0.20
0.00
0.00

Name of instances is I - J - M CR1 - M CR2 - r

TABLE III: The experimental results on the second group of instances
Instance/Algorithm
10-1000-10-20-20
10-1000-10-20-25
10-1000-10-20-30
10-1000-20-40-20
10-1000-20-40-25
10-1000-20-40-30
10-1000-50-100-20
10-1000-50-100-25
10-1000-50-100-30
20-1000-10-20-20
20-1000-10-20-25
20-1000-10-20-30
20-1000-20-40-20
20-1000-20-40-25
20-1000-20-40-30
20-1000-50-100-20
20-1000-50-100-25
20-1000-50-100-30
30-1000-10-20-20
30-1000-10-20-25
30-1000-10-20-30
30-1000-20-40-20
30-1000-20-40-25
30-1000-20-40-30
30-1000-50-100-20
30-1000-50-100-25
30-1000-50-100-30

CPLEX
result
time
2011.79
7.33
1987.14
26.89
2717.81
21.61
2125.38
6.63
2099.45
10.41
2555.79
23.58
1837.68
13.79
2137.57
14.09
2425.40
13.91
2136.76
55.25
2361.83
155.57
2837.75
193.33
2133.28
62.72
2515.27
106.13
2632.00
172.21
2153.43
97.23
2575.87
220.65
2682.99
340.56
2097.95
188.91
2601.18
520.51
2737.47
831.91
2249.40
109.49
2546.77
206.65
2712.82
748.67
2142.68
204.87
2416.43
556.11
2744.59
716.24

result
2011.79
1987.14
2717.81
2125.38
2099.45
2555.79
1837.68
2137.57
2425.40
2136.76
2361.81
2837.75
2133.28
2515.27
2457.64
2123.35
2575.87
2682.99
2097.95
2463.18
2737.47
2172.42
2542.43
2667.16
2142.68
2329.63
2643.77

PSO
time
0.28
0.26
0.27
0.26
0.32
0.25
0.28
0.27
0.27
1.62
1.81
1.63
1.38
1.68
1.33
1.83
1.69
1.92
5.14
4.13
4.54
5.79
4.93
4.87
4.61
5.04
5.12

agap
0.67
0.00
0.18
1.16
0.76
0.21
0.00
2.44
0.00
3.18
1.93
2.83
5.03
2.88
7.49
3.83
4.28
2.29
4.10
5.31
7.24
4.52
1.42
2.70
4.35
4.53
4.52

σ
0.78
0.00
0.09
1.16
0.54
0.07
0.00
1.59
0.00
2.49
0.95
1.15
2.51
1.94
0.29
1.84
1.50
1.74
2.13
0.00
3.77
0.72
0.56
1.07
2.85
0.67
0.43

Name of instances is I - J - M CR1 - M CR2 - r
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result
2011.79
1987.14
2717.81
2125.38
2099.45
2549.76
1837.68
2137.57
2425.40
2136.76
2361.81
2837.75
2133.28
2515.27
2632.00
2153.43
2575.87
2682.99
2097.95
2601.18
2737.47
2249.40
2546.77
2712.82
2142.68
2386.09
2744.59

ILS
time
1.36
1.45
1.36
1.18
1.32
1.33
1.18
1.39
1.47
5.25
4.58
5.26
5.90
6.18
5.36
5.63
4.57
5.14
11.99
10.87
10.75
11.41
12.63
12.23
11.98
11.39
12.11

agap
0.00
0.00
0.00
0.00
0.00
0.24
0.00
0.33
0.00
0.23
0.30
0.00
0.00
0.00
0.99
0.79
1.24
0.27
0.13
1.87
3.37
0.20
0.67
1.35
0.02
1.48
0.20

σ
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.40
0.00
0.38
0.10
0.00
0.00
0.00
0.33
0.45
1.11
0.33
0.15
0.96
1.92
0.17
0.52
0.97
0.02
0.13
0.07

result
2011.79
1987.14
2717.81
2125.38
2099.45
2549.76
1837.68
2137.57
2425.40
2136.76
2354.09
2837.75
2133.28
2515.27
2632.00
2153.43
2575.87
2682.99
2097.95
2601.18
2737.47
2249.40
2546.77
2712.82
2142.68
2416.43
2744.59

SA
time
8.63
8.58
8.39
8.19
8.33
8.36
8.55
8.37
8.20
17.10
16.89
15.71
17.11
16.63
15.71
16.47
16.14
15.86
27.37
25.27
25.01
26.69
25.54
25.36
26.85
26.18
24.64

agap
0.00
0.00
0.00
0.00
0.00
0.24
0.00
0.16
0.00
0.00
0.33
0.00
0.00
0.00
0.77
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.21
0.00
0.13
0.00

σ
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.33
0.00
0.00
0.00
0.00
0.00
0.00
0.51
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.14
0.00
0.17
0.00

TABLE IV: The experimental results on the third group of instances
Instance/Algorithm
30-2000-10-20-20
30-2000-10-20-25
30-2000-10-20-30
30-2000-20-40-20
30-2000-20-40-25
30-2000-20-40-30
30-2000-50-100-20
30-2000-50-100-25
30-2000-50-100-30
50-2000-10-20-20
50-2000-10-20-25
50-2000-10-20-30
50-2000-20-40-20
50-2000-20-40-25
50-2000-20-40-30
50-2000-50-100-20
50-2000-50-100-25
50-2000-50-100-30
70-2000-10-20-20
70-2000-10-20-25
70-2000-10-20-30
70-2000-20-40-20
70-2000-20-40-25
70-2000-20-40-30
70-2000-50-100-20
70-2000-50-100-25
70-2000-50-100-30

CPLEX
result
3942.18
4366.73
4596.27
4114.72
4399.62
4802.64
4135.81
4611.33
4664.55
4461.38
4342.53
4333.55
4531.23
4435.56
4499.15
4465.70
4568.32
4501.78
4417.95
4500.72
4527.78
4257.98
4537.19
4268.87
4596.97
4595.11
4481.78

time
499.05
597.71
566.00
441.46
765.03
732.07
406.17
526.89
1243.27
t.l.
t.l.
t.l.
1037.68
t.l.
t.l.
1588.60
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.
t.l.

PSO
result
3942.18
4194.35
4379.43
4114.72
4211.92
4443.44
3883.21
4360.02
4410.86
4199.30
4275.14
4210.72
4246.23
4257.52
4172.88
4259.80
4356.23
4472.08
4192.59
4319.30
4492.48
3988.89
4372.12
4268.87
4337.47
4367.32
4435.80

time
9.05
11.81
14.42
8.89
9.79
11.13
11.49
9.43
10.81
53.86
42.60
53.06
43.35
46.86
41.02
44.61
44.89
49.36
112.45
142.34
132.85
121.98
110.62
148.50
107.72
145.60
147.74

agap
7.11
7.75
10.20
4.94
6.55
8.83
7.33
7.21
8.69
2.74
1.10
1.27
7.04
2.39
0.96
7.92
0.93
3.55
1.09
1.42
2.29
0.41
0.00
3.57
4.27
1.75
0.44

ILS
σ

result
3942.18
4360.00
4526.08
4114.72
4399.62
4802.62
4135.76
4504.40
4620.25
4465.68
4513.75
4442.38
4530.96
4495.89
4497.26
4465.70
4641.94
4488.06
4499.04
4753.27
4701.01
4513.80
4725.70
4336.01
4605.35
4731.54
4590.38

1.30
2.95
2.05
0.99
1.41
0.93
0.87
1.28
1.28
1.23
0.47
1.36
0.76
1.88
0.48
1.17
0.65
1.87
0.55
1.74
1.25
0.18
0.00
1.82
1.45
1.07
0.98

Name of instances is I - J - M CR1 - M CR2 - r
t.l. - time limit 30 min
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time
47.76
48.21
51.65
44.48
42.98
47.76
39.07
42.24
49.08
109.01
97.37
116.87
129.08
118.20
130.18
118.26
125.46
111.28
233.87
266.71
242.42
209.32
264.52
242.84
237.06
228.91
228.40

SA
agap
0.00
0.52
2.01
1.40
0.88
2.03
0.78
3.32
1.49
0.31
2.49
2.05
0.01
2.04
0.22
0.21
0.12
0.00
0.27
2.59
3.59
2.40
1.06
1.29
2.83
2.00
1.64

σ
0.00
0.38
0.16
1.38
0.88
0.95
0.46
0.96
0.22
0.23
1.85
1.56
0.00
1.16
0.34
0.17
0.26
0.00
0.28
1.00
1.32
0.81
0.58
1.12
1.55
0.86
0.94

result
3942.18
4319.44
4501.58
4114.72
4399.62
4726.71
4135.76
4504.40
4620.25
4465.68
4513.75
4442.38
4530.96
4469.86
4497.26
4462.42
4697.79
4488.06
4499.04
4680.01
4701.01
4513.80
4734.79
4330.35
4605.35
4731.54
4547.42

time
63.36
64.84
70.52
62.18
65.87
67.88
61.58
63.47
67.25
160.96
165.14
176.59
164.09
168.64
176.23
164.33
164.84
168.94
319.57
331.35
341.51
323.11
333.19
343.04
324.47
322.08
343.50

agap
0.00
1.08
2.06
0.00
1.06
4.91
0.23
2.32
1.49
0.46
2.13
3.76
0.12
2.34
0.66
0.07
0.00
0.00
0.00
1.78
2.20
0.00
0.02
0.80
0.00
0.00
0.01

σ
0.00
0.00
0.00
0.00
0.86
1.11
0.45
0.00
0.22
0.21
1.39
1.37
0.34
1.16
0.22
0.00
0.00
0.00
0.00
0.66
1.30
0.00
0.06
0.56
0.00
0.00
0.02

An approach to Solving the Min-Max
Diversity Problem Using Genetic Algorithm
with Fuzzy Decisions
Radojičić, Nina


Abstract: This paper considers solving the MaxMin Diversity Problem (MMDP) by using genetic
algorithms (GAs). Computational experiments on
the smaller benchmark data set showed that the
classic GA quickly reached all optimal solutions
obtained previously by an exact solver. However,
some of larger instances of MMDP were
challenging for the classic GA. Although
researchers have established the most commonly
used parameter setting for GA that has good
performance for most of the problems, it is still
challenging to choose the adequate values for the
parameters of the algorithm. One approach to
overcome this is changing parameter values
during the algorithm run. This paper presents a
possible implementation of this approach. The
genetic algorithm is extended by adding a fuzzy
rule formulated from GA experts' knowledge and
experience. Short CPU times and high-quality
solutions for tested instances indicate that the
proposed approach is more suitable for solving the
MMDP than the classic GA.

1.1 The Min-Max Diversity Problem
The set is a finite collection of points. Let
( ) = { ⊂
∶ | | = } denote the set of all
points subsets of , where 2 ≤
≤ − 1.
The aim is to choose an element of ( ), i.e. a
subset of points from a set , in such a way
that the minimum distance between the points
from the chosen subset is maximized.
Real number
called distance between
and is, by definition, associated with each pair
of points , ∈ , ≠ . In many formulations (as
discussed in [4]), distance
does not
necessarily satisfy the properties of a customary
distance metric (for example triangle inequality)
and may even be negative. Further explanation
and examples of the problem can be found in
[20].
The MMDP is a variant of the classical
Maximum Diversity Problem (MDP), which deals
with selecting a subset ∈ ( ) that maximizes
the sum of the distances
over all pairs , ∈
, ≠ . Uniquely, in the MMDP the aim is to
maximize the minimum distance between distinct
points from the chosen subset M. The objective
function in the MMDP has been shown to be
more suitable for some applications in practice.

Index Terms: Discrete optimization, Genetic
algorithms, Parameter setting, Fuzzy rules

1. INTRODUCTION

T

HIS paper considers an interesting location
problem called the Min-Max Diversity
Problem (MMDP). Location problems, with their
numerous applications in different areas, attract
many researchers. The overall success of a
company often depends on the physical location
of business facilities, so it is not a surprise that
location problems have been widely studied.
Solving these problems can be very challenging
task. This paper proposes an approach for
solving MMDP that combines the two existing
elements (genetic algorithms and fuzzy logic).
Thus, exploited scientific research method can be
classified as Hybridization, according to the
classification from [3].

The MMDP has important applications in
plant breeding, social problems, ecological
preservation, pollution control, product design,
capital investment, workforce management,
curriculum design, and genetic engineering [11].
Depending on the application, the specifications
of the problem may vary. However, it is possible
to study the general case suitable for most of
these applications. Let us assume that each point
can be represented by a set of attributes. The
definition of distance between points can be
customized to each specific application. For
example,
can be defined as Euclidean
distance between and .
1.2 Mathematical model
Mathematical model of the MMDP presented
in [20] has a quadratic binary nature. This model
uses binary variable , = 1, … , that takes the
value of 1 if point is selected and 0 otherwise.
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( ) = min
With the notation
problem formulation is as follows.
max

2.2 GA implementation for MMDP
The binary encoding of individuals is used
in this GA implementation due to the nature (3)
of
the MMDP problem. Each solution is represented
by one
bits long string, where
= | |. The
value of each bit in genetic code represents
whether the one corresponding point from set
is chosen or not.
The fitness function represents individual’s
chance to be reproduced in the next GA
generation and it is always problem dependent.
In this implementation, the fitness function is
( ), with an exception for
proportional with
non feasible individuals when penalization is
applied.
The population size is fixed to 150. Genetic
operators (selection, mutation and crossover) are
being applied until the stopping criterion. The
main stopping criterion is the maximal number of
generations
(200 000). In addition, the
algorithm stops if the same chromosome is the
best in
(10000) successive generations or if
the same value of the fitness function is best in
(100000) successive generations.
To provide good diversity and better quality
of genetic material, initial population is randomly
generated in such a way that the value of each
bit is set on 1 with the probability equals ⁄ .
Thus, some of generated individuals are not
feasible (i.e. have sum of bits different from ). In
this implementation, infeasible individuals are
instantly being made valid by randomly changing
appropriate number of bits (1 to 0 or 0 to 1) in
order to obtain exactly
bits set to 1 in the
genetic code. In the interest of implementation
clarity this procedure is applied before the
calculation of the fitness value of each individual,
if needed.
With
the
described
setup,
GA
implementation is used for solving the MMDP by
repetitive application of the selection, crossover
and mutation operators. As a selection operator,
a fine grained tournament selection, introduced in
[9], is used. The tournament factor is set to 6.6,
the value that has been proven as a very suitable
for this selection approach [19]. Then, the
standard onepoint crossover operator is applied
to each pair of selected parents producing two
new chromosomes. The probability crossrate is
set to 0.85 as in [19]. The obtained results are
presented in the section 5.

, the

( )

subject to:
=
∈ {0,1}, = 1, … , .

1.3 Literature review
The MMDP is NP-hard, which was proved
in [8] and [10]. Resende et al. [20] presented a
comprehensive literature review on the MMDP
and proposed several solution methods for this
problem, based on hybridization of the GRASP,
path relinking and evolutionary path relinking
methodologies. Proposed approaches were
successfully tested on three groups of instances
with up to 500 points and detailed results are
presented in the paper. Another heuristic
approach for the MMDP that relies on the
equivalence between this problem and the
classical max-clique is discussed in [4].
Presented approach was tested on the same
instances as in [20] and outperformed, both in
quality and CPU time, by the existing state of the
art algorithms. Also, various successful methods
for solving MDP (e.g. GRASP, Tabu search)
were proposed in the literature [5], [8], [10].
2. FUZZY GENETIC ALGORITHM
FOR SOLVING MMDP
Many different techniques have been applied
to solve the MMDP and the best results are
achieved by applying GRASP with path relinking.
The aim of this paper is to explore possibilities of
solving this problem with genetic algorithm (GA).
In the first part of this research, GA, with various
parameter settings, is used and the best
achieved results are presented in this paper.
Parameter setting is an important part of each
GA implementation. In general, GA experts
choose parameter settings for each problem,
according to their experience and intuition.
2.1 Genetic algorithm
Genetic algorithms (GAs) are robust and
widely used optimization methods that mimic the
process of natural selection and evolution.
Populations of individuals, which correspond to
the solutions of the problem, are being modified
in each iteration of the algorithm. GA showed
good results in solving some of the location
problems, such as the Multi-Level Uncapacitated
Facility Location Problem [16], the Load
Balancing Problem [22] and many others [1], [17],
[18], [21].

2.3 General limitations of search algorithms
There is no search algorithm suitable for all
problems (see No Free Lunch Theorem [23]).
Therefore, in the field of optimization, commonly,
algorithms are carefully chosen for specific
problems. Moreover, algorithm parameters are
manually set to make algorithm performance
better. This task tends to be, not only problem
dependent, but also, for different instances of the
same problem, preferable parameter setup may
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significantly differ. Careful setting of parameter
values is of a significant value for the
performance of evolutionary algorithms (EAs)
such as GA. Moreover, for EAs in general,
general tuning
parameters is very challenging task due to nonlinear interaction among the parameters [15].

valued.. On top of Lukasiewicz’s possibility theory,
theory
Zadeh [24] introduced the concept of fuzzy logic
mainly to capture imprecise, ambiguous and
uncertain nature of the world. Zadeh's
Zadeh idea was
also formulating natural language terms as fuzzy
logic.
There is a wide range of fuzzy logic
applications [25].. Practical problems
problem that are
being solved by experts normally include, as an
important aspect, common sense and intuition.
Representing
ing experts’ knowledge that relies on
vague ambiguous formulations is a challenging
task. Such imprecise knowledge,
knowledge however,
proves very effective in many applications where
the complexity of problems prevents quantitative
understanding. Fuzzy logic systems resemble
human reasoning in how it exploits approximation
and how it accounts for uncertainty.
In fuzzy theory, fuzzy set A of universe X is
defined by function μ (x
) called the membership
function of set A.
( ): → [0,1] where
( ) = 1 if is totally in
( ) = 0 if is not in
0 < ( ) < 1 if is partly in

2.4 Parameter tuning
The performance of GA may notably vary
depending on the chosen parameter values. Over
the years, researchers have developed
parameter tuning that works very good with
various problems [16], [22].
However, as stated in [13], the
he parameter
control problem,, which considers careful
changing of the parameter values, is far from
being solved. There are various approaches to
this problem [14]. The paper [6] presented a clear
taxonomy by a list of essential features.
features Figure 1
illustrates that parameter tuning and problem
solving can be seen as two optimization
problems. More details regarding this can be
found in [7].

This set allows a continuum of possible
choices. For any element
of universe ,
membership function ( ) equals the degree to
witch
is an element of set . This degree, a
value between 0 and 1, represents the degree of
membership, also called membership
bership value, of
element
in set . Two most commonly used
representations of membership functions are
Gaussian and triangular shaped functions.

Figure 1 Control flow (a) and information flow (b) through the
three layers in the hierarchy of parameter tuning, after [7].

It was no surprise that, among tested GA
parameter setting, there was no setting that
performed well for all tested MMDP instances.
Therefore, it seems reasonable to change some
parameters during the algorithm run. For
example, if the algorithm keeps having the same
best individual, while changing the population
over the certain number of generations, the
probability of mutation
ation should be increased.
Although,, the population size is a parameter
paramet that
can be changed, it is fixed to 150 in this paper. It
seems easier to identify influence of the other
parameters, while the population size remains
the same.
A possible approach to parameter tuning
problem is to attack parameter
ameter control problem.
More than
n a decade after the first extensive
overview on parameter control, a survey of the
state of the art on parameter control is presented
[13]. One of many approaches to this problem is
to use fuzzy rules to change parameters' values
during the algorithms' run.

3.1 Fundamental operations on fuzzy sets
The most commonly used operations on
fuzzy sets are:
 Insertion: ∩ ( ) = min ( ( ), ( )),
 Union: ∪ ( ) = max( ( ), ( )).
However, the following definitions of these
operators are usually easier to work with:



( ),
Insertion: ∩ ( ) = ( ) ∗
( )−
Union: ∪ ( ) = ( ) +
( )∗
( ).

3.2 Fuzzy implication
In a fuzzy implication both antecedent and
consequent have to be modeled in the sense of
fuzzy sets. Let us consider an implication
formulated as: "IF
is
THEN
is ", where
both and are fuzzy sets.
Fuzzy relation
is also
lso a fuzzy set
=
{( , ), ( , )}, where membership function
( , ) can be defined in various ways. The
following two definitions are most commonly
used:

3. FUZZY LOGIC
According to Aristotle every proposition must
be either true or false. Plato later proposed that a
third region between true and false exists. In the
beginning of the 20th century, Lukasiewicz
presented a systematic alternative to the bi-
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1) Product rule:
( , )=

( )∗

should increase slightly. This fuzzy rule is
implemented according to the experts' opinion
that the converging population would probably
benefit from the slightly higher mutation
probability. Triangular type of membership
functions were used for representing the change
in difference between
and
, as well
as
the term "increase slightly". Those
membership functions are combined with product
rule to represent a fuzzy relation.

( )

2) Mamdani-type rule:
( , )=
( ( ),

( ))

Furthermore, generalized Modus ponens
allows using a degree of fulfillment instead of true
or false values. The result of applying fuzzy rule
on fuzzy input is a fuzzy set as an output.
Usually, instead of a fuzzy set, crisp value is
needed as an result. Defuzzification is the
process of converting a fuzzy output into a crisp
value and it can be done in various ways.

5. COMPUTATIONAL RESULTS
Previously described methods have been
coded in C# and run on an Intel Core i7-4700MQ
2.39 GHz with 8GB RAM memory under
Windows 10 operating system. For the classical
1
GA the GA Framework is used. Note that
parallelized version of GA from GA Framework is
used.
In order to evaluate the computational
effectiveness of the proposed approach, a
computational experiment has been performed.
Optimization package CPLEX 12.1 has been
used to solve smaller instances to optimality and
it was run on the same platform. Three sets of
benchmark instances from the collection
MMDPLIB, as in [20], are used for this
experiment.
1) "Glover" data set was developed and
presented by Glover in [11]. It contains 75
matrices for which the values were calculated as
the Euclidean distances from randomly
generated points with coordinates in the 0– 100
range. The problem generator described in
details in [11], was used to construct MMDP
instances with ∈ {10,15, 30}. The value of
ranges from 0.2 to 0.8 .
2) "Geo" data set contains 60 instances
introduced in [20] and generated in the same way
as the Glover ones, but with larger values (
∈ {100,250,500}). The
values are 0.1 and
0.3 . For each combination of and values, 10
distinct instances are provided.
3) "Ran" data set, also presented in [20],
contains 60 instances with the same
and
values as Geo instances. The diversity values
are integer random values from the interval
[50,100], with the only exception of = 500 and
= 0.3 , where the diversity values are integer
random ones within the interval [1,200].
CPLEX solver successfully obtained good
results on Glover instances using the presented
mathematical formulation of this problem. The
execution times of the CPLEX for Glover
2
instances are available online .
For all the instances from the set Glover,
both GA approaches achieved optimal results,
previously obtained by CPLEX solver. In
comparison to GA, GA with an additional fuzzy

4. FUZZY GA FOR SOLVING MMDP
The main idea is to implement some expert
knowledge as a fuzzy rule that would improve the
GA performance by adapting the algorithm
parameters. Let us consider the following
statement. If the probability of mutation is small
and population diversity is small then the
probability of mutation should slightly increase.
In order to implement fuzzy logic controller,
before implementing the rule, we have to choose
inputs and outputs specified with their
membership functions according to adequate
linguistic labels. For this research, chosen output
value is the mutation probability parameter. In
this implementation inputs values are the
mutation
probability
parameter
and
phenotypic diversity measure based on fitness
function.
4.1 Measuring the diversity of the population
According to [12], there are two diversity
measures that describe the state of the
population: genotypic diversity measures and
phenotypic diversity measures. While the first
type considers the genetic material in the
population, the phenotypic diversity measures
deal with the fitness values in the population.
Different measures can be used in order to
detect convergence in a population. Let us
consider two measures proposed in [11]:
=
̅

and

=

, where

is

the best fitness values,
is the worst fitness
values and ̅ is the average value of the fitness
values within current population. Both values are
from the [0, 1] interval. If they are near to 1, it
indicates the convergence. On the other hand,
the population has very high diversity if these two
values are near 0.
4.2 Fuzzy rule for GA mutation parameter
In this implementation, mutation rate
parameter is being changed by applying specially
designed fuzzy rule after every 5 GA generations.
In essence, if the difference between two
described measures
and
has
decreased compared to the difference from the
previous generation, the mutation probability

1
2
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https://code.google.com/archive/p/gaframework/source
http://www.math.rs/~nina/MMDP/MMDPGloverCPLEX.pdf

rule (FGA) showed better execution times. Figure
2 represents the comparison between execution
times for these two approaches, for some of the
Glover instances with ∈ {10,15, 20} and
= 6.
The comparison done on the whole set of Glover
instances shows that FGA performed faster in the
average. Note that the time was presented as the
average time among 20 executions done with 20
different seeds. Computational comparison for
3
Glover set instances are presented online .
It can be seen that for the most of Glover
instances FGA outperformed both CPLEX and
classical GA in the sense of execution times. In
order to examine the performance of GA
executions with different seeds, the average and
standard deviations for obtained results are
calculated with respect to the best GA solution for
the current instance. Similarly, the same two
values are presented for the solution times of
each Glover instance with respect to the average
solution time. Detailed computational results for
4
Glover instances are also available online ,
where the overall number of generations
(summarized for 20 different seeds) is presented
as well. It can be concluded that similar
termination criteria were met in FGA and GA.
Therefore, implemented change of the mutation
rate parameter does not have significant
influence on the number of generations for the
tested stopping criteria, although FGA reaches
the optimal solution faster than GA for most of
the instances.

of generations, fuzzy rule calls, and mutation
parameter's changes. Results are grouped by the
value of
and the average values are
presented. Note that there were 20 executions for
each instance.
Proposed FGA approach is very good in
comparison to the prominent results from the
literature. A comparison to the results from [20] is
5
available online . FGA outperforms the execution
time of the best approach from the literature [20]
for 70 out of 75 tested Glover instances. Table 2
contains comparison for 10 different Glover
instances, where FGA approach achieved
optimal solution faster than the best approach
from the literature [20] (labeled as GRASP in the
Table 2). Note that both approaches achieve
optimal solutions for all Glover instances.
Table 2: Comparison of solution times for some of the Glover
instances.
FGA
GRASP
DIFFERENCE
Time Time
FGA TIME best
best
GRASP TIME
[s]
[s]
[s]
m=2

Glover(n10)1
0.00
Glover(n10)2
0.00
Glover(n10)3
0.00
Glover(n10)4
0.00
Glover(n10)5
0.00
Average difference for m=2

m=24
Glover(n30)1
0.00
0.07
Glover(n30)2
0.01
0.06
Glover(n30)3
0.02
0.06
Glover(n30)4
0.02
0.06
Glover(n30)5
0.01
0.07
Average difference for m=24

Table 1: Mutation parameter's change occurrences.
is
the average number of generations,
is the average number
of fuzzy rule calls,
is the average number of mutation
parameter's changes, is the percent of generations with
parameter change
Different group
instances
Glover

[%]
2

25301.09

5060.22

3661.20

14.47

10, 15

3

56357.89

11271.58

4108.60

7.29

10, 15

4

70040.08

14008.02

8588.40

12.26

10, 15, 30

6

82253.69

16450.74

8122.27

9.87

10

8

16300.18

3260.04

1836.40

11.27

15, 30

9

98085.21

19617.04

9969.10

10.16

15, 30

12

77347.35

15469.47

8256.90

10.68

30

18

103999.21

20799.84

10097.80

9.71

30

24

100160.47

20032.09

9696.80

9.68

As mentioned above, the proposed fuzzy
rule is applied once in every five GA generations
and some of these fuzzy rule calls change the
mutation parameter. Table 1 summarizes this
comparison, by presenting the average numbers

5

http://www.math.rs/~nina/MMDP/MMDP_FGA.pdf

4

http://www.math.rs/~nina/MMDP/MMDP_FGA_Glover.pdf

-0.069
-0.045
-0.042
-0.038
-0.063
-0.0514

http://www.math.rs/~nina/MMDP/MMDP_FGA_GRASP.pdf
http://www.math.rs/~nina/MMDP/MMDP_Geo_GA_FGA.pdf
http://www.math.rs/~nina/MMDP/MMDP_Ran_GA_FGA.pdf
8
http://www.math.rs/~nina/MMDP/MMDP.pdf
6

3

-0.056
-0.025
-0.019
-0.006
-0.01
-0.0232

For two larger data sets (named Geo and
Ran), CPLEX solver was not able to provide
results, but comparison with the best known
results from the literature was possible. Using the
same stopping criteria as for Glover instances,
leads to the results are available online for both
6
7
Geo and Ran instances.
It can be concluded that GA and FGA
achieve the same results, not reaching the best
known solutions for the most of the larger
instances. Note that FGA still has shorter CPU
times. Moreover, it can be concluded that the
stopping criteria should be changed, i.e.
parameters related to the number of generations
should be increased. One more test was run with
the relaxed stopping criteria (
set to 500000,
to 100000 and
200000) and the results
are also available online8.
Results from [4] still represent state of the
art for the most of the larger instances. However,
the aim of this paper was to improve the

The average in 20 executions of the
algorithm

10

0.06
0.03
0.02
0.01
0.01

7

25

performance of GA in solving MMDP and that
has been achieved by implanting fuzzy rule that
changes mutation parameter value during the
algorithm's run. Proposed FGA outperforms GA
approach especially for larger instances.
Termination criteria met depends on the
seed, but usual termination criteria for each
instance can be concluded from the average
number of generations for 20 different seeds. For
the most of instances with size 25, two stopping
criteria that were usually met were the maximum
function value repetition counter reached and the
maximum chromosome repetition counter
reached. However, for larger instances the most
common criteria was the maximum chromosome
repetition counter reached. Since similar
termination criteria were met in FGA and GA, it
can be concluded that implemented change of
the mutation rate parameter does not have
significant influence on the number of
generations for the tested stopping criteria.
However, note that FGA reaches the best
solutions faster than GA for most of the
instances.

Although, researchers have established the
most commonly used parameter setting for GA
that have good performance for most of the
problems, it is still challenging to choose the
adequate values for the parameters of the
algorithm. One approach to try to overcome this
challenge is to change parameter values during
the algorithm run, by using fuzzy rules. This
paper considers an implementation of a fuzzy
rule obtained from GA experts' knowledge and
experience. This approach showed good results
on tested instances. Short CPU times and highquality solutions indicate that the proposed
method is more suitable for solving the MMDP
than the classical GA.
There are several directions for the future
work. Encouraged by promising improvement in
GA's performance, proposed method should be
tested on some similar large-scale equity location
problems (with adequate modification in the
implementation). Also, this approach should be
tested for the other parameters of GA algorithm,
such as population size, crossover rate, etc.
Furthermore, this approach could be improved in
various ways, such as adding more fuzzy rules
and striving to find more suitable membership
function. Introduced fuzzy rule was implemented
just for mutation rate parameter, but this
approach could be adapted for the other GA
parameters. Moreover, it would be interesting for
the future work to try the efficiency of the
proposed FGA method with the rules acquired
with the adequate learning technique.

6. CONCLUSION
This paper considers The Max-Min Diversity
Problem (MMDP) proposed in [20], where
GRASP with path relinking achieved very good
results. Since GA has proved to have promising
results when applied to various location
problems, a simple GA for solving the MMDP
was proposed in this paper. Computational
experiments on smaller instances showed that
GA quickly reached all optimal solutions
previously obtained deterministically by CPLEX
12.1 solver. However, larger instances were
challenging for GA.
16
14
12
10
8
6
4
2
0

FGA
GA

Figure 2: Comparison of execution time in seconds (T(s) - ordinate) spent for solving "Glover" instances,
which names are presented (abscissa).
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Variable Neighborhood Search for Vehicle
Scheduling Problem Considering the
Transport of Agricultural Raw Materials
Anokić, Ana



problem of transportation type. Since their early
work, the number of different scheduling
problems starts to grow in many areas. An
overview of different variants of scheduling
problems and solution methods can be found in
survey by Allahverdi (2015).
The goal of Vehicle scheduling problem (VSP)
is to determine the set of trips that a vehicle will
make during the day in order to reduce the costs
based on use of the vehicles (Ibarra-Rojas et al,
2014). There are many articles considering
different variants of VSP in literature. Some of
them deal with public transportation systems in
urban area, such as Baita et al. (2000). Baita et
al. developed three algorithms for the real case of
VSP and the authors point out the fact that reallife applications often turn out to be complex and
hard to be modeled, due to the particular
requirements which are present in practical
situations. Haghani et al. (2000) presented a
comparative analysis of three bus transit vehicle
scheduling models, one with multiple depot and
two with single depot derived from the first one.
The analysis showed that under certain
conditions, a single depot vehicle scheduling
model performs better. Wang and Shen (2007)
presented a multiple ant colony algorithm for
solving electric bus scheduling problem which
can be regarded as VSP with route and fueling
time constraints (VSPRFTC). The model and
solution algorithm for vehicle routing and
scheduling
problem
considering
cash
transportation with security is presented by Yan
et al. (2012). When it comes to the transport of
agricultural goods, Higgins (2006) published a
case study at an Australian sugar mill. For
scheduling of road vehicles in sugarcane
transport, Higgins (2006) applied two metaheuristic methods - Tabu search and Variable
neighborhood search, and compared the results.
Milan et al. (2006) have presented the model of
sugar cane transport problem in Cuba which
integrates rail and road transport in order to
reduce the transportation costs. They solved the
smaller-size submodel using HyperLINDO solver,
but Hyper LINDO failed to solve the whole model

Abstract: The transport organization of raw
materials in sugar industry has some specifics,
mostly due to the low price of sugar on the market
and production methods. This paper proposes a
new variant of Vehicle Scheduling Problem that
arises from the problem of transportation of sugar
beet. A nonlinear mathematical model, that reflects
the real life problem with all specific constrains
which occur in this area, is proposed. The small
size instances were solved using Extended Lingo
15 Solver and the obtained results were used as a
benchmark for testing the Variable Neighborhood
Search heuristic which is developed for solving
larger-size instances.
Index Terms: transportation, nonlinear model,
vehicle scheduling, Lingo solver, Variable
neighborhood search

1. INTRODUCTION

T

HE low price of agricultural raw materials on
the market has two main consequences
regarding the organization of transport. First of
all, the costs of transport become major and
every amount of savings that could be made in
this area is of great importance. The second
problem is the fact that the producers should be
motivated to remain in the specific production, so
the companies that purchase raw materials from
many individual producers, usually organize the
transport of goods from each producer to the
factory on their own expense by renting vehicles
and hiring workers who perform transport,
including loading and unloading. Therefore, there
is a need for an efficient transport organization,
which will satisfy all problem-specific constraints
with minimum expenditure of time and money.
Dantzig and Fulkerson (1954) in their work
have shown how the problem of determining the
minimal number of tankers that are required to
meet a fixed schedule of transportation of Navy
fuel oil can be made into linear programming
Manuscript received February 1, 2016. (specify the date on
which you submitted your paper for review.) Ana Anokić. Author is
with the Agricultural Economy Department, Faculty of agriculture,
University of Belgrade, Serbia (e-mail: anokicana@agrif.bg.ac.rs.
Author is a contact person
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in reasonable time, in less than 200 hours. Both
papers considering the transport of sugar cane
use mixed integer linear programming models.
There are several papers using Variable
neighborhood search (VNS) that deal with vehicle
routing problems. Liu and Chan (2012) used VNS
for Inventory routing and scheduling problems
(IRSP). They proposed an integrated model,
regarding the supply chains, for making
inventory, routing and scheduling decisions that
were regarded separately in the past, and their
designed VNS was better than other methods in
terms of average cost per day. Skewed variable
neighborhood search (SVNS) was applied for the
location routing scheduling problem by Macedo
et al. (2015). The algorithm was efficient, it
provided the proven optimal solution in a
significant number of cases and outperformed a
multi-start VND based heuristic that uses the
same neighborhood structures. De Armas and
Melian-Batista (2015) developed VNS heuristic
algorithm for a Dynamic Rich Vehicle Routing
Problem with time windows (DRVRPTW), the
Dynamic Vehicle Routing Problem with the
customers which can appear within the planning
horizon and should be visited in a given time
windows. In the study of Cheikh et al. (2015), a
Variable neighborhood search is developed for
the Vehicle routing problem with multiple trips
(VRPMT) and it is tested on the benchmark
instances from the literature.
This paper proposes a novel vehicle
scheduling nonlinear model with problem specific
constrains, related to the transport of sugar beet
in Serbia. Extended Lingo15 solver was used to
solve the smaller-size instances to optimality. In
order to solve larger-size instances, an efficient
Variable neighborhood search (VNS) method
was developed. According to the classification of
scientific innovations proposed in [3], the
approach presented in this study belongs to the
category of evolutionary innovation, class
Specialization (S). Since this paper introduces a
new model that describes real-life problem, the
study also has some elements of the class
Mendeleyevization (M).
The paper is further organized as follows. The
real life problem of transportation of sugar beet in
Serbia is described in details in section 2; the
section 3 proposes the nonlinear mathematical
model for this problem; the VNS method is
presented in the section 4; the section 5 contains
the results obtained by testing instances of
different sizes; the section 6 presents the
conclusion of this study.

important industrial crops in Serbia, sugar beet.
The whole process, called the campaign,
includes transport and production and lasts from
September until December, sometimes January,
and it is carried out according to the plan defined
in late spring, when the producers are able to
predict the quantities they will prepare for sale.
So, for each date in the period of campaign, there
is a list of locations with the amounts of goods
that should be served. But sometimes, the
weather conditions, especially the upcoming rain
do not allow the producer to prepare quantities
right on time, and force them to prepare their
quantities few days before. Therefore, it is not the
highest imperative to deliver to the factory all the
amounts that stand in the open at some specific
date, but the factory needs must be fulfilled. The
reason for this is the fact that once factory
machines start to work, they must not be stopped
because the starting process is very expensive.
Another important fact that has to be
considered is that sugar beet should not stand in
the open for too long, otherwise they will lose
quality. As it is common for producers to prepare
the whole yield for the current season, quantities
at each location significantly exceed the capacity
of vehicles, so each location has to be visited
several times in order to be emptied. When the
vehicle arrives in the factory area with goods,
certain time period is required for analyzing the
samples and unloading, after that it can start a
new tour.
Vehicles are homogenous and they are
located in the factory area which is the starting
and the ending point for each transport. In every
tour, each vehicle serves only one location and
returns to the factory. Vehicles do not make
routes in order to prevent the possibility of bad
quality assessment of sugar beet mixed from
different locations. Therefore, the last vehicle that
serves some location could be half or more
empty, but it rarely happens in real life, because
the locations should be visited about 30 times to
finish the transport of the whole amount. For
simplicity, it is assumed that there is enough
labor to complete loading and unloading of
arbitrary number of vehicles at the same time
without queues. A vehicle schedule should satisfy
all this problem specific constrains with minimum
working time. The problem assumptions are
summarized as follows:

2. PROBLEM DESCRIPTION
This study is focused on the transport
organization problem, related to one of the most
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o

Transport is organized on a daily basis;

o

The goal is to minimize the total working
time;

o

Vehicles are homogenous and may be
used several times during the day multiple trips;

o

The factory is the starting and the ending
point for each transport;

o

Each vehicle serves only one location on
each tour;

o

Locations where goods are kept in the
open for longer than it is allowed must be
served;

o

The factory needs, considering the
amount of delivered goods, must be
completed.

3.2 An “empty” tour
The maximum number of tours that each
vehicle can make during the working time is
denoted by kmax. In real life, not all vehicles have
the same number of tours. The number of tours
that each vehicle can make during the day
depends on the distance of the visited locations
from the factory. In order to define the number of
decision variables, the concept of an “empty” tour
is introduced. Each vehicle on each tour can visit
a location jϵJ, but, also, there is one more
possibility. Each vehicle can make one or more
“empty” tours, in which it is not going to visit any
location, but will spend some time in the factory
area instead. Obtained results showed that the
duration of each “empty” tour was zero because
the objective is to minimize the total working time.
This concept provides the equal number of tours
for all vehicles, with no effect on the objective
value.

The goal is to find the schedule for each
vehicle, meaning to define the locations to serve
and to compute the departure time from the
factory area to the chosen locations such that the
total working time of all vehicles is minimized.
3. MATHEMATICAL FORMULATION

3.3 The decision variables
Three types of decision variables are
introduced for this model. The integer variable xik
indicates the index of location that will be visited
by vehicle i in the tour k. Namely, xik=j for iϵI, kϵK,
means that a vehicle i visits location jϵ{0,1,…,n}
in its tour k. As it was explained above, the index
0 is used to note the factory area when the
vehicle has an “empty” tour. The second set of
variables are real value variables tik which define
the departure time from the factory of vehicle i in
its tour k. In order to count precisely the total
amount of goods that will supply the factory,
binary variables yj for jϵJ are introduced, with yj =1
if the location j is emptied and yj =0, otherwise. By
introducing these variables, it is ensured that, if a
location j is emptied, the amount of goods that is
transported from this location is equal to cj and
otherwise it will be the result of multiplying the
vehicle capacity CV with the total number of
times that this location is visited by all vehicles. A
single real nonnegative variable T is also
included in the model. It is used in objective
function and denotes the total working time that is
equal to the very last moment of time when each
vehicle finishes its last tour. The objective of the
model is to minimize the value of T, i.e. the
maximal working time of all vehicles.
For this vehicle scheduling problem the
following nonlinear mathematical model is
proposed:

3.1 Notation
In order to formulate the model of the
considered vehicle scheduling problem the
following notation is introduced:
n
m
kmax

J={1,..,n}
I={1,..,m}
K={1,…,kmax}
cj
tj

t0

dj
CV
C
v
u

w


tstart
tend

the number of locations;
the number of vehicles;
maximum number of tours that
each vehicle can make during
working time;
the set of locations
the set of vehicles
the set of tours
the quantity of goods at the
location jϵJ;
the number of days that the
goods are kept in the open at the
location jϵJ;
the maximum number of days
that the goods are allowed to
stay at the open air, without
losing quality;
the distance from the factory to
the location jϵJ;
vehicle capacity;
daily factory needs;
the average velocity of vehicle;
the average duration of analyzing
samples and unloading, i.e. the
time that vehicle must spend in
the factory area between two
“nonempty” tours;
the average duration of loading;
a small positive number that is
less than CV and cj/CV for jϵJ ;
starting time;
end of working time.
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xik  J  0  0,1,..., n i  I , k  K

(9)

y j  0,1

j  J

(10)

tik  t start ; t end 

i  I , k  K

(11)

standing in the open for longer than t0 days. If
tjt0, the constraint (3) is satisfied, regardless of
the transported amount and if tj>t0 then the
location j must be emptied because in this case it
must be yj =1.
The constraint (4) ensures that daily needs of
the factory are satisfied. The first sum in (4) is
related to the amounts from locations that are
emptied and the second sum in (4) presents the
quantities that are transported from the locations
that are not emptied.
The purpose of the constraints (5) and (6) is to
define values for variables yj. If the location j is
emptied, yj takes the value of 1, and the
constraint (5) ensures that the number of times
this location is visited must be greater or equal to
cj/CV. In the case the location j is not emptied, yj
takes the value 0 and constraint (5) is satisfied
anyway. Similarly, the constraint (6) is satisfied
anyway if yj =1 and if yj =0; it provides the fact
that location j is visited strictly less than cj /CV
times. The constraint (7) ensures that each tour
for a given vehicle cannot start before its
previous tour is completed. The starting time of
each tour must be at least the starting time of the
previous one plus the duration of driving in both
directions, loading and unloading, multiplied with
sgn(xik) to cover the case when the tour k of the
vehicle i is an “empty” tour with no duration, that
is if xik =0. Relations (9), (10) and (11) define the
nature of decision variables xik, yj and tik.
4. VARIABLE NEIGHBORHOOD SEARCH

The objective function (1), together with the
constraint (8) minimizes finishing time T, since
the goal is to minimize the last moment when all
daily transports are done and all vehicles are
back in the factory finishing their last tours.
The constraint (2) ensures that the total
amount that can be transported from each
location does not exceed the amount that is
prepared at the location (cj). The purpose of a
subtrahend CV on the left side in this constraint
reflects the fact that the last vehicle that visits a
fixed location may not be full of goods. There is,
also, arbitrarily small positive number  added to
the left side to provide the strict inequality
between the quantities that will be transported
from the location j minus vehicle capacity CV and
the quantities cj that are prepared at the location
j. The strict inequality is necessary in the case
when cj is equal to an integer number multiplied
with the vehicle capacity CV. Without strict
inequality, it might be possible that a vehicle
makes additional unnecessary tour to that
location. For example, if cj=120 tons and CV=30
tons, the maximal number of times that this
location should be visited is 4, but without , the
constraint (2) would allowed 5 tours to this
location as it is 5*30-30120.
The constraint (3) provides that all amounts
from fixed location must be transported if

Variable neighborhood search (VNS) is well
known metaheuristic introduced by Hansen and
Mladenović (1997). It is based on random or
systematic change of neighborhoods within a
local search (see Talbi, 2009, page 150). The
design of VNS depends on the selection of
neighborhood structures and the order of their
use. After generating an initial solution s and set
of neighborhood structures N1, N2,…,Nhmax, there
are three steps in each VNS iteration: shaking,
local search and move. Shaking of initial solution
is related to randomly choosing a solution s’ from
the current neighborhood of the initial solution s.
Then, the local search procedure is applied to the
newly generated neighbor solution, looking for a
local optimum. If the local optimum s” is better
than s it will replace s and the local search will
restart from the first neighborhood structure N1,
otherwise the algorithm continues with the next
neighborhood structure Nh+1. The success of
VNS appears to be largely due to its very
important properties, such as: simplicity,
coherence, efficiency, effectiveness, robustness,
user-friendliness, generality, interactivity and
multiplicity (Hansen et al., 2008). There are
several different versions of VNS, such as:
Variable neighborhood descent (VND), Reduced
VNS (RVNS), Basic VNS (BVNS), Skewed VNS
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(SVNS)
method,
Variable
neighborhood
decomposition search (VNDS), Parallel VNS
(PVNS), Primal-dual VNS (PD-VNS), described
in details in Hansen et al. (2010).
In this study, a variant of VNS algorithm, which
used VND as the local search phase, is
designed. In some cases, the use of many
neighborhoods in the local search is crucial. This
local search is called Variable neighborhood
descent (Hansen et al., 2008). Variable
neighborhood descent (VND) is a deterministic
variant of the VNS, in which shaking step is
omitted. VND stops when the solution is a local
optimum for all neighborhoods. However, the
shaking phase (also known as perturbation
move) is important since it enables perturbations
of the current solution in order to reach other
parts of search space. In the following
subsections the details of the proposed VNS
algorithm will be described.

For generating the initial solution for the VNS
the following strategy is used. Locations are first
sorted according to their priority. If the goods at
location j are kept in the open for tj days, and tj is
greater than t0, this location has high priority. The
second criterion is to choose the locations which
are closer to the factory meaning that their
distance dj is smaller, because in this way the
factory needs will be completed with reduced
working time. Therefore, the locations are sorted
in a list in the following way. On the top of the list
are locations j with

farthest, followed by locations j with

and with

the list of locations sorted by

Table 1. Data example for generating an initial
solution
Location ti (days) dj (km)
cj (tons)
1
1
25
100
2
10
17
50
3
5
40
150
4
8
35
120
5
6
20
60
6
9
68
150
7
2
10
90
The initial solution is obtained by generating
vectors for each vehicle respecting the priority of
locations. Let data presented in Table 1
correspond to the instance with the number of
vehicles m=4 which can make maximum kmax= 6
tours, the capacity of each vehicle is CV=30 t and
the daily factory needs are C=630 t. Following the
procedure described above, the generated initial
solution is:

2
2

4
s
4
4

4

with corresponding departure times:

11.72
11.15
13.44
11.15

t0  7,

priority is (2,4,6,7,5,1,3).

2 2 0
3 3 0
1 0 0

3 3 0
9.72
8.58
9.72
8.58

t j  t0

sorted in the same way according to the distance
dj. For example, if the set of locations is I =
{1,2,3,4,5,6,7} with the data presented in Table 1

4.1. Solution representation

6.00
6.00
t
6.00

6.00

by their

distances from the factory (dj) from nearest to the

The solution s is represented as an integer array
of length kmax, which consists of m segments.
Each segment corresponds to exactly one
vehicle. Segment i corresponds to i-th vehicle
and contains the array sik. The elements of the
array sik , iϵI, kϵK take values from the set JU{0} =
{0,1,…,n} and correspond to the visited location
for every vehicle in each tour. If sik = j it means
that the vehicle i visits the location j in the tour
number k and sik =0 if the vehicle i has an “empty”
tour k. For simplicity, the initial solution
representation is designed in a way that “empty”
tours, if they exist, are always located at the end
of each vector in each generated solution. As an
example, let us consider the instance with the
following
data:
m=4,
n=4,
kmax=4,
cj=(50,100,70,80), tj=(4,8,5,9), dj=(60,30,40,50),
CV= 27, t0=7, v =35, u=0.17, w=0.12, C=270,
tstart=6.00, tend=24.00.
The optimal solution obtained by Lingo 15
Solver for this instance is represented as:

1
3
s
1

3

t j  t0 sorted

13.72
13.72
13.44

13.72

6 7 1
6 7 1
6 5 3

6 5 3
6 1 0

7 1 0

Each row in the matrix s corresponds to one
vehicle. As the location 2 has the highest priority
and there is 50t at this location, it must be visited
2 times. After that, the location 4 must be visited
4 times and so on. The limit for starting the last
“nonempty” tour is computed as the quitting time
minus the time that is needed for serving the

and the value of the objective function of T=
13.22.
4.2. Generating initial solution
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location with the largest distance of all, including
the duration of loading and unloading. If some
vehicle exceeds this limit, the current tour and the
following tours for this vehicle all become “empty”
and the generation of the solution continues from
the next vehicle. When the factory needs are
completed, all remaining tours become “empty”.
The initial solution generated by the described
process is feasible. It is constructed to satisfy the
requirements (2), (3). It is also ensured that each
location is visited no more than it is necessary for
transporting all its quantities and the locations
where the goods are kept in the open are first
included in solution. Also, once the constraint (4)
is satisfied, the generation of the initial solution is
completed. The initial solution defines departure
time tik for iϵI and kϵK and the values for variables
yj for jϵJ which can be calculated on the basis of
generated initial solution in order to satisfy
constraints (5) - (8).

15: end while
16: until termination criterion is satisfied

In this VNS implementation, parameters hmax
and lmax take the values of 1 and 2, respectively.
4.5. Local search improvement
In every iteration of the algorithm, before the
shaking starts there is an improvement of the
solution in the following way. The current solution
is searched in order to find the two vehicles, one
with maximum and another with minimum
working time and then the last “nonempty” tour
from the first one is replaced with zero as an
“empty” tour and the removed tour is inserted at
the place of the first “empty” tour of the second
vehicle. For example, suppose we find that the
vehicles m1 and m2 have the highest and the
lowest ending time, respectively and their
corresponding vectors are (2,3,5,1,0,0) and
(1,3,4,0,0,0) respectively. This local search
implies the exchanging of the value 1 from the
first vector with the first value 0 from the second
vector leading to the new vectors (2,3,5,0,0,0)
and (1,3,4,1,0,0) for these two vehicles and to the
new solution that should be evaluated. This
procedure is repeated until there is no
improvement. The purpose of this local search is
to equalize the working time of all vehicles in
order to minimize the total finishing time.

4.3. Objective function calculation
After generating the initial or any other solution,
it must be evaluated in order to be accepted or
not. The values tik are considered as the
departure times of a vehicle i in tour k. It is
important that the vehicles are allowed to start
the next tour after finishing the previous one with
no relation between departure times of different
vehicles. The value T in the objective function is
computed as:


 d xik

T  maxtikmax   2 max  u  wsgn xikmax


v
iI 








4.6. Shaking phase with tabu list

.

In the shaking phase of the VNS only one
neighborhood structure N1 of order 1 and order 2
is used. Neighborhood N1 of order 1 is obtained
by exchanging two random “nonempty” tours of
different,
randomly
selected
vehicles.
Neighborhood N1 of order 2 is obtained by
exchanging two random pairs of successive
“nonempty” tours, which also belong to two
different random vehicles. Shaking in N1 of order
2 is applied only if kmax2 and the randomly
selected vehicles have at least 2 “nonempty”
tours, but not in the case when both randomly
selected vehicles have exactly two “nonempty”
tours, because in this case the solution remains
the same from the aspect of the objective value.
The changed solution leads to the different part
of the search space.
For the neighborhood structure N1 used in
shaking phase the tabu list is constructed in order
to avoid cycles. Tabu search method was
introduced by Glover in 1986, as an approach
leading to local optimality by a strategy of
forbidding or penalizing certain moves. The
purpose of the tabu list is to avoid the search
process turning back to the solutions visited in
the previous steps (Zhang et. al, 2007). Tabu
search method can provide good results for



4.4. The proposed VNS heuristic
Algorithm 1 presents the proposed VNS
algorithm for solving the presented model. Each
component of the designed heuristics is
described in details in the following subsections.
Algorithm 1 VNS
1: Input: The set of neighborhood Nh, h=1,…, hmax for
shaking phase
The set of neighborhood Nl, l=1,…, lmax for
local search
2: Initialization: Find an initial solution s;
3: repeat
4: h← 1;
5: while h≤ hmax do
6: s ← Improvement (s);
// shaking
7:
s’ ← shaking with tabu list (s, Nk (s));
8:
update tabu list
// local search by VND
9:
s’’ ← VND (s’);
//move or not
10: if f (s“) < f (s) then
11:
s ← s’’;
12:
h← 1;
13: else
14:
h ← h + 1;
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solving some problems without combining with
other methods. Tang et al. (2010) developed tabu
search algorithm for solving scheduling problem
considering the process of steelmaking.
Tabu search method is often applied as a
component of a hybrid algorithm in order to
improve the solution quality. Huang and Liao
(2008) applied the ant colony algorithm combined
with the tabu search for job shop scheduling
problem.
In this paper, tabu search elements are
involved in the VNS. More precisely, shaking
procedure that uses tabu list is designed. The
tabu list for N1 consists of four dimensional
vectors (m1, m2, k1, k2) which includes the two
randomly selected vehicles m1 and m2 and their
randomly selected tours k1 and k2 which will be
exchanged. Two tabu lists for order 1 and order 2
in this neighborhood structure have the same
form where k1 and k2 presents the first elements tour number in each pair for order 2 of N1. The
values in the tabu list are initially set to zeroes
and they are updating after each shaking by
adding the new vector (m1, m2, k1, k2)
corresponding to the randomly selected vehicles
m1 and m2 and their tours k1 and k2. After that all
vectors in the list which contain at least one pair
(m1, k1) or (m2, k2) as components on the
adequate positions are set up to zeroes. Indeed,
after shaking with the elements of the vector (m1,
m2, k1, k2), all vectors with the following forms
(m1, _, k1,_),(_, m1, _, k1), (_, m2, _, k2), and (m2,
_, k2, _) are no longer tabu and they can be
deleted from the tabu list. The size of tabu list is
set to 15, and therefore the cycles of length less
or equal to 15 will be avoided.

evaluation only if it satisfies the constraint (4)
concerning the factory needs. The VND algorithm
is presented in Algorithm 2.
Algorithm 2 VND
1: Input: The set of neighborhood Nl, l=1,…lmax
2: Initialization: Find an initial solution s;
3: repeat
4: l← 1;
5: while l ≤ lmax do
6:
Find the best neighbor s’ of s in Nl (s);
7:
if f (s’ ) < f (s) then
8:
s ← s’;
9:
l← 1;
10: else
11:
l ← l + 1;
12: end while
13: until no improvement is obtained
14: return s

4.8. Termination criterion
The stopping criterion for VNS can be defined
with respect to the CPU time used, the maximum
number of iterations, the minimal magnitude of
the improvement over a predefined number of
iterations, the maximum number of iterations
between two improvements, etc (Lejeune, 2006).
In the present paper, VNS algorithm stops when
the maximal number of iterations without
improvement is reached. The value of this
stopping criterion is experimentally determined.
By analyzing the behavior of the algorithm to the
tested instances it turned out that the number of
considered iterations should be 5, as a
compromise between the solution quality and
algorithm runtime. For each one of 50 tested
smaller - size instances for which VNS didn’t
reach global optimum, or it was not obtained by
Lingo Solver, further improvement of the best
solution was not reached, even when the
maximal
number
of
iterations
without
improvement was increased to 100.

4.7. Variable neighborhood descent
The proposed Variable neighborhood descent
(VND) includes two different neighborhood
structures: N1 and N2 in order to find the best
choice of the visited locations with minimum
working time and with all constraints satisfied.
The neighborhood structure N1 consists of
solutions that are obtained from the current
solution by performing swap moves. The two
“nonempty” tours of different vehicles are
swapped in neighborhood N1 meaning that the
indexes of visited locations are exchanged in
those tours. The neighborhood structure N2
changes the location in the last “nonempty” tour
of one vehicle with another location or with an
“empty” tour if it is possible. The value j1 ϵ J of the
last “nonempty” tour for some vehicle can be
changed with the value j2 ϵ JU{0} if tj1 < t0 and
yj2=0, meaning that the location j1 does not have
to be emptied because the goods do not stand
too long at this location and the location j2 is not
emptied so it can be included in the solution one
more time. This move is accepted for the further

5. COMPUTATIONAL RESULTS
The set of 50 real life smaller-size instances are
generated on the basis of the data obtained from
the company which is involved in sugar
production. Those instances are divided in two
groups according to the results obtained by the
Extended Lingo 15 Solver, which can be
downloaded from (http://www.lindo.com/). The
first group of instances includes 43 smaller-size
instances which were solved to optimality using
Lingo Solver, and the second group consists of 7
smaller size instances for which Lingo solver
provided only local optimum within the time limit
of 5 hours.
Extended Lingo 15 Solver is comprehensive
tool designed to efficiently build and solve linear,
nonlinear, and integer optimization models using
a very simple modeling language. It is unlimited
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in terms of number of variables and constraints
(LINDO Systems, 2016).
The proposed VNS is implemented in C
programming language. All computational tests
were run on an Intel Core i5 - 3320M processor
on 2.60 GHz with 2 GB RAM memory under
Windows 7 operating system. The number of
runs for each of 50 smaller size tested instances
is 20. For generated instances that are of larger
problem dimensions, the number of VNS runs is
10, due to longer running time.
Table 2 presents the computational results on
the first group of instances. The columns present,
respectively:
Inst:
Instance name. Instances are
noted as Tn,m,kmax. The index n is
the total number of locations, m
is the total number of vehicles
and kmax is the maximum number
of tours that each vehicle can
make during working time;
Lingo Solver: The results obtained by Lingo
Solver including the global
optimum (GO) in hours and
runtime of Lingo Solver (t) in
seconds;
VNS:
The results obtained by the
proposed VNS method presented
by the best obtained solution
VNSbest (in hours), the average
running time (t) in seconds, the
average gap (agap) in percent
and standard deviation (), in
percent.
The mark Opt in the column VNSbest is used
to present the case when VNS reaches the
optimal solution obtained by Lingo solver. The
average gap (agap) presents the average
percentage deviation of the VNSbest solution
from the best/optimal solution through all VNS
runs and the last column (%) is standard
deviation in percents of the VNSbest solution
calculated in respect to the optimal/best solution
through all VNS runs. The last row, marked with
Aver, includes the average values of the obtained
results.
From the results presented in Table 1 it can be
seen that only in only 4 of these 43 instances
VNS didn’t reach the global optimum. However,
the VNS runtime is far less than Lingo Solver
runtime for all tested instances.
The second group of instances includes 7
smaller size instances that Lingo Solver could not
solve to optimality for time limit less than 5h, but
it succeeded in finding local optimum and the
lower objective bound, meaning that the global
optimum is between those two values, including
them. Table 3 presents the computational results
on those instances. The local optimum obtained
by Lingo solver is noted as the upper bound (UB)

and the column LB presents the lower bound for
the objective function. The values of LB and UB
are given in hours.
Table 2: Computational results on smaller size
instances solved to optimality by Lingo Solver

Inst
T2,2,3
T2,3,2
T3,3,2
T3,2,3
T4,3,2
T4,2,3
T5,3,2
T5,2,3
T6,2,3
T6,3,2
T3,2,4
T3,4,2
T2,3,3
T4,4,2
T4,2,4
T3,3,3
T5,2,4
T5,4,2
T4,3,3
T6,4,2
T6,2,4
T3,5,2
T5,3,3
T4,5,2
T6,3,3
T7,3,3
T2,4,3
T2,3,4
T3,4,3
T3,3,4
T7,5,2
T4,3,4
T4,4,3
T5,3,4
T5,4,3
T2,3,5
T2,5,3
T3,3,5
T2,4,4
T3,4,4
T4,4,4
T2,5,4
T5,4,5
Aver.

Lingo
Solver

VNS

GO

t(s)

VNS
best

t(s)

agap
(%)

(%)

13.73
11.72
9.78
13.16
10.58
12.87
10.58
10.58
10.27
10.29
16.87
9.38
12.87
9.78
11.56
13.73
11.27
10.87
12.30
10.01
13.16
10.58
13.16
10.87
12.87
12.30
15.44
17.45
13.73
16.30
10.58
15.45
14.30
16.59
13.16
19.45
12.87
17.16
17.45
16.30
16.87
16.30
18.88
13.34

0.45
0.43
0.81
1.34
2.11
2.43
0.87
1.11
2.11
4.19
1.06
3.54
0.82
3.18
1.51
1.16
16.00
6.91
1.94
43.84
74.17
1.78
161.22
3.43
144.23
22.15
0.53
0.82
1.34
3.01
197.79
355.17
23.79
337.47
216.04
0.96
1.63
4.86
3.51
221.06
14359.2
0.70
37.18
378.32

Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
10.18
Opt
Opt
11.96
Opt
Opt
Opt
14.30
Opt
Opt
11.72
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
Opt
13.41

0.012
0.010
0.014
0.015
0.012
0.013
0.014
0.016
0.012
0.015
0.019
0.012
0.014
0.011
0.015
0.013
0.015
0.013
0.015
0.011
0.013
0.012
0.014
0.012
0.016
0.014
0.014
0.014
0.016
0.014
0.013
0.020
0.013
0.014
0.014
0.014
0.015
0.016
0.014
0.016
0.016
0.017
0.022
0.014

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.13
1.39
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.62
0.00
0.00
2.78
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.23
0.12

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.59
3.60
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.61
0.00
0.00
3.92
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.59
0.24



Table 3: Computational results on small size
instances unsolved to optimality by Lingo solver

Inst
T5,4,4
T5,5,5
T7,5,6
T8,6,5
T4,5,7
T6,6,6
T6,7,6
Aver.
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Lingo
Solver

VNS

UB

LB

VNS
best

t(s)

agap
(%)

(%)

17.45
20.02
26.69
26.69
16.03
26.69
13.00
20.94

17.35
19.56
16.40
13.41
15.13
16.70
7.35
15.13

17.45
20.02
17.00
14.71
15.29
16.85
11.48
16.11

0.015
0.020
0.034
0.040
0.051
0.031
0.085
0.039

0.00
0.00
0.13
0.74
0.70
0.00
1.82
0.48

0.00
0.00
0.21
1.19
2.19
0.00
2.40
0.86



From the results presented in Table 3 it can be
concluded that the VNS algorithm found the
same solution as Lingo for two instances T5,4,4
and T5,5,5. For other 5 instances VNS found better
solution then Lingo Solver provided. The runtime
of VNS algorithm, in the case of these instances,
was about million time less than Lingo runtime.
In order to evaluate the performance of the
designed VNS algorithm, 9 larger size instances
were included in this study. Among them, 5
instances are generated based on the real life
data obtained in the company, and the next 4 are
randomly generated with:

the VNS method, in most of the cases, reached
optimal solutions previously obtained by Lingo
solver, but the VNS running time was at least
hundred times less then Lingo Solver runtime.
Also, the designed VNS algorithm provided
solutions for larger-size instances in relatively
short running time, which is important from
practical point of view.
Future work may be conducted in several
directions. The proposed model can be
motivation for introduction of a different model by
including non-homogenous vehicles or two or
more factories, as multi depot. More constraints
which present the relations between the
departure times of different vehicles can be
observed, such as the constraints regarding
queuing. Also, the presented results could be the
challenge for developing other optimization
methods for solving the considered or extended
problem in order to improve the solutions.

 cj ϵ U [1000, 2500], for every jϵJ;
 dj ϵ U [5, 80], for every jϵJ;
 tj ϵ U [1, 10], for every jϵJ.
The results on these larger-size instances that
have been solved using VNS only are presented
in Table 4. Randomly generated instances are
r
denoted with Tn,m,kmax .
The instance T8,40,10 is the instance that
reflects the common dimension of the real life
problem from the standpoint of the observed
company and its current needs for vehicle
scheduling of transportation of sugar beet.
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Memetic Algorithm for the Uncapacitated
Multiple Allocation p-Hub Center Problem
Mišković, Stefan



hub location models have been introduced in the
literature. Most of them assume that the subnetwork of hubs is complete, with a direct link
between every hub pair, and that direct
transportation from an origin to a destination
node is not allowed. Each non-hub node may be
allocated exactly to one hub (single allocation
scheme) or to multiple hubs (multiple allocation
scheme). The number of hubs may be fixed to a
constant, which is usually significantly smaller
compared to total number of nodes in the
network. Fixed costs for establishing hubs or
inter-hub links may also be involved. Regarding
objective function type, one can distinguish hub
center problems that minimize the maximal cost
(distance, time) between two nodes in the
network and hub median problems that minimize
the total transportation costs in the network. A
review of models, classification and solution
methods on hub location problems can be found
in [2, 6, 10], etc.

Abstract: In this study, the Uncapacitated
Multiple Allocation p-Hub Center Problem –
UMApHCP is considered. Since UMApHCP is
known to be an NP-hard, the use of metaheuristics
as solution methods represents a promising
research direction. This paper proposes a Memetic
algorithm (MA), as an efficient hybrid metaheuristic
approach to UMApHCP. The basic idea behind the
implemented MA is to combine Particle Swarm
Optimization (PSO) as a population-based method
and a Local Search (LS) heuristic. All elements of
the proposed MA are adjusted to the
characteristics of the UMApHCP. The proposed MA
is benchmarked on standard test instances for hub
location problems and the results of MA are
compared with the ones obtained by exact and
heuristic methods from literature. The analysis of
experimental results shows that the proposed MA
reaches all optimal and best-known solutions in
very short running times. The MA showed to be
superior over other heuristic approaches to
UMApHCP in the sense of stability, solution
quality, and running times.
Index Terms: Hub location problem, multiple
allocation, p-center, hybrid metaheuristic, memetic
algorithm

In this paper, the Uncapacitated Multiple
Allocation p-Hub Center Problem (UMApHCP) is
considered. The problem was introduced by
Campbell [5] and formulated as a quadratic
program. The objective of the UMApHCP is of
type min-max, which is suitable for modeling
practical situation when the maximal distance,
cost or time between two locations, or maximal
load of established facility, needs to be minimized
[6, 10, 17–19]. According to Campbell [5], this
type of hub center problem is important for a hub
system involving perishable or time sensitive
items in which cost refers to time. Ernst et al. [9]
study both multiple and single allocation variant
of the uncapacitated p-hub center problem, and
propose integer programming formulations for
both variants. A three-index formulation of the
UMApHCP proposed in [9] showed to be more
efficient compared to existing four-index
formulations. Starting from the branch-and-bound
algorithm for the Uncapacitated Multiple
Allocation p-Hub Median Problem (UMApHMP)
described in [7], and a simple heuristic method
for a feasible solution to the UMApHMP from [8],
Ernst et al. in [9] develop a shortest path based
branch-and-bound method (BnB) for solving the

1. INTRODUCTION

H

UB networks have wide area of application in
transportation
and
telecommunication
systems, such as computer and wireless
networks, satellite communications, passenger
travel, cargo transportation, postal network
services, systems of express delivery, etc. Hubs
nodes serve as consolidation, switching, and
sorting centers in a network. Since transportation
between hubs is discounted by some factor, hub
nodes will naturally concentrate network flow in
order to decrease transportation costs.
In general, hub location problems deal with
location of hubs and allocation of non-hub nodes
to one of more located hubs. Location and
allocation part cannot be considered separately,
since allocation depends on the chosen hub
locations, and vice versa. Up to now, numerous
Manuscript received August 1, 2016. S. Mišković is at the
Department for Informatics and Computer Science, Faculty of
Mathematics,
University
of
Belgrade
(e-mail:
stefan@matf.bg.ac.rs).

38

UMApHCP and a heuristic approach (Heur) to
obtain an upper bound for the optimal solution.
Both BnB and Heur from [9] are tested on
standard CAB and AP hub data set with ≤ 200
nodes and
≤ 10 hubs [3]. The BnB method
provided optimal solutions for smaller and
medium-size AP problem instances, while
solutions obtained by heuristic Heur in some
cases had significant gaps from the optimal ones.
The BnB method was also successful in solving
larger AP instances with
= 100,
≤ 10 and
= 200. In study [15], a genetic algorithm (GA)
for solving UMApHCP is proposed. The results of
computational experiments on smaller and
medium-size AP instances show that the GA
from [15] reaches all known optimal solutions
obtained by BnB from [9], and outperforms
heuristic Heur from the same paper. The GA also
provided solutions for larger AP instances with
= 100, 15 ≤
≤ 30,
= 200, = 2 and
4 ≤
≤ 50 nodes that were unsolved to
optimality, but in significantly longer running
times.

Uncapacitated Multiple Allocation p-Hub Location
problem is given. Section 3 describes the
proposed Memetic algorithm designed for the
UMApHCP. In Section 4, the results of
computational experiments are presented.
Finally, Section 5 summarizes the results and
provides future research directions.
2. MATHEMATICAL FORMULATION
In this paper, the three-index mixed integer
linear formulation for the UMApHCP from [9] is
used. The following notation is introduced:
o
o

o

o
o

o

The goal of this study is to develop an efficient
hybrid metaheuristic method for UMApHCP,
which can provide high-quality solutions in short
CPU times, especially in the case of large
problem
dimensions.
Hybridization
of
metaheuristics was not previously considered in
the literature when solving the UMApHCP. A
Particle Swarm Optimization (PSO) method
adapted to UMApHCP is designed first, as a
population-based
algorithm
that
provides
diversification of solutions. The PSO method is
further combined with a Local Search (LS)
heuristic within the frame of a Memetic algorithm
(MA). The role of PSO is to ensure search
diversification, while LS is used to direct the MA
to promising search regions. Evolutionary-based
approaches are mostly used as population-based
component of a memetic algorithm. In this paper,
PSO is used instead of an evolutionary approach,
since it showed to be much faster, and on the
other side, it provided good search diversification.
Each constructive element of the proposed MA is
adapted to the problems under consideration.
The proposed MA is benchmarked on standard
AP hub data set with
≤ 200 nodes and
≤ 50 hubs. The best results obtained by MA
are compared with the results of exact SP-BnB
method [9], and the best results of heuristic Heur
from [9] and GA approach from [15]. Regarding
the classification of scientific contributions from
[4], the research presented in this study can be
considered as evolutionary innovation, class
specialization.

o

I = {1,..., n} is the set of nodes;
is the set of arcs, where ( , ) ∈
represents a link from location ∈ to
∈ ;
≥ 0 represents transportation cost
(per unit flow volume) from ∈
to
∈ ;
= max{ ∶ , ∈ };
≥ 0 denotes the flow volume (i.e.,
the number of units of flow) departing
from origin ∈ to destination ∈ ;
is the number of hubs to be
established;
∈ (0,1) is the discount factor for the
flow between hubs.

It is assumed that
=
and transportation
costs
satisfy the triangle inequality, since they
are usually proportional or equal to distance or
time needed to transport goods from origin to
destination . Transportation costs for the flow
from to are calculated as the product of flow
volume
and the corresponding costs
per
unit of flow volume. The costs of flow between
hubs are multiplied by the discount factor
∈ (0,1). Direct connection between origin and
destination node is not allowed. There is no limit
on the incoming amount of flow in a hub. Multiple
allocation scheme is assumed, which means that
each non-hub node may be allocated to different
hubs, depending on the considered origindestination route, while each hub node will be
naturally assigned to itself. The objective of the
UMApHCP is to establish hubs and to allocate
non-hub nodes to hubs, such that the maximum
transportation costs for the flow between any pair
of nodes in the network is minimized.
Three sets of binary variables are used:
o
o

o

The remainder of paper is organized as
follows. In Section 2, a formulation of the
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= 1 if and only if the hub is located
at node ;
= 1 if and only if the origin node is
allocated to hub
when transporting
the flow to destination node ;
= 1 if and only if the destination
node
is allocated to hub
when

o

receiving the flow from origin node ;
≥ 0 is a real non-negative variable
used in the objective.

≤

∀, ,

∈ ,

(3)

Note that in [9], it is simply assumed that
transportation costs from
to
are equal to
corresponding distance from to . In the model
(1)–(8) used in this paper, transportation costs for
the flow from origin to destination is obtained
by multiplying the number of units of flow
from
to by transportation costs per unit of flow . If
it is assumed that transportation costs per unit of
flow are equal to corresponding distances, and
that
= 1 for every , ∈ , the model from [9]
is obtained. Ernst et al. in [9] proved that
UMApHCP is NP-hard, even in the case when
= 0.

≤

∀, , ∈ ,

(4)

3. PROPOSED MEMETIC ALGORITHM

=1 ∀, ∈ ,

(5)

=1 ∀, ∈ ,

(6)

Using the above notation, the UMApHCP may
be formulated as:
min

(1)

such that
= ,

(

≥

+

(2)

)
(7)

+
−

1−
,

,

Memetic algorithm (MA) is a hybrid
metaheuristic method, based on a combination of
a population-based approach and a local search
heuristic [20, 21]. Particle Swarm Optimization,
Bee Colony Optimization, etc., offer more
facilities for exploration, while local search based
heuristics (Iterated Local Search, Variable
Neighborhood Search, Tabu-Search, Simulated
Annealing, etc.) provide more capabilities for
exploitation. It is important to achieve a good
balance between exploitation and exploration
strategies, such that the resulting MA provides
high-quality solutions in short running times [21].
This type of hybridization has been applied to
numerous optimization problems in the literature,
see [11, 16, 17, 21], etc.

∀, , ∈ .
∈ {0,1} ∀ , , , ∈ .

(8)

By (1) and (7) the maximum of transportation
costs for the flow between any origin-destination
pair in the network is minimized. Constraint (2)
ensures that exactly
hubs are established.
Constraints (3) and (4) mean that origin and
destination nodes may be assigned only to
established hubs. By constraints (5) and (6) it is
ensured that in each origin-destination pair ( , ),
origin node is allocated to exactly one hub ,
and destination node is allocated to exactly one
hub . Constraint (7) imposes the lower bound for
the objective variable . Finally, (8) indicates the
binary nature of variables ,
and .

In this study, a memetic algorithm MA is
proposed, as a hybrid metaheuristic approach
obtained by combining a Particle Swarm
Optimization (PSO) as a population-based
method, and a Local Search (LS) as an
improvement strategy. The MA works over a
population of individuals denoted as
, where
each individual
∈
corresponds to a
solution in the search space.
Initial population
is generated by uniform
distribution, providing a good initial diversity of
solutions. In each iteration of MA, individuals
from the population are evaluated by calculating
their objective functions. High-quality individuals
are selected in the subset
and denoted as
elite ones. Elite individuals are directly passing to
the next MA generation, while remaining lowerquality individuals
\
are subject to PSO.
Local Search heuristic is applied to individuals
produced by the PSO and elite ones. Individuals
improved by LS enter the next MA generation, if
they satisfy quality criteria. If a duplicate
individual appears during the MA run, it is being
removed by setting its objective value to positive
infinity. This strategy helps in preserving the
diversity of individuals and preventing a
premature convergence of the MA. The best

Ernst et al. [9] remark that constraints (3) and
(4) may be replaced with
≤

∀ ∈

(9)

≤

∀ ∈

(10)

and

respectively, which result in a smaller number of
constraints, but, as experiments showed,
produced no reduction of solution times [9].
Therefore, constraints (3) and (4) are kept in this
paper.
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individual and its objective function value are
saved and updated in each MA generation. The
MA terminates when a stopping criterion is
satisfied, i.e., if the best objective value remains
unchanged through
subsequent MA
generations. The basic concept of Memetic
algorithm for solving UMApHCP is presented in
Algorithm 1. In the following subsections, a
detailed description the proposed MA is provided.

weight equal to transportation costs
. The
weights of edges ( , ), , ∈ \ are set to
infinity, since direct transportation between nonhub nodes is not allowed.
On the constructed graph, the well-known
Floyd-Warsall algorithm [1, 7] is applied in order
to find shortest paths between all pair of nodes.
Finally, the objective function value for the
UMApHCP is obtained as the maximum among
all shortest distances between nodes , ∈ ,
multiplied with corresponding flow volume
.
The complexity of objective function calculation is
determined by the complexity of the applied
Floyd-Warsall algorithm, which is (
), see [7].

Algorithm 1: Memetic Algorithm for UMApHCP
Input data
Generate initial population
while not Stopping criterion do
Evaluate individuals from
Update
and
Determine the subset of elite individuals
for all
∈
\
do
Particle Swarm Optimization(
)
end for
for all
∈
do
Local Search(
)
end for
Update
end while
Write Output

3.3 Particle Swarm Optimization
Particle swarm optimization method (PSO) is a
population-based metaheuristic, based on the
idea of swarm intelligence [12]. It has been
applied to both continuous and discrete
optimization problems in many areas [13, 22–24].
A variant of PSO method is used instead of an
evolutionary algorithm as a population-based part
of the MA because it has simpler concept and it
is easier to implement but on the other side, it
provides good diversification of solutions in the
search space in an efficient manner. PSO shares
many
similarities
with
evolutionary-based
algorithms, but the main difference is that the
concept of PSO does not use any variation
operator (e.g. crossover, mutation).

3.1 Encoding of solutions
A solution to the problem is encoded as a
binary string
of length . Each bit in the code
corresponds to a potential hub location. If the bit
on the -th position in the code takes the value of
1, it means that a hub is established at the -th
node (
( )=1 ⇒
= 1). Zero on the -th
position in the code implies that the -th node is
not chosen as a hub (
( )=0 ⇒
= 0). A
code
is considered correct if it contains
exactly bits with the value of 1. This means that
exactly
hubs are established, and the
corresponding solution is feasible. For example,
code
= 10110001 corresponds to a feasible
solution to the UMApHCP for = 8 and = 4,
since exactly 4 hubs are established:
(1) =
(3) =
(4) =
(8) = 1.

We have implemented a modification of the
basic PSO concept and adapted it to the
considered problem. The PSO is applied only to
the set of non-elite individuals in each iteration of
the MA. The idea behind PSO is to and find the
optimum using a swarm of particles moving in
a -dimensional search space, each representing
a candidate solution to the problem. Each particle
∈
has assigned the following -dimensional
vectors:
o
is a binary vector representing the
current position of a particle ∈ . It is
actually equal to
;
o
is a vector that corresponds to the
velocity of a particle ∈ , with real
coordinates from interval [
,
],
where
,
are pre-determined
parameters;
o
is a binary vector corresponding to
the best visited position of particle
∈ .

3.2 Objective Function Calculation
The locations of established hubs are first
obtained from the solution code. Let
denotes
locations of established hubs in the solution's
code
. For a feasible solution, | | = holds.
After the set is obtained, a complete graph that
contains 2 + nodes is created as follows. For
each origin node ∈ \ and each hub ∈ ,
an edge ( , ) is formed. The weight, equal to
transportation costs
from origin node to hub
, is assigned to edge ( , ). Similarly, edges
( , ) that connect pair of hubs , ∈
are
created, and weights
are assigned to them.
Finally, for each destination node ∈ \ and
each hub ∈ , edge ( , ) is formed, with the

The best and the second best global position
are saved in -dimensional binary vectors and
′, respectively, which are updated in each PSO
iteration.
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position is better than the best global one, the
best global position of the swarm is updated.
The second best global position ′ is also
updated, if necessary. The pseudocode of the
described PSO part is presented in Algorithm 2.

In the initialization phase, initial swarm
is
created. For each ∈ , vector
is equal to the
solution's code
of a non-elite individual.
Coordinates of , ∈ are obtained by uniform
distribution from [
,
]. Having in mind the
nature of considered problems, in the proposed
PSO implementation,
and
are set to 0
and 1, respectively. Initial coordinate values of
vectors , ∈ , and ′ are also calculated in
this step.

Algorithm 2. PSO part
for all ∈ do
Initialize coordinates of binary vector
Initialize coordinates of real vector
=
end for
Initialize values of and ′
while not stopping criteria do
for all ∈ do
( − )+
( − )
∆ =
( ′− )
+
= +∆
= min{ , 1} , = 1, 2, … ,
= max { , 0} = 1, 2, … ,
= +
Update , and ′
end for
end while

After the initialization phase, in each PSO
iteration, a particle ∈ successively adjusts its
position
in respect to the best position
visited by itself and the best position visited by
the whole swarm . In addition, inspired by idea
presented in [25], the second best global position
′ is used in adjusting a particle's position.
Therefore, velocity change vector ∆ , assigned
to a particle ∈ , is calculated as
∆

=

(

−

)+

( −

)+

( ′−

)

where is cognitive learning parameter, while
and
are social learning parameters. The
values of parameters , , and
are uniformly
chosen from the interval (0,1) in each PSO
iteration, while parameters , , and
are
constant through all PSO iterations.

3.4 Local Search part
A local search improvement plays an important
role in the memetic algorithm. Population-based
method within the MA frame explores a search
space, trying to identify the most promising
regions, while the local search part exploits the
surroundings of a solution, looking for an
improvement. In general, there are two ways to
combine a local search strategy with a
population-based approach within a memetic
algorithm. The first way is to apply a local search
to all solutions or the selected subset of solutions
in each MA generation. This approach provides
solution improvements that are further transferred
to the next MA generation.

In each PSO iteration, the flying direction of a
particle ∈ and = 1, 2, … , is calculated as

=

1
0
+∆

if
if

+ ∆ > 1,
+ ∆ < 0,
otherwise.

After the flying direction of particle ∈
is
obtained, the new particle position is calculated
as = + . Since a discrete problem is being
solved, a sigmoid function ( ) = 1/(1 +
) is
used to normalize the velocities values into the
interval [0, 1] (see [13]). More precisely, number
is randomly chosen from (0, 1), and
is set to 1,
if < (1 + 1/(1 +
), otherwise,
is equal
to 0. Therefore,
∈ {0,1} and
∈ [0,1],
= 1, . . . , , ∈ .

The second way is to apply a local search
during the generation of solutions. This goal may
be achieved, for example, by applying a local
search to determine the best crossover point for
the recombination operator or the most
convenient tournament size in selection operator
(in case of using an Evolutionary Algorithm as
population-based method in the MA), the best
way to combine cognitive and social learning
elements (in case of using a Particle Swarm
Optimization or Bee Colony Optimization
method), etc.

In the case that the number of bits
, =
1, . . . , with the value of 1 is different from , the
obtained new particle position
corresponds to
an infeasible solution. Such particle positions are
corrected by inverting adequate number of
randomly chosen bits from 1 to 0 (if there is more
than ones in ) or from 0 to 1 (if
has less
than ones).

In this study, the first approach is used, i.e.
local search improvement is applied to all
individuals in each MA generation. This strategy
is known as life-time learning in the literature,

If a particle ∈
has moved to a better
position
compared to its best local position,
vector
is updated with . If the new best local
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are of small size (involve up to = 25 nodes),
and therefore, they are not challenging for
evaluating heuristic methods. For all tested
instances,
= 0.75, while parameter
takes
different values. On each test instance, the
proposed MA is run 15 times. The number of
individuals in the MA population |
|, the
percentage of elite individuals in the population
, and the stopping criterion parameter
are experimentally determined and set to:
|
| = 40,
= 75%, and
= 200. The
values of , , and
parameters are taken
from [25]: = = 1.5, and
= 5.

since both elite and lower-quality individuals have
a chance to be improved, and these
improvements are further reflected on the
following MA generations [21].
Let
be a binary code of a solution that is
subject to Local search method, and let be the
set of established hubs. In each LS iteration, an
index from the set
and an index
from the
set \
are chosen. A new solution
′ is
obtained by exchanging bits on positions
and
in the code of
. The objective value of the
newly generated solution ′ is calculated. If an
improvement is achieved, the current solution
is replaced by
′. Otherwise, solution
′ is
discarded, and another pair of bits in the solution
is inverted, looking for improvement. The
described step of the LS part is presented in
Algorithm 3.

The MA solutions are compared with the ones
obtained by shortest-path based BnB method
(BnB) from [9], heuristic method (Heur) from [9],
and genetic algorithm approach (GA) from [15].
In order to provide a fair comparisons of the
proposed MA and GA from [15], the GA
implementation is run on the same configuration
as the MA, and experiments are repeated the
same number of times on each instance as in the
case of MA. However, repeated tests could not
be done with BnB and Heur approaches from [9],
since they are not available.

Described LS procedure is applied 10 times on
each individual in each MA generation. The LS
method is repeated until no further improvement
of the initial solution is achieved. There is no time
limit imposed on a single LS run on an individual
that is subject to the implemented LS. Note that
the applied LS preserves exactly ones in the
code of an individual, and therefore, always
produces a feasible solution.

Note that in UMApHCP used in the paper,
transportation costs
are introduced in general
sense, while in practice they are often considered
to be equal or proportional to distances between
the nodes and . As in studies [9] and [15], the
distances between the nodes are taken as
transportation costs per unit of flow in when
calculating objective function value. In this way,
by setting
= 1 for each , ∈ , comparison
with the results from [9] and [15] for the
deterministic UMApHCP can be carried out.

Algorithm 3. One iteration of the LS part
for all
∈
do
Choose randomly two bits on positions ,
with different values
Swap the bits' values on positions and
Calculate the new distance between two
furthest nodes
if new distance is smaller than the best
obtained solution value then
Update
else
Revert the bit exchange
end if
end for

In Table 1 results and comparisons on AP
instances with 10 ≤ ≤ 100 and
≤ 10,
=
200, = 3. For these instances optimal solutions
obtained by BnB are known [9]. The notation
used in Table 1 is as follows:
o
– number of nodes;
o
– number of hubs to be located;
o
- objective value of the optimal
solution obtained by SP-BnB;
o
– total running time of the
Shortest path based BnB (in seconds);
o
– objective value of the best
solution obtained by MA, with mark
when it coincides with the objective
value of optimal solution;
o
– running time in which MA
reaches its best solution for the first
time (in seconds);
o
– total running time of the MA (in
seconds);

4. COMPUTATIONAL RESULTS
The proposed MA implementation was coded
in C++ programming language and run on an
Intel i5-2430M 2.4 GHz with 8 Gb RAM memory
under
Windows
7
operating
system.
Computational experiments are carried out on the
set of AP instances that are derived from data
from Australian Post and used for various hub
problems. These instances are introduced in [8]
and involve up to
= 200 nodes and up to
= 50 hubs. CAB (Civil Aeronautic Board)
instances [3] are not used in this paper since they
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Table 1. Results and comparisons for AP instances with known optimal solutions
10
10
10
10
20
20
20
20
20
25
25
25
25
25
40
40
40
40
40
50
50
50
50
50
100
100
100
100
200

2 39922.112
3 32713.937
4 31577.965
5 30371.323
2 45954.151
3 40909.592
4 38320.251
5 37868.148
10 37868.148
2 51533.298
3 45552.497
4 45552.497
5 45552.497
10 45552.497
2 61140.798
3 56309.875
4 51279.142
5 49741.201
10 49741.201
2 61179.031
3 56729.936
4 52905.770
5 50707.866
10 50707.866
2 63197.103
3 57925.660
5 53949.329
10 51860.026
3 62945.552
Average

o

o

o

o
o

o

o
o

0.00
0.00
0.00
0.00
0.00
0.01
0.01
0.01
0.05
0.00
0.01
0.02
0.03
0.14
0.03
0.08
0.14
0.18
1.00
0.05
0.16
0.28
0.52
2.17
0.56
1.67
22.52
39.04
35.37
3.588

opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt

0.002
0.002
0.002
0.003
0.003
0.005
0.005
0.003
0.001
0.004
0.003
0.003
0.003
0.001
0.008
0.018
0.073
0.017
0.012
0.017
0.033
0.041
0.076
0.020
0.121
0.322
1.248
0.178
4.168
0.220

0.070
0.078
0.075
0.135
0.112
0.191
0.242
0.059
0.214
0.125
0.060
0.039
0.053
0.221
0.298
0.441
0.759
0.172
0.234
0.419
0.549
0.761
0.316
0.252
1.957
2.657
3.800
0.655
13.413
0.978

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt

0.001
0.001
0.001
0.001
0.001
0.004
0.010
0.001
0.006
0.004
0.011
0.013
0.008
0.010
0.009
0.058
0.130
0.024
0.011
0.017
0.056
0.154
0.102
0.020
0.085
0.385
10.833
0.562
32.331
1.547

0.348
0.343
0.350
0.372
0.372
0.373
0.410
0.468
2.191
0.381
0.420
0.488
0.780
3.474
0.457
0.660
1.152
1.498
8.859
0.500
1.029
2.160
3.029
12.360
1.235
7.102
26.598
39.723
71.443
6.503

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.289
0.000
0.464
0.026

opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt
opt

0.00
0.00
0.00
0.00
0.00
0.00
0.01
0.01
0.05
0.00
0.01
0.02
0.03
0.13
0.02
0.05
0.11
0.17
0.98
0.04
0.11
0.20
0.50
2.15
0.44
1.48
5.91
38.07
25.77
2.63

1.15
0.00
0.00
0.00
0.00
6.09
0.00
0.00
0.00
0.00
8.67
0.00
0.00
0.00
0.00
0.37
5.06
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.95
0.00
0.76
0.00
0.00
0.79

showed to be highly reliable in providing optimal
solution, since the standard deviation is 0%,
meaning that the MA reached optimal solution in
each run, for each considered instance. The
average standard deviation of the GA is 0.026%,
while heuristic Heur provided average gap of
0.795%. Regarding the CPU times, it may be
concluded that the proposed MA method reaches
optimal solutions for the first time around seven
times faster compared to the GA, in spite the fact
that the MA needs additional processing effort to
execute local search. In average, total MA
running time is less than a second, which is
around 6 times faster compared to 6.503
seconds of the GA's average total running time.

– standard deviation of the
objective value of the best MA solution
from the optimal one (in percent);
– objective value of the best
solution obtained by GA, with mark
when it coincides with the objective
value of optimal solution;
– running time in which GA
reaches its best solution for the first
time (in seconds);
– total running time of the GA (in
seconds);
– standard deviation of the
objective value of the best GA solution
from the optimal one (in percent);
– objective value of the best solution
obtained by Heur, with mark
when
it coincides with the objective value of
optimal solution;
– total running time of the Heur (in
seconds);
– average gap of the objective
value of the best Heur solution from
the optimal one (in percent).

Configuration used in this study for
experiments with MA and GA methods is not
directly comparable with a DEC Alpha machine
used for testing of BnB and Heur in [9], and
therefore, precise comparisons of CPU times
could not be carried out. However, regarding
overall running times, a general conclusion is that
the GA method is slower compared to heuristic
Heur and exact BnB, while total running times of
the proposed MA is similar or shorter when
compared to Heur and BnB.

Regarding the comparative data presented in
Table 1, all three heuristic methods MA, GA and
Heur, quickly reach optimal solutions obtained by
the exact BnB method. The proposed MA

In Table 2, comparative results of the proposed
MA and GA from [15] on large AP instances with
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Table 2. Results and comparisons of MA and GA for large AP instances with no optimal solution known
100
100
100
100
200
200
200
200
200
200
200
200
200
200
200

15
20
25
30
2
5
10
15
20
25
30
35
40
45
50
Average

Best sol
51860.026
51860.026
51860.026
51860.026
67083.276
57419.319
55958.751
55958.751
55958.751
55958.751
55958.751
55958.751
55958.751
55958.751
55958.751

best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best

0.116
0.100
0.122
0.125
1.111
9.347
1.270
0.536
0.384
0.402
0.536
0.689
0.561
0.761
0.820
1.125

0.814
1.476
2.615
4.181
7.147
22.601
2.839
1.560
2.315
3.622
5.697
8.483
11.903
16.511
21.974
7.583

= 100 and = 200 for which optimal solution
could not be obtained by BnB or commercial
CPLEX solver, due to time or memory limit. The
results are presented in similar way as in Table 1.
The column Best sol contains best-known
solution for each of the considered instance, for
which optimality could not be proved. In case that
MA or GA reached this best-known solution, it is
marked by
in the corresponding cell. The
standard deviations of MA and GA solutions
presented in columns
[%] and
[%] are
calculated with respect to the corresponding
best-known solution for each instance.

0.000
0.000
0.000
0.000
0.000
0.075
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.005

best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best

0.481
0.302
0.416
0.237
2.894
39.950
4.294
3.487
2.204
3.743
2.662
0.899
1.022
1.145
1.337
4.338

69.122
100.313
131.588
167.421
13.572
120.679
180.504
293.029
417.136
634.110
736.665
811.300
809.345
962.195
1164.707
440.779

0.000
0.000
0.000
0.000
0.000
0.683
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.046

Table 1, the best-known solutions presented in
Table 1 coincide with the optimal ones.
5. CONCLUSIONS
This paper considers the Uncapacitated
Multiple Allocation p-Hub Center Problem
(UMApHCP). Due to the NP-hardness of
UMApHCP, a Memetic algorithm (MA) is
proposed as a metaheuristic method for solving
both considered problems. The MA is based on
hybridization of Particle Swarm Optimization and
a powerful Local Search improvement heuristic.
Constructive elements of the MA and applied
strategies are adapted to the problems leading to
efficient implementation of the algorithm.

From Table 2, it may be noticed that both
approaches reach best-known solutions for all
considered AP instances with
= 100 and
= 200 nodes. However, the proposed MA
significantly outperforms GA in the sense of
running times on this data set: the total running
time of the MA is 7.583 seconds (in average),
which is around 58 times shorter compared to
440.779 seconds of average GA's total running
time. In addition, the MA reaches the best-known
solution for the first time in 1.125 seconds in
average, compared to 4.338 seconds that GA
needed, which is around 4 times faster.

The MA is benchmarked on standard AP data
set from the literature with up to 200 nodes. The
MA performance is compared with the
performance of the exact BnB method and
heuristic approaches Heur and GA from the
literature. On smaller-size AP instances, the
proposed MA reaches all known optimal
solutions, as well as the GA, while heuristic Heur
produced solutions with significant gaps from the
optimal ones. The results obtained on larger-size
AP instances that are unsolved to optimality
demonstrate the superiority of the proposed MA
over the GA approach. Although both methods
reach the same best-known solution in repeated
runs, the MA showed better reliability than GA,
when comparing average standard deviation
values. In addition, CPU times of MA are several
times shorter compared to GA running times.

Although both approaches reach the same
best solution in repeated runs, the MA showed
better reliability in producing the best-known
solution: standard deviation of the MA is equal to
0.005%, compared to standard deviation of the
GA which is 0.046%. Note that instance = 200,
= 5 was difficult for both approaches, which is
understandable, having in mind that instances
with ≪ are most difficult to solve.

The obtained results indicate the potential of
the MA when solving UMApHCP instances,
especially the ones that reflect real-life networks
with large number of nodes. One of directions of
the future work is hybridization of the MA with an
exact optimization method in order to prove the
optimality of solutions on large AP instances.

Since both MA and GA reached all previously
known optimal solutions from Table 1, and having
in mind robustness of these approaches and
small values of standard deviations for both GA
and MA from the best-known solutions from
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PDB Files Database
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perpendicular to a polypeptide strand. Several
protofilaments, the number being specific to the
particular amyloid protein, form fibrils. These
structures are different only in the inter-sheet
spacing which depends on the side chain size,
and in the fibril morphology [2].

Abstract: Amyloids are insoluble proteins of a
cross-β structure found as deposits in many
diseases. They are largely examined structurally,
but there is a lack of a unique structural database
for amyloid proteins resolved with atomic
resolution. We present a constructed amyloid
database made on keyword criterion as well as
structural features of amyloids described in
literature. The searching filter performed by python
programming, gave the total number of 109
structures. This database can help further
structural general and statistical analysis of
amyloids, that can lead to understanding of
disease mechanisms related to amyloid proteins.
Index Terms: Amyloid, Database, PDB

1. INTRODUCTION

A

MYLOIDS are insoluble proteins of a cross-β
structure found as deposits in many diseases
like Alzheimer's, Parkinson's, Creutzfeldt–
Jakob's, type II diabetes, etc. They are also found
in normal tissues (nails, spider net, silk) because
of their strong fibrilar nature. Among functional
nanostructured materials of a significant impact in
nanotechnology and biological environments,
amyloid fibrils have attracted great attention
because of their unique architectures and
exceptional physical properties.
All amyloid proteins, independently of their
sequence, form very similar structure, the cross-β
structure, made of parallel arrays of β-strands,
Figure 1. Short polypeptides, of minimum 4 amino
acids [1], are self-assembled into β-sheets via
backbone hydrogen atoms. Several β-sheets
interact with each other in a parallel fashion via
polypeptide side chains forming long linear
unbranched protofilaments with an axis nearly

Figure 1: An amyloid structure, PDB ID: 3OW9. Protein βstrands are represented in arrows and the side chains in
bars.

Amyloids are largely examined structurally and
individually [3, 4, 5], but there is no systematic
structural analysis of all resolved structures so far
in the literature. There is a lack of a unique
structural database for amyloid proteins resolved
with atomic resolution. The Protein Data Bank
(PDB) consists of nearly 120 000 3D shapes of
proteins, nucleic acids and complex assemblies
[6, 7]. The PDB contains amyloid structures, but
they are hard to find by a simple one criterion
search.
PDB files are often not uniform about the
amyloid keyword. The molecules in .pdb files are
often labeled by another name referring to an
amyloid precursor name or a disease name, while
the word 'amyloid' could be mentioned within
description such as publication title, publication
keywords, title section, etc. One example is given
in Table 1.
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Table 1: Example of a .pdb file header, PDB ID: 2OKZ. The
keyword is bolded.
HEADER PROTEIN FIBRIL
18-JAN-07
2OKZ
TITLE MVGGVV PEPTIDE DERIVED FROM
ALZHEIMER'S A-BETA
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structures which contain more than one nonparallel fragment for each fragment. Firstly, flat
fragments were defined according to the
Ramachandran backbone torsion angles of φ= (180˚, -103˚) and ψ= (104˚, 180˚). Furthermore, a
fragment must be of minimum 4 amino acids
length.
The criterion for the parallelism of fragments
was the maximal difference in the distances
between two Cα atoms belonging to two parallel
fragments of 1.5 Å.
For the purpose of this final structural filtration,
the .pdb files were downloaded from
http://files.rcsb.org/pub/pdb/data/structures/divide
d/pdb, and the .pdb1 files containing information
in biological assembly were downloaded from
http://files.rcsb.org/pub/pdb/data/biounit/coordinat
es/divided. This is important because both
translating a crystallographic unit cell in all the
three directions, and completing the biological
assembly structure must be done in order to
complete the amyloid structure and find all the
parallel fragments.
Homemade scripts for the downloading and
structural filtration were programmed in Python
programming language (http://www.python.org/)
and for PDB file parsing MDAnalysis python
library has been used [11].

COMPND MOL_ID: 1;
COMPND 2 MOLECULE: PEPTIDE FROM ALZHEIMER'S
A-BETA;
COMPND 3 CHAIN: A, B;
COMPND 4 FRAGMENT: RESIDUES 35-40;
COMPND 5 ENGINEERED: YES
SOURCE MOL_ID: 1;
SOURCE 2 SYNTHETIC: YES;
SOURCE 3 OTHER_DETAILS: THIS SEQUENCE
CORRESPONDS TO RESIDUES 35-40
SOURCE 4 OF HUMAN A-BETA PEPTIDE
KEYWDS STERIC ZIPPER, PROTEIN FIBRIL
EXPDTA X-RAY DIFFRACTION
AUTHOR M.R.SAWAYA, S.SAMBASHIVAN,
D.EISENBERG
REVDAT 3 24-FEB-09 2OKZ 1
VERSN
REVDAT 2 05-JUN-07 2OKZ 1
JRNL
REVDAT 1 30-JAN-07 2OKZ 0
JRNL
AUTH M.R.SAWAYA, S.SAMBASHIVAN,
R.NELSON, M.I.IVANOVA,
JRNL
AUTH 2 S.A.SIEVERS, M.I.APOSTOL,
M.J.THOMPSON, M.BALBIRNI
JRNL
AUTH 3 J.J.WILTZIUS, H.T.MCFARLANE,
A.O.MADSEN, C.RIEKEL,
JRNL
AUTH 4 D.EISENBERG
JRNL
TITL ATOMIC STRUCTURES OF AMYLOID
CROSS-BETA SPINES
JRNL
TITL 2 REVEAL VARIED STERIC ZIPPERS.
JRNL
REF NATURE V. 447 453 2007
JRNL
REFN ISSN 0028-0836
JRNL
PMID 17468747
JRNL

DOI

3. RESULTS AND DISCUSSION

10.1038/NATURE05695

Amyloid protein 3D structures were searched in
Protein Data Bank (PDB) and in Cambridge
Structural Database (CSD). The searching criteria
for the CSD were any 4 residue long acyclic
polypeptide with nearly β-sheet structure. Eight
structures were found, database was made by
searching the PDB for the keyword amyloid and
precursor names. Only the β secondary
structures or extended ones were taken. There
are 109 structures found in PDB, resolved by Xray crystallography, solid state or solution NMR.
The
online
search
on
the
website
http://www.rcsb.org/pdb/home/home.do gave us a
list of PDB IDs of potential amyloid structures
according to the name keyword. Getting the ID list
is represented in the Figure 2.
The search was done by picking every
structure in which the desired keyword appears.
The keyword was simply amyloid and 38 amyloid
precursor names. The precursor names were
published recently in the editorial of Amyloid, The
Journal of Protein Folding Disorders [12]. These
are all known naturally occurring amyloids. By
searching for files that contain the keyword
amyloid, we included all the synthetic amyloids as
well, described by the keywords amyloid-like,
amyloid-related, amyloidogenic etc.
We got 1218 structures in total. It is difficult to
separate all the amyloid structures, but not pick
the non-amyloid ones. Not every structure
mentioning the amyloid keyword, is in fact an
amyloid, hence filtration about structural features

….

Another difficulty in constructing amyloid
database is that amyloid proteins exist in different
conformations depending on conditions. They
might exist in nonamyloidal conformation in
solutions when they form helical or random coil
secondary structure with no parallel fragments
forming fibrils [8].
Here, we present a constructed amyloid
database made based on keyword criterion as
well as structural criteria.
2. METHODOLOGY
2.1 Online Search
The online search was performed on the
website http://www.rcsb.org/pdb/home/home.do
by amyloid and 38 amyloid precursor names
keyword criterion, and the list of PDB codes was
generated online. This search gives the list of all
the potential amyloid structures.
2.2 Excluding Helical Structures
Next, we excluded the helical structures,
leaving the β-sheets and coil structures in the first
step of the filtration. The filtration was made using
TCL scripting language [9] command get
structure incorporated in the VMD software [10].
2.3 Excluding Non-parallel Structures
In the final filtration step, we excluded
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of amyloids was further used.

Figure 2: Online search by keyword and making PDB ID list on the PDB site http://www.rcsb.org/pdb/home/home.do

It appears that amyloids are not exclusively β
structures, there are also coil and extended
peptides which pack in a parallel manner forming
long fibrils perpendicular to the peptide axis,
Figure 3.

structures that contain more than one non-parallel
fragment for each fragment.

Figure 4: Criterion for distinguishing amyloid structures from
non-helical structures: an amyloid possesses maximum one
nonparallel fragment for each fragment in the whole structure.

Flat fragments were defined according to the
Ramachandran backbone torsion angles found in
structures of eight amyloid-β fragments published
by [14]. Among these structures, there are βsheets as well as curved coil fragments with the
total torsion angles scope of (-156˚, -103˚) for the
φ angle, and (104˚, 154˚) for the ψ angle. This
range was expanded by the fully extended
peptide conformation, (φ, ψ) = (-180˚, 180˚), so
the final range was φ=(-180˚, -103˚), ψ=(104˚,
180˚). Furthermore, a fragment must be of
minimum 4 amino acids length.
The criterion for the parallelism of fragments
was also taken from the eight structures in [14]. In
these structures the maximal difference in the
distances between two Cα atoms belonging to
two parallel fragments is 1.5 Å, Figure 5.

Figure 3: There are amyloid structures with no β-sheets as in
this one made of coils, still parallel ones, PDB ID 2M5M.

This is why we excluded only the helical
structures, leaving the β-sheets and coil in the
first step of the filtration. The result was total of
241 structures. This is still not the ready
database, as it contains non-parallel, globular
protein arrangements.
We defined amyloid structure as a structure
which does not contain more than one nonparallel peptide fragment for every fragment in
the whole structure. This is because there are
highly ordered structures with alternating parallel
and tilted fragments, as in PDB ID: 4UBZ [13],
Figure 4, thus amyloids could contain non-parallel
fragments. On the other hand, there are parallel
fragments in non-amyloidogenic structures, as
they may contain β-sheets made of parallel βstrands. But they are mostly globular proteins.
We distinguished them from amyloids as
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Figure 6: Result of the PDB search: five classes of amyloid
structures according to the fragment secondary structure type
and their relative angle. The figure shows representative
examples for each class.
Figure 5: Criterion for parallel fragments: the distance
between two Cα atoms belonging to two parallel fragments
must differ maximally 1.5 Å, as found in amyloid-β structures
resolved by [14].

The found classes of amyloid structure
arrangements are all described in the review on
amyloid states [15] according to the facial and
directional alignment of the interacting β-sheets.

The resulting database consists of 109
structures represented in Table 2.

4. CONCLUSION
Table 2: Amyloid structures found on the basis of keyword
criterion as well as structural features, 109 structures.
PDB IDs of amyloid structures
1YJO
2OKZ
3FTH
1YJP
2OL9
3FTK
2BEG
2OLX
3FTL
2BFI
2OMM
3FTR
2E8D
2OMP
3FVA
2KIB
2OMQ
3HYD
2KJ3
2ON9
3LOZ
2LBU
2ONA
3MD4
2LMN
2ONV
3MD5
2LMO
2ONW
3NHC
2LMP
2ONX
3NHD
2LMQ
2RNM
3NVE
2LNQ
2Y29
3NVF
2M5K
2Y2A
3NVG
2M5M
2Y3J
3NVH
2M5N
2Y3K
3OVJ
2MPZ
2Y3L
3OVL
2MVX
3DG1
3OW9
2MXU
3DGJ
3PPD
2N0A
3FOD
3PZZ
2N1E
3FPO
3Q2X
2NNT
3FR1
3Q9G

3Q9H
3Q9I
3Q9J
3SGS
3ZPK
4E0K
4E0L
4E0M
4E0N
4E0O
4NIN
4NIO
4NIP
4NP8
4OLR
4ONK
4Q8D
4QXX
4R0P
4R0U
4R0W
4RIK

An amyloid atomic resolution structural data
bank was made by searching the Protein Data
Bank. The criteria were based on both amyloid
name keyword and structural features of amyloid
described in literature. The total number of
structures is 109 on the 27th of June of 2016. This
number will grow as new amyloid structures will
be resolved by X-ray crystallography and by NMR
spectroscopy. This database can help further
structural general and statistical analysis of
amyloids, since structural data at molecular level
can lead to understanding of disease
mechanisms related to amyloid proteins.

4RIL
4RP6
4RP7
4TUT
4UBY
4UBZ
4W5L
4W5M
4W5P
4W5Y
4W67
4W71
4WBU
4WBV
4XFN
4XFO
4ZNN
5E5V
5E5X
5E5Z
5E61
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Creating Links
between Cooking Recipes
Vujičić Stanković, Staša and Pajić, Vesna


Abstract: Increasing popularity of development
of applications in the culinary domain brings
linguistic processing of culinary content in focus.
As cooking is a constantly evolving process, the
more complex and user-friendly systems are
required. With that in mind, we have created lexical
resources for Serbian language related to culinary
domain, and used them for developing the system
that could meet different user requirements. One
of them is to find out more information about
preparing some parts of a cooking recipe that are
mentioned in some recipe preparation description.
The paper presents the method for creating this
type of links between cooking recipes from
domain specific corpus in Serbian.

Section 3 introduces an advanced search system
ReceptiX. Section 4 explains our approach for
establishing links between culinary recipes,
implemented as
one of the system’s
functionalities. Section 5 concludes the paper.
2. SERBIAN LANGUAGE RESOURCES
IN THE CULINARY DOMAIN
2.1 The Corpus of
Serbian Written Cooking Recipes
Domain-specific corpus of Serbian written
cooking recipes has been created to provide a
basis for studying the culinary lexica, as well as
for the development and evaluation of language
resources and applications in this field [1].
Recipes were retrieved from several Serbian
culinary web sites intended for collecting and
1
2
searching recipes, like Recepti , Kuhinjica , Veliki
3
kuvar etc. These sites generally contain recipes
that have been posted by the users without
additional proofreaders’ corrections, so they
consist of language which is prone to
irregularities. For example, one of the most
common errors is the omission of diacritics when
using the Latin script, where letter ž is used as z,
letter š as s, and letters č and ć are used as c,
which renders the produced texts unusable for
linguistic processing. All recipes that have been
written without the use of diacritics are eliminated
from the corpus.
The created text corpus contains approximately
14,000 recipes with approximately 1,600.000
simple word forms.

Index Terms: Natural Language Processing,
Language Resources, Culinary Domain

1. INTRODUCTION

I

this paper we want to give quick overview of
important Serbian language resources in the
culinary domain that have been used for
development of a system for automatic
processing and retrieval of text recipes, ReceptiX.
This system, based on a corpus of culinary texts,
generates all possible answers to requirements
from a query made by a user. In the frame of this
system, a specific method, which serves for
creation of links between different recipes, has
been implemented. It is used when a user
reviews a text of a recipe and notices that, in
preparing description features, there is some part,
which already had appeared in another recipe,
but with additional or different explanation. In our
system for automatic processing and retrieval, we
were able to implement a sophisticated
preprocessing method that allows a user to
discover related recipes for a certain recipe that
meets his requirements.
The paper is organized as follows: Section 2
presents Serbian language resources used for
the processing of texts from the culinary domain.
N

2.2 Serbian Electronic Dictionaries and
Culinary Domain Lexica
Electronic dictionaries are intended for
automatic processing of texts. They are being
developed for many years now for the Serbian
language, and as reported in [2] its present
version is derived from a total of almost 150,000
lemmas out of which 91% are simple form and
9% are multi-word units.
Electronic dictionaries of Serbian cover both
general lexica and proper names. The process of
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enlarging electronic dictionaries with lemmas
from the culinary domain extracted from domainspecific corpora is described in [3]. All of these
lemmas also have been marked with appropriate
domain specific semantic markers. For example,
meso ‘meat’ has been marked with semantic
markers +Conc+Food+Prod+DOM=Culinary to
denote that it is concrete (+Conc) food (+Food)
product (+Prod) from the culinary domain
(+Dom=Culinary). After this process electronic
dictionaries had 2,923 lemmas from the culinary
domain – 1,607 simple and 1,316 compound
lemmas.
The list of verbs related to the culinary domain,
together with some basic information about them,
is given in [4].
Domain-specific corpus has been used for
detecting and categorizing different units of
measure that are used in recipe descriptions. It
has been noticed that beside standard units of
measure, users frequently use more informal
measures that are not listed in formal standards
or professional manuals, like češanj ‘clove of’ or
prstohvat ‘a pinch of’. Electronic dictionaries have
been enlarged with a total of 105 approximate
measures marked with newly proposed domainspecific semantic markers related to measures –
95 simple and 10 compound lemmas [5].

developed during the development
ReceptiX system (Section 3).

the

3. RECEPTIX SYSTEM FOR
AUTOMATIC PROCESSING AND RETRIEVAL
OF COOKING RECIPES
The above introduced culinary corpus,
identified culinary lexica, enriched WordNet,
enlarged electronic morphological dictionaries,
and developed domain ontologies have been
used for the development of an advanced search
system, ReceptiX [7].
The system generates all possible answers to
inquiries made by users, like choosing ingredients
user wants or does not want to cook with, which
kind of dish wants to make, or determining the
similarity of cooking recipes as the similarity of
text that describe recipe preparation, in terms of
identical or similar steps, and ingredients that are
the same or are interchangeable [8].
4. METHOD FOR CREATING LINKS BETWEEN
COOKING RECIPES
The requirement to create links between
cooking recipes occurs when a user reviews a
recipe text, and observes that, in its preparation
appears part for which there is a potential recipe
with additional or different explanation.
In the above described system user could
make this type of connection using “ReceptiX”
button placed below the recipe text. After the
button is used, text sequences from the
preparation description that correspond to some
recipe title existing in the corpus, become links to
these recipes, thus enableing their viewing.
Figures 2 and 3 show an example of a recipe
before and after creating links. Text sequences
bešamel sos ‘bechamel sauce’ and musaka
‘moussaka’ (Figure 3) have become links to
recipes that explain how to prepare those meals.
As the first step in the process of creating links
between cooking recipes, we have decided to
produce lemmatized text for the recipe that is
being processed, and to produce lemmatized
recipes’ titles for all recipes from corpus. For that
purpose, we created final state transducer in the
Unitex system [9] (Figure 1).
Lexical masks are listed in its boxes that
recognize different types of words such as nouns
(indicated by <N>), verbs (marked with <V>),
pronouns (marked with <PRO>), adjectives
(marked with <A>) and numbers (marked with
<NUM>). Recognized substring of a text
sequence is stored in variable $promenljiva$,
which is used in transducer output to produce
lemma of recognized word ($promenljiva.LEMMA$). In this case, finite state transducer output
is applied in a special “Replace mode” where the
output replaces the sequences that have been
recognized in the text, while unrecognized

2.3 Serbian WordNet and Culinary Domain
The development of semantic network
WordNet for the Serbian language has been
4
started in the framework of the project BalkaNet .
At the end of the BalkaNet project, the Serbian
WordNet contained about 7,000 synsets [6]. At
present, it is related to the Princeton WordNet 3.0
and contains more than 21,200 synsets.
The procedure of Serbian WordNet enrichment
with culinary domain lexica based on Serbian
electronic dictionaries and domain-specific
culinary corpus is described in [3]. At the end of
this procedure, Serbian WordNet has been
enlarged with almost 1,800 culinary concepts.
2.4 Ontologies related to Culinary Domain
In order to enable semantic tagging of the
culinary domain lexica, as well as calculating
recipe similarity, three ontologies have been
created [7].
The approximate measure ontology (with 7
classes, two object properties, two data
properties, and 105 individuals), has been
created during the process of analyzing
approximate measures used in the description of
cooking process [5], while the food ontology (with
161 classes and 1091 instances), and the
ontology of ingredients that can be used as
mutual replacements in the culinary domain (with
one class and 266 instances) have been
4

of

BalkaNet: http://www.dblab.upatras.gr/balkanet/index.htm.
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sequences are transcribed in its original form (as
is in the example presented below, where the
incorrectly written word rastopjenom is just
transcribed in the lemmatized text).
Due
to
the
morphological
electronic
dictionaries, one word form could correspond to a
larger number of lemmas, hence these
replacements are not unique (for example, the
word dodati ‘to add’ could be recognized as an
adjective and replaced with dodat ‘additional’ or
as a verb when it is replaced with dodati ‘to add’).
However, in such cases, recognized sequence is
always replaced with the first lemma that is listed
in the electronic dictionaries, so the replacement

would be the same every time, although not
necessarily accurate. For further steps in creating
links between recipes, where we are using
lemmatized forms of both recipe texts and each
lemmatized recipes’ title, this approximated
solution is good enough.
The resulting lemmatized recipe text and each
lemmatized recipes’ title are further processed in
Unitex post-processing step by removing the
appearance of characters ‘-‘ and multiple
whitespaces produced during Unitex text
processing. These characters are also removed
from the original text preparation and original
titles.

Figure 1. Final state transducer for text lemmatization
In the next step, one by one recipes’ title is
processed by checking if its lemmatized form
occurs as a substring of the lemmatized
preparation text for the recipe. If it occurs, the
position of the substring is used to calculate the
number of spaces before that position, i.e. the
number of words in the lemmatized preparation
text that precede the first occurrence of the
substring. Given that the original and lemmatized
texts generally do not have the same number of
characters, this information is used to determine
the position in original text where recipe title
appears, and to mark this appearance as the link
to the appropriate full recipe text.
For example, for the recipe showed in the
Figure 2 lemmatized title text is bešamel musaka
‘bechamel moussaka’, while the lemmatized
preparation text is:

parče sir za topljenje, žumance i malo senf.
kačkavalj izrendati. u pouljen plesti staviti
bešamel, zatim polovina pripremljen makaroni,
meso, rendan kačkavalj, preostali makaroni,
preliti bešamel i preostali rendan kačkavalj.
musaka staviti u rerna i peći na 200 stepen oko
20 minut. kad se prohladiti musaka iseći na
kocka i poslužiti topao jesti se moći jesti i
hladno.
and after Unitex post-processing step:
makaroni obariti. luk izdinstati sa mleveno
meso i začiniti dodatak za jelo. bešamel sos
napraviti na sledeći način: upržiti 2 kašika
brašno na rastopjenom puter, dodat 2 dl mleko
i kad provreti i dobiti određen gustina, dodat
parče sir za topljenje, žumance i malo senf.
kačkavalj izrendati. u pouljen plesti staviti
bešamel, zatim polovina pripremljen makaroni,
meso, rendan kačkavalj, preostali makaroni,
preliti bešamel i preostali rendan kačkavalj.
musaka staviti u rerna i peći na 200 stepen oko
20 minut. kad se prohladiti musaka iseći na

makaroni obariti. luk izdinstati sa mleveno
meso i začiniti dodatak za jelo. bešamel-sos
napraviti na sledeći način: upržiti 2 kašika
brašno na rastopjenom puter, dodat 2 dl mleko
i kad provreti i dobiti određen gustina, dodat
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kocka i poslužiti topao jesti se moći jesti i
hladno.

Ordinal numbers of lemmatized recipe titles
initial words position in lemmatized preparation
texts are 13, 68 and 83. In the same positions are
marked titles in the original preparation text
associated with links to appropriate recipes
(Figure 3).

where the occurrence of lemmatized recipe titles
substrings bešamel sos ‘bechamel sauce’ and
musaka ‘moussaka’ obtained after Unitex postprocessing are shown underlined.

Figure 2. The cooking recipe text before marking links to other recipes.
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Figure 3. The cooking recipe text with marked links to other recipes.
5. CONCLUSION
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Towards Efficient and Unified
XML/JSON Conversion - A New Conversion
Šandrih, Branislava; Tošić, Dušan; and Filipović, Vladimir
proposed ways of translation can be found in [3]
and [4].

Abstract: It is important to choose the most
appropriate format for data representation that will
result in best performance and meet all needed
requests. Nowadays, XML and JSON are the two
most
commonly
used
formats
for data
representation
and/or
interchange.
When
switching from one format for data representation
to another, existing converters can be used. In this
paper, we describe a converter from XML to JSON
format and vice versa that we developed.
Subsequently, we compare our converter with an
existing, publicly available converter. We found
that there are some differences and difficulties in
conversion when applying different converters.
Some results of our comparison are presented
here.

Apart from this constraint, it is possible to
translate from one format for data representation
to another. In this paper we describe a converter
we proposed and implement, and some features
that we developed as the way of implementation.
This converter is then compared with one of the
existing online converters. Although there are
several cases when conversions are not strictly
feasible, it is guaranteed that no data will be lost.
The paper is organized as follows. Section 2 is a
review of related work. Brief descriptions and
comparisons between two formats for data
representations are also given. Section 3 contains
detailed information on the proposed converter
and its implementation. Section 4 contains
analysis of the featured converter in comparison
to the existing online converter. In Section 5,
results of performance comparison are presented
and discussed. Section 6 contains some final
remarks and recommendations.

Index Terms: JSON to XML, XML to JSON, data
format converter

1. INTRODUCTION

F

or the past two decades, XML has been the

most
used format for structured data representation
and interchange. It is defined by the W3C's XML
1.0 Specification in 1996 (see [1]), and can
represent
various
data:
text,
images,
mathematical expressions, calendars, music
sheets, etc. As a consequence, vast amount of
related tools have been developed. Afterwards, a
different new data representation format was
proposed. This notation was called JSON, and it
is tightly related to object representation in
JavaScript. This representation turned out to be
more compact. Since every JSON object is a
valid JavaScript object, objects’ deserialization is
not needed during processing.
One of the possible drawbacks of JSON is lack of
a standardized schema. At the moment, there is
only a draft available online (see [2]). On the
other hand, there are two ways to describe XML
document’s content, known as native Document
Type Definition (DTD) and derived XML Schema

2. RELATED WORK
An Extensible Markup Language (XML)
document forms a hierarchical structure that
starts with the root element. The fundamental
design considerations of XML include simplicity
and human readability. Every XML document
must be "well-formed", i.e. be in accordance with
strict rules, defined by a XML schema. It does not
contain predefined tag sets and each valid tag is
defined by either the user or through a different
automated scheme. As a consequence of this
strict structure definition, content can be easily
validated. In contrast, XML documents are
difficult to parse and may be considered too
redundant. In fact, every XML element has an
opening and closing tag, which is repetitive and
requires longer document reading time.

Definition (XSD). Easy translation from one
schema to another is not possible, which may be
one of the reasons of non-existence of a
standardized schema. More information on

In JavaScript Object Notation (JSON) format,
data is presented as a set of key-value pairs, with
curly brackets representing objects and angular
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brackets representing arrays. Because of simple
syntax and structure, JSON cannot store all data
types and it is therefore not suitable for data
validation. Syntax and some examples are fully
described in [5] and [6]. Some of the strengths of
JSON over XML listed in [6] and [7] include: good
support from JavaScript libraries, simple API for
many programming languages, completely
programmed technique for deserializing and
serializing JavaScript objects with very little
coding, speedy deserialization and web-browsers’
support. Some of the strengths of XML over
JSON are: strong support for name spaces,
support by most of the development tools, XML
schema and DTD which can be used to define
grammar rules, etc.

Moreover, in paper [15] data transmission
overhead time and the deserialization efficiency
of JSON, XML and FSV (fixed sized file) are
quantitatively compared. Obtained experimental
data show that the data transmission efficiency of
JSON is higher than other data transmission
formats, which gives direction in choosing data
transmission format for lightweight applications.
There are many publicly available publications
that deal with transformations from and to JSON
format. In paper [12] the authors introduce a data
mapping template, based on context-free
grammar, which is used for mapping JSON data
to Java data. An implementation model, based on
two pushdown automata that recognizes
previously defined templates, is also introduced.

XML might be an ideal choice for transferring
documents with a lot of different data types and
elements. Meanwhile JSON is better suited for
dynamic web applications and simple data
transmissions (see [8]). Relational databases can
also import and manipulate with both XML and
JSON
data. Different comparisons
and
measurements under varying transmission
scenarios have been conducted in [9]. Some
applications of JSON format for data
representation, in context of web applications, are
given in [10], [11] and [12]. Common conclusion
is: JSON is faster and uses fewer resources than
XML. For instance, results presented in [13] show
that JSON is superior to XML as a data loading
tool for AJAX applications. Yet, because of its rich
features, XML will always have its place in the
transfer and validation of documents.

Significant body of work is dedicated to the
consecutive problem of translation from XML
schema to JSON schema (see: [3] and [4]). In
[16], a recursive algorithm, based on the multitree data structure of XML and JSON objects, is
proposed. Translation between these two types of
data serializing forms and the efficiency of this
algorithm is checked by translation experiments.
Another approach, described in [17], aims toward
creation of the transformation schema for
annotation driven JSON/XML bidirectional
transformations. There are many resources on
the Internet (for example: [18], [19], [20], [21], [22]
and [23]) that are directly related to conversion
from XML to JSON format and vice versa.
3. PROPOSED CONVERTER AND ITS IMPLEMENTATION
There are rising number of services that, beneath
existing XML APIs, offer JSON APIs as well.
Beside smaller representation of data, JSON
has more advantages. For instance, it is able to
provide cross-domain requests and thus
successfully deals with the same origin policy.
JSON comes with a native language-compliant
data structure, and therefore does not need to
make corresponding DOM calls required for XML
processing. Vast amount of applications are
changing their data representation format. It is
important that data represented in the new
manner remain unchanged, i.e. to preserve
structure, order and information. For this reason,
high quality converters are required. Similarly,
quantity of this data is most often very large.
Therefore, converters need to be as efficient as
possible.

The actuality of both XML and JSON formats has
as a consequence a fact that a lot of users are
interested in comparison and conversion between
these formats. In references [7], [8] and [9], the
comprehensive analysis and comparison of XML
and JSON web technologies are presented.
Various libraries of object serialization (in XML,
JSON and binary formats), from qualitative and
quantitative aspects, are compared in [14]. Using
each library, a common example is serialized to a
file. The size of the serialized file and the
processing time are measured during the
execution to compare all object serialization
libraries. The author concluded that some
libraries show the performance penalty, but it is
clear that there is no unique best solution.
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We implemented a converter that is available at
http://poincare.matf.bg.ac.rs/~branislavas/app/. It
was implemented in JavaScript. JavaScript was
chosen because of its superset relation to JSON
objects. Conversion from XML format for data
representation to its JSON representation
consists of two steps: 1) building JavaScript
object and 2) deserializing it. Throughout the step
of building JavaScript object, for the input XML
DOM tree of the document, its child nodes’ types
are being examined. Node can be: element, text
or CDATA section. Comments and other types of
nodes are not supported, since they could not be
represented in JSON. In case if node is an
element, its attributes are firstly gathered as fields
of corresponding JavaScript object. Afterwards,
simple fixture of this element's children is being
examined, i.e. number of CDATA sections, text
and other contained elements is counted.
Depending on the number of the text content and
CDATA sections, objects are built in slightly
different manners. If an element is not a leaf, i.e.
the element has its children, the same function is
being recursively called for the subtree with this
child element as root. Pseudo code of this
function is shown in Figure 3.1.

are not JSON-specific, and they are handled as
rather special class of tags; eventually, they are
manipulated with special attention to the final end.
In the process of converting input JSON to the
proper XML representation, steps are converterindependent. Generic JSON string is parsed as
the following. Open tag (<) is being written
followed by attributes-values pairs; in case this
element has children, closing tag (>) is being
added and the function is called recursively with
children elements as arguments. Text and
CDATA sections are written as-is. After recursive
call, tag of the parent element closes. If element
has no children, it is immediately being closed
(/>)
4. COMPARATIVE ANALYSIS
This section is dedicated to comparative analysis
of two XML/JSON converters. First of these
converters (in the following text, converter A), was
developed by the authors of this paper (see [24]).
The other converter was selected as a top
ranking result on Google search engine, retrieved
with “XML JSON online converter” query (in the
following text, converter B, see [25]). As can be
seen in [14], the unique best converter does not
exist.

input: XML DOM tree
output: JavaScript object
_____________________________________________________crea
te empty JavaScript object

A comprehensive overview is specified within
Table 4.1. The first seven cases have been
isolated as basic structural descriptions. The
following eight cases are rather converter specific
or the conversion is somewhat uncertain and
ambiguous, i.e. even human who understands
both representation would be uncertain what the
correct conversion would be. Since multiple
solutions are possible, we try to provide one that
loses least information (mostly none) and which
would be the easiest to parse afterwards.

collect attributes of the root node
store each value named after that attribute’s name
examine nature of the children nodes
count text children
count cdata children
count element children
if node has no attributes and no children
it should be null
else
if node has element children
recursively apply previous steps on each child element
else if node has text children
save content as "#text" field of output object
else if node has cdata children
save content as "#cdata" field of output object

Cases’ enumerations are given in the first
column. The second column, XML, contains
starting XML collection-of-tags to be converted.
The third column, JSON = A(XML), represents
the first converter's output after conversion of the
XML given in the previous column, while JSON =
B(XML) represents the second converter's output
for the same input. This output in JSON is then
converted back to XML, and the consequent XML
-1
is given in XML = A(JSON) (i.e. XML = B(JSON)
1
). The column titled F indicates whether the
conversion given in the concrete row is: feasible
(y), partially-feasible (p) or non-feasible (n). If the

return created JavaScript object

Figure 3.1: Building JavaScript object from XML DOM root
element

Step of deserialization could be done with built-in
JavaScript function JSON.stringify(). Instead,
function that does this in accordance with the rest
of converter's logic was written. Firstly, not all
browsers support this function. Secondly, it does
not indent its content. Finally, CDATA sections
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obtained XML matches the starting one,
conversion is feasible. In case when XML was not
successfully restored, i.e. data is lost, conversion
is non-feasible. When all data contained within
original XML is also contained in the final one, but
the order of elements was corrupted, the
conversion is considered to be partially feasible.

considered to be partially feasible. On the other
hand, converter B again extracts the CDATA
content and joins it with other content. Since there
is no indication of CDATA elements’ presence,
the content is lost. In the case of an empty
element having an attribute without value, the
second converter outputs something that is not
recognized as a valid JSON representation.
Consequently, this result could not be parsed, so
this conversion is concluded to be totally
unsuccessful. Moreover, as can be seen in the
eleventh row, the first converter successfully
converts to valid JSON and fully restores the
starting XML.

4.1. Basic Cases
The first seven cases are chosen to cover cases
of: empty elements, elements with text only,
elements with attributes only, elements with both
text and attributes, elements that contain other
elements of different type, elements that contain
other elements of the same type and combined
elements. As it can be seen from the first seven
table rows, both converters perform the same on
elemental cases. The only difference is the
character indicating an attribute. In some sense,
converter A has more php-specific notation, using
‘$’ symbol, while converter B uses ‘-’. The eighth
case covers the presence of CDATA section.
CDATA (Character Data) is used to indicate that
the content in between these strings includes
data that could be interpreted as XML markup,
but should not be. First converter completely
preserves CDATA element with its content,
storing the complete tag as an element’s value.
On the contrary, the second converter extracts
the content from the tag and stores the content as
the value of the element in JSON format. Since
there is no indication that this content belongs to
the CDATA section, content is restored as plain
text.
Therefore,
this
conversion
was
unsuccessful.

The case #12 represents the similar case to the
tenth. Instead of CDATA element, a regular
element is combined with text content before and
after the element. At this point, both converters
perform similarly. They did not manage to
recreate the order, but the loss of data did not
happen in this case. This can be labeled as
partially feasible conversion. The case #13
combines textual content, regular element and
CDATA section. Converter A completely restores
the starting XML, without corruption of order or
loss of data. Yet, the converter B ignores element
specified after CDATA section, and therefore
loses child-element and all its content. The case
#14 combines two child-elements with CDATA
section. When CDATA section exists, the
converter B ignores everything except eventually
the text, so both child-elements do not exist in the
restored XML. The only existing element is
CDATA section, not in its original manner, but as
a regular element named #cdata-section. It can
be seen that, in case when other elements are
present, converter B recognizes CDATA as a
special tag. Again, converter A manages to
produce starting XML. The last case combines
textual content with empty child-elements. It
might be expected that this case equals to case
twelve. For converter A, it turns out that this case
is redundant. Yet, in case of converter B, empty
element is absent in JSON representation.
Therefore, restoring starting XML could not be
accomplished,
and
this
conversion
is
unsuccessful.

4.2. Special Cases
Row nine covers the case when an element
contains more than one CDATA sections.
Converter A stores the content in the same
manner as in the previous case, and again
restores the whole content successfully. Similarly,
converter B is unable to restore the data. The
tenth case combines CDATA with other data. The
problem with this case is preserving the order.
Converter A aggregates all textual information
into one #text element and that way preserves the
data. Yet, when trying to restore the original XML,
it cannot be certain about the order of textual
content contained in the element. This is solved
by joining all text on the same level. Although the
converter was not able to recreate the order, it did
not lose any of the content, so this conversion is

5. PERFORMANCE COMPARISON
This section is dedicated to performance
comparison of the two converters. Discussion
about formats themselves and their efficiency can
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be read in detail in [9]. The choice of data
interchange format has significant consequences
on data transferring rates and performance. For
systems that, for various reasons, have to change
data representation format, it is important that this
conversion takes the least time possible. This is
even more important if these systems use APIs
for both formats and have to switch between
formats occasionally.

not required at all, since JSON is a JavaScript
object itself.

Performance comparison was conducted in the
next manner. XML document was firstly
generated, containing 2166 child elements inside
root element, with exactly four leaf-children each.
This number of child elements was doubled three
times afterwards. Conversion comparison was
performed on Intel i3 CPU @2.20 GHz, 6GB
RAM, Win 8.1 64bit operating system, with 28
Mbps download and 2 Mbps upload speed.
Google Chrome 51.0.2704.63 was used as
Internet browser and testing environment.

Figure 5.2: Time (in milliseconds) needed for converting x
number of JSON objects to XML format

Because of this property, this consequent
JavaScript should be directly observed, and not
the XML DOM tree that was firstly generated by
the Internet browser.
6. CONCLUSION
Both XML and JSON, as data storage and
transmission formats, have their specific assets.
When transferring documents with wide variety of
data types and elements, XML might be a better
option. In spite of its expressiveness, XML tags
are redundant, which makes it “heavy” for
transfer. On the contrary, JSON is simpler format
and avoids redundancy, but supports less
features (e.g. lack of validation, comments and
name space support). Choice of format itself can
depend on other available technologies,
experience, nature of data, and even personal
preferences and experience.

In Figure 5.1 and Figure 5.2 x-axis represents
number of objects used for conversion and y-axis
represents duration of the conversion. When
converting from XML to JSON, as can be seen in
Figure 5.1, complexity was linear for both
converters. The converter A was showing slightly
worse performance (e.g., in the last case, 310 ms
in favor of the second converter), when the
number of child-objects was increasing.

When switching to another format for data
representation is required, mentioned converters
can be used. It is not absolutely clear how to
preserve data content and its order. Some
proposals have been given. It can be seen that
both converters suggest different conversions in
several cases. One can choose from these two
depending on personal preferences and
reasoning. Some of suggestions could be the
following. If CDATA sections appear among data,
and these sections’ content is important,
converter A might be more adequate choice. One
should have on mind that data loss is possible
with converter B. Similarly, when converting from

Figure 5.1: Time (in milliseconds) needed for converting x
number of XML objects to JSON format

As can be noted from Figure 5.2, unexpected
results appeared in the reverse conversion.
Resulted JSON output was converted back to
original XML. Time needed for the converter A
stayed below 1s in all four cases. Time needed
for the converter B grew exponentially. In the last
case, converting 17328 objects took 2.2s for the
converter B, and only 924 ms for the converter A.
We believe that this is due to parsing an XML
DOM tree in the XML to JSON conversion. This is
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TABLE 4.1: RESULTS OF CONVERTING FROM XML TO JSON AND VICE VERSA, USING TWO DIFFERENT CONVERTERS
#

XML

JSON = A(XML)

XML = A(JSON)-1

F

JSON = B(XML)

XML = B(JSON)-1

F

1

<element />

{ "element": null }

<element />

Y

{ "element": null }

<element />

Y

2

<element>
text
</ element>

{ "element": “text” }

<element>
text
</ element>

Y

{ "element": “text” }

<element>
text
</ element>

Y

3

<element attr="value"
/>

{ "element":{
"$attr":"value"
}
}

<element attr="value"
/>

Y

{ "element":{
"-attr":"value"
}
}

<element attr="value" />

Y

4

<element attr="value">
text
</ element>

{ "element":{
"$attr":"value",
“#text”: “text”
}
}

<element
attr="value">text</
element>

Y

{ "element":{
"-attr":"value",
“#text”: “text”
}
}

<element attr="value">
text
</ element>

Y

5

<element>
<a>text</a>
<b>text</b>
</ element>

{ "element":{
"a":“text”",
“b”: “text”
}
}

<element>
<a>text</a>
<b>text</b>
</ element>

Y

{ "element":{
"a":“text”",
“b”: “text”
}
}

<element>
<a>text</a>
<b>text</b>
</ element>

Y

6

<element>
<a>text</a>
<a>text</a>
</ element>

{ element: {
"a":[ “text”, “text” ]
}
}

<element>
<a>text</a>
<a>text</a>
</ element>

Y

{ element: {
"a":[ “text”, “text” ]
}
}

<element>
<a>text</a>
<a>text</a>
</ element>

Y

7

<element>
text
<a>text</a>
</ element>

{ "element":{
"#text":“text”",
“a”: “text”
}
}

<element>
text
<a>text</a>
</ element>

Y

{ "element":{
"#text":“text”",
“a”: “text”
}
}

<element>
text
<a>text</a>
</ element>

Y

8

<element>
<![CDATA[ content ]]>
</element>

{ "element":
"<![CDATA[ content ]]>"
}

<element>
<![CDATA[ content ]]>
</element>

Y

{ "element": " content " }

<element> content </element>

N

9

<element>
<![CDATA[content1]]>
<![CDATA content2]]>
</element>

{ "element":
"<![CDATA[content1 ]]>
<![CDATA[content2]]>”
}

<element>
<![CDATA[content1]]>
<![CDATA[content2]]>
</element>

Y

{
"element": " content1 content2"
}

<element> content1
content2</element>

N

10

<element>
text1
<![CDATA[ content ]]>
text2
</element>

{ "element":{
"#text":"text1 text2",
"#cdata":"content "
}
}

<element>
text1 text2
<![CDATA[ content ]]>
</element>

P

{
"element": "text1 content text2"
}

<element>
text1 content text2
</element>

N

11

<element attr=””/>

{ "element": {"$attr":"" }}

<element attr=””/>

Y

{ {”element”: { }} }

Invalid JSON

N

12

<element>
text1
<a>content</a>
text2
</element>

{ "element":{
"#text":" text1 text2",
"a":"content"
}
}

<element>
text1 text2
<a>content</a>
</element>

P

{ "element": {
"#text": ["text1 ", “text2”],
"a": "content"
}
}

<element>
text1 text2
<a>content</a>
</element>

P

13

<element>
text
<![CDATA[content]]>
<a />
</element>

{ "element":{
"#text":" text",
"#cdata":"content",
“a":null
}
}

<element>
text
<![CDATA[content]]>
<a />
</element>

Y

{ "element": {
"#text": "text",
"#cdata-section": " content"
}
}

<element>
text
<#cdata-section>
content
</#cdata-section>
</element>

N

14

<element>
<a />
<![CDATA[content]]>
<b />
</element>

{ "element":{
"a":null,
"#cdata":"content",
"b":null
}
}

<element>
<a />
<![CDATA[content]]>
<b />
</element>

Y

{ "element": {
"#cdata-section": "content"
}
}

<element>
<#cdata-section>
content
</#cdata-section>
</element>

N

15

<element>
x
<c/>
y
</element>

{ "element":{
"#text":"x y ",
"c":null
}
}

<element>
xy
<c/>
</element>

P

{ "element": {
"#text": ["x","y"]
}
}

<element>xy</element>

N
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[10] Chasseur, Li, Patel, “Enabling JSON Document Stores in
Relational Systems”, in WebDB 2013,
http://pages.cs.wisc.edu/~chasseur/pubs/argo-long.pdf (URL),
2013.
[11] Keith A:, “RDF/JSON, “A Specification for serialising RDF
in JSON”, in SFSW 2008, 2008.
[12] Peng, Cao. Xu, “Using JSON for Data Exchanging in Web
Service Applications”, Journal of Computational Information
Systems 7: 16 (2011) pp. 5883-5890.
[13] Boci L., “Comparison between JSON and XML in
Applications Based on AJAX”, International Conference on
Computer Science & Service System (CSSS 2012), pp. 1174
1177, 2012.
[14] Maeada K., “Performance evaluation of object serialization
libraries in XML, JSON and binary formats”, Second
International Conference on Digital Information and
Communication Technology and it's Applications (DICTAP
2012), pp. 177-182, 2012.
[15] Gao J. and Duan H., “Research on data transmission
efficiency of JSON”, Computer Engineering and Design
2011-07, 2011.
[16] Wang G., “Improving Data Transmission in Web
Applications via the Translation between XML and JSON”,
Third International Conference on Communications and
Mobile Computing (CMC 2011), pp. 182-185, 2011.
[17] Lee, D. A., “JXON: an Architecture for Schema and
Annotation
Driven
JSON/XML
Bidirectional
Transformations”, Proceedings of Balisage: The Markup
Conference, Balisage Series on Markup Technologies, vol. 7,
doi:10.4242/BalisageVol7.Lee01 2011.
[18] Converters from freeformatter site,
http://www.freeformatter.com/xml-to-json-converter.html
(URL).
[19] Converter from Code beautify,
http://codebeautify.org/xmltojson (URL).
[20] Converter from HTTP Utility,
http://www.httputility.net/xml-to-json-to-xml.aspx (URL).
[21] Converter from Browserling,
https://www.browserling.com/tools/xml-to-json (URL).
[22] Converter from Online tools,
http://online-toolz.com/tools/xml-json-convertor.php (URL).
[23] XML to JSON and vice-versa converter, as well as converter
from JSON to different data formats,
http://convertjson.com/json-to-xml.htm (URL).
[24] Converter developed by the authors of the paper,
http://poincare.matf.bg.ac.rs/~branislavas/app/ (URL).
[25] Utilities-Online converter,
http://www.utilities -online.info/xmltojson/ (URL).

JSON to XML, especially for large files, time
grows exponentially with converter B. Invertibility
might also be important criterion. As seen from
the previous, converter A gave feasible outputs
more often.
We tried to offer the solution that would result in
preserving most of the information. We managed
to save the content, but in some cases the order
could not be restored. In future research, we
intend to improve the algorithm, so that it will be
able to store and apply ordering on elements.

REFERENCES
[1]
[2]
[3]

[4]

[5]

[6]
[7]

[8]

[9]

W3C XML Specification, https://www.w3.org/TR/REC-xml/
(URL).
Internet draft of JSON scheme, http://json-schema.org (URL).
Nogatz F. and Fruhwirth T, “From XML Schema to JSON
Schema: Translation with CHR”, Proceedings of the 11th
International Workshop on Constraint Handling Rules, 2014,
pp. 1-8.
Droettboom M., et al., ”Understanding JSON Schema Release
1.0”,http://spacetelescope.github.io/understanding-json-sche
ma/UnderstandingJSONSchema.pdf (URL), 2015.
Ecma International, “Standard ECMA-404 -- The JSON Data
Interchange Format”, Ecma International, https://www.ecmainternational.org/publications/files/ECMA-ST/ECMA-404.pdf
(URL), 2013.
Severance C, “Discovering JavaScript Object Notation”,
Computer, Issue No.04 (vol.45), pp: 6-8, 2012.
Haq Z.U., Khan G.F. and Hussain T, “A Comprehensive
analysis of XML and JSON web technologies”, New
Developments in Circuits, Systems, Signal Processing,
Communications and Computers, 2013, pp. 102-109.
Šimec A., Magličić M, “Comparison of JSON and XML
format for data representations”, Proc. of: Central European
Conference on Information and Intelligent Systems, 2014, pp.
272-275.
Nurseitov N., Paulson M., Reynolds R. and Izurieta C,
“Comparison of JSON and XML Data Interchange Formats: A
Case Study”, Proceedings of the ISCA 22nd International
Conference on Computer Applications in Industry and
Engineering, CAINE 2009, November 4-6, 2009, San
Francisco, California, USA, pp. 157-162.

64

The 12-Element Case of Frankl’s Conjecture
Vučković, Bojan and Živković, Miodrag

It is usually possible to restrict a function w by assigning
rational or even integer values to all the elements of family,
like we do in this paper. In order to simplify implementation
of the previous Lemma, it is convenient to introduce shares
of elements, sets and families.

Abstract: According to Frankl’s conjecture, for each unionclosed family F of subsets of finite set X, there exists an element
contained in at least half members of F . We give a computer
assisted proof that Frankl’s conjecture is true if |X| ≤ 12.
Index Terms: extremal sets, union-closed family, Frankl’s
conjecture

Definition 2. Let F be a union-closed family of sets, and
let w be ∪
a weight function on F. The share s(L) of the
set L ⊆ F is the difference s(L) = w(L) − t(w). The
share
∑ of an arbitrary family A ⊆ F is defined by s(A) =
A∈A s(A).

1. I NTRODUCTION
ENOTE by 2A the family of all subsets of A, and
by [n] the set {1, . . . , n}. We say that a family F is
uniform if all the sets( within
F have an equal number of
)
elements. Denote by A
the
uniform
family of all subsets
k
of A with k elements. Non-empty collection of sets F is
union-closed if for an arbitrary two sets A, B ∈ F is also
A ∪ B ∈ F . For an arbitrary family A ⊆ 2[n] let A denote
the closure of A, the minimum union-closed family in 2[n]
containing A. Let Fα = {S ∈ F | α ∈ S}. If F and G are
any two collections of sets, let F ⊎ G denote {S ∪ T | S ∈
F, T ∈ G}.
According to the longstanding Frankl’s conjecture (1979),
∪
if F is a union-closed family, then there is an element in F
which is contained in at least half elements of F. Following
Marković [1] we say that the union-closed family ∪
F is
Frankl’s if it satisfies Frankl’s conjecture. Let n = | F|.
Gao and Yu [11] proved that Frankl’s conjecture is satisfied
for any union-closed family with n ≤ 8, Morris [4] proved
it for 9 elements, Marković [1] improved the bound to 10,
and by now the best obtained result in this manner is by
Bošnjak and Marković [2], stating that family is Frankl’s if
n ≤ 11. More on the results related to Frankl’s conjecture
can be found in recent survey by Bruhn and Schaudt [3].
The main tools of our approach are the following definition and lemma (see [1], [2]).
∪
Definition 1. Let X =
F. A function w that assigns
a real nonnegative values to elements of X, such that
there exists an element x ∈ X with w(x) > 0, is called
weight function.
The weight of a set S ⊆ X is defined by
∑
w(S) =
w(a).
The number t(w) = 21 w(X) is the
a∈S
target weight.

D

By reformulating Lemma 1, we obtain
Corrolary 1. An arbitrary union-closed family F is Frankl’s
if and only if there exists a weight function w, such that
s(F) ≥ 0.
Proof. The proof follows from the equality
∑
∑
s(F) =
s(S) =
(w(S) − t(w))
S∈F

=

∑

S∈F

w(S) − t(w)|F|

S∈F

Denote by Sn the set of all permutation on [n], and for ϕ ∈
Sn set ϕ(A) as {ϕ(x) | x ∈ A}. The families A, B ⊆ 2[n]
are equivalent, denoted by A ∼ B, if there exists ϕ ∈ Sn ,
such that B = {ϕ(A) | A ∈ A}.
Example 1.
A = {{4, 5, 6}, {2, 4, 6}, {3, 4, 5, 6}},
B = {{1, 2, 3}, {1, 2, 4}, {1, 2, 3, 5}}
For ϕ : {2, 3, 4, 5, 6} → [5] given by
(
)
2 3 4 5 6
ϕ:
,
4 5 1 3 2
B is equal to {ϕ(A) | A ∈ A}, and hence A ∼ B.

Lemma 1. A family F is Frankl’s if and only if there∪is a
weight function w : X → R, defined on the set X = F,
such that
∑
w(S) ≥ t(w)|F|

2. FC FAMILIES
Vaughan [6] introduced the concept of Frankl-complete
families, or FC families.
Definition 3. Family G is an FC family if for any unionclosed family Fcontaining
subfamily G ′ ∼ G, there exists
∪ ′
an element x ∈ G appearing in at least half of the sets
of F.

S∈F
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Poonen [5] showed which conditions family G needs to
satisfy to be an F C-family.
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for all bases K satisfying |K| = k. Instead of considering
all the 212−ri hypercubes, it is enough to consider only
2(13 − ri ) cases, corresponding to 0 ≤ |K| ≤ 12 − ri ,
and 1Fi (K) ∈ {0, 1}.
Next, we propose a pseudo-code that can be used to find
l
the smallest values of di,k
for every i ∈ {1, . . . , 33}, k ∈
{0, . . . , 12 −∪
ri } and l ∈ {0, 1}, where the weights of the
elements of F assigned by function w are given in the
ith row of Table I. We prove later the correctness of the
algorithm, and consequently, our main result.
The following simple brute force algorithm for computing
l
di,k
would do the desired calculations.

The first two claims of the following theorem are proved
in [9], the third and fourth in [4], and the last one is from [7].
Theorem 1. The following families are FC:
1) singleton {1}
2) dublet {1, 2}
( )
3) an arbitrary three-subset subfamily of [5]
([6]3)
4) an arbitrary four-subset subfamily of 3
( )
5) an arbitrary four-subset subfamily of [7]
3
Following Bošnjak and Marković [1], [2], for K ∩ S = ∅,
let CK,S = K ⊎ 2S denote the hypercube with the base K
and the upper set S. We use the following consequence of
Corrolary 1.

Algorithm 1.
Input: families Fi , 1 ≤ i ≤ 33.
Output: values d0i,k and d1i,k , for every i ∈ {1, . . . , 33} and
k ∈ {0, . . . , 12 − ri }.

Corrolary
2. Let F be a union-closed family, and let S ⊆
∪
∪
F,∑
K = F \S. If there exists a weight function w, such
that L⊆K s(CL,S ∩ F) ≥ 0, then F is Frankl’s.

for

Definition 4. The family G is k-FC family if an arbitrary
union-closed family F ⊆ 2[k] containing G ′ ∼ G as a
subfamily is Frankl’s.
3. R ESULTS FOR |X| = 12

1 (K)

Denote by Q(F) and R(F, i) the following statements:
Q(F) :
R(F, i) :

F does not contain a family equivalent
to some FC family from Theorem 1,
F does not contain a family equivalent
to some Fj , j < i, from Table I.

= min{s(G) |

G is (Fi , k)-correct family,
|K| = k, 1G (K) = l}

1 (K)

di,kG
← min s(G), di,kG
return d0i,k and d1i,k

(1)

The problem with the above algorithm is that the innerri
most loop examines 22 families. Even for small values
of ri , for example ri = 6, the number of families we
need to check is 264 , which is too much, even for powerful
computers. However, it is possible to reduce the number
of the cases by considering only (Fi , k)-correct families
obtained from a family containing only sets with negative
value of share. Denote by Ni,k the following family

(2)

Definition 5. Let i ∈ {1, . . . , 33}. We say that F is Fi correct family if it satisfies the following conditions:
1) F
∪ is a union-closed,
2)
F = [12],
3) Fi ⊆ F,
4) Q(F),
5) R(F, i).
∪
Denote by Si = Fi and ri = |Si |. We may assume
that Si = [ri ]. The set of hypercubes CK,Si = K ⊎ 2Si ,
K ⊆ [12] \ Si , partitions the family 2[12] . Let CK,Si be an
arbitrary hypercube, corresponding to the base K ⊆ [12]\Si .
We say that family G is (Fi , k)-correct if G = CK,Si ∩ F,
where k = |K| and F is Fi -correct. It is obvious that, for
an (Fi , k)-correct family G, the following statements hold:
1) G is union-closed,
2) G ⊎ Fi = G,
3) Q(G),
4) R(G, i).
We say that G is (Fi , k)-closed if it satisfies the first two of
the above conditions.
Denote by 1A (x) the indicator function (equal to 1 if x ∈ A,
l
and equal to 0 otherwise), and by di,k
l
di,k

all i ∈ {1, . . . , 33}
for all k ∈ {0, . . . , 12 − ri }
0
1
set di,k
← ∞, di,k
←∞
set K ← {ri + 1, . . . , ri + k}
for all families G ∈ {K} ⊎ 2[ri ]
if G is (Fi , k)-correct
{
}

Ni,k

= {A ∈ CK,Si | |K| = k, s(A) < 0}
= {N1 , . . . , Np }

(4)
(5)

where s(N1 ) ≤ s(N2 ) ≤ · · · ≤ s(Np ). Since K ⊆ N for
every N ∈ Ni,k , we have that N1 = K, when p ≥ 1. Also,
since weight of every element shown in Table I is positive,
we have that for every A ⊂ B is s(A) < s(B). Furthermore,
for every i ≥ 1 there does not exist j, i < j ≤ p such that
Nj ⊂ Ni .
In the case when Ni,k is empty (the only such case is i = 25,
k = 9), the lower bounds are non-negative, and they are
easily obtained:
1
di,|K|

= s({K} ⊎ Fi )

0
di,|K|

= s(K ∪ Si )

Let |N | = p. Subfamilies of N can be indexed by vectors
a = (a1 , . . . , ap ) ∈ {0, 1}p

(6)

Na,i,k = {Nj | Nj ∈ Ni,k , 1 ≤ j ≤ p, aj = 1}.

(7)

Denote by

(3)

and by Ga the minimal (Fi , k)-closed family containing
Na,i,k , that is
(8)
Ga = N a,i,k ⊎ Fi

Note that the weights of all the elements from K, given in
l
Table I, have the same values. Hence di,k
has the same value
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TABLE I
12-FC

FAMILIES AND THE CORRESPONDING WEIGHT FUNCTIONS USED IN THE PROOF OF

i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

Fi
{1, 2, 3},{1, 2, 4},{1, 2, 3, 5}
{1, 2, 3},{1, 4, 5, 6},{2, 4, 5, 6},{3, 4, 5, 6}
{1, 2, 3},{1, 2, 3, 4},{1, 2, 3, 5},{4, 5, 6}
{1, 2, 3},{1, 4, 5}
{1, 2, 3},{1, 4, 5, 6},{2, 4, 5, 6}
{1, 2, 3},{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 3, 6},
{1, 2, 3, 7}
{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 4, 5},{1, 2, 3, 6},
{1, 2, 4, 6},{1, 2, 5, 6}
{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 3, 6},{1, 2, 3, 7}
{1, 2, 3},{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 3, 6}
{1, 2, 3},{1, 2, 3, 4},{1, 2, 3, 5},{4, 6, 7}
{1, 2, 3},{1, 2, 3, 4},{4, 5, 6}
{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 3, 6}
{1, 2, 3},{1, 2, 4, 5},{1, 3, 4, 5}
{1, 2, 3},{1, 4, 5, 6, 7},{2, 4, 5, 6, 7},{3, 4, 5, 6, 7}
{1, 2, 3},{1, 4, 5, 6},{1, 2, 4, 5, 6}
{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 4, 5}
{1, 2, 3},{4, 5, 6}
{1, 2, 3},{1, 2, 4}
{1, 2, 3},{1, 2, 4, 5, 6},{1, 3, 4, 5, 6}
{1, 2, 3},{1, 4, 5, 6}
{1, 2, 3},{1, 2, 3, 4},{1, 2, 3, 5}
{1, 2, 3},{1, 2, 4, 5}
{1, 2, 3},{1, 2, 4, 5, 6}
{1, 2, 3},{4, 5, 6, 7}
{1, 2, 3}
{1, 2, 3, 4},{1, 2, 3, 5},{1, 2, 3, 4, 6}
{1, 2, 3, 4},{1, 2, 3, 4, 5},{1, 2, 3, 4, 6}
{1, 2, 3, 4},{1, 2, 3, 5}
{1, 2, 3, 4, 5},{1, 2, 3, 4, 6}
{1, 2, 3, 4},{1, 2, 3, 4, 5}
{1, 2, 3, 4},{1, 2, 5, 6}
{1, 2, 3, 4}
{1, 2, 3, 4, 5}

1
24
24
6
11
6

2
24
24
6
7
6

3
18
24
6
7
4

4
18
10
9
7
4

5
12
10
9
7
4

6
2
10
6
1
4

7
2
2
1
1
1

8 − 12
2
2
1
1
1

t(w)
55
57
24
23
17

8

8

8

8

8

8

8

2

33

5

5

4

4

4

4

1

1

16

8
10
3
8
10
12
3
7
9
3
4
8
6
3
10
4
3
3
6
2
3
3
3
3
5
4

8
10
3
8
10
12
3
7
9
3
4
8
6
3
10
4
3
3
6
2
3
3
3
3
5
4

8
10
3
8
10
12
3
4
8
3
4
8
6
3
8
4
3
3
6
2
3
3
3
3
5
4

6
8
3
14
8
8
3
4
8
3
4
6
4
3
6
2
2
1
6
2
2
3
3
3
5
4

6
8
3
6
8
8
3
4
8
3
1
6
4
3
6
2
2
1
6
2
2
3
3
3
2
4

6
8
3
6
8
2
3
4
2
3
1
6
4
1
2
2
2
1
4
2
1
3
1
3
2
2

6
2
3
2
2
2
3
1
2
1
1
2
2
1
2
1
2
1
2
1
1
1
1
1
2
2

2
2
1
2
2
2
1
1
2
1
1
2
2
1
2
1
1
1
2
1
1
1
1
1
2
2

29
33
13
31
33
33
13
18
28
12
12
27
21
11
27
12
11
9
23
9
10
12
11
12
18
17

Denote by v(b):

Hence, the more efficient version of the algorithm would
examine only (Fi , k)-closed families Ga .

v(b) = s(Gb ) +

Algorithm 2.
Input: families Fi , 1 ≤ i ≤ 33.
Output: values d0i,k and d1i,k , for every i ∈ {1, . . . , 33} and
k ∈ {0, . . . , 12 − ri }.
for all i ∈ {1, . . . , 33} do
for all k ∈ {0, . . . , 12 − ri } do
0
1
set di,k
← ∞, di,k
←∞
set K ← {ri + 1, . . . , ri + k}
for all a ∈ {0, 1}p do
set Ga ← N a,i,k ⊎ Fi
if Q(Ga ) and R(G{a , i) then
1

(K)

1

di,kGa
← min s(Ga ), di,kGa
return d0i,k and d1i,k

L EMMA 4. E ACH FAMILY CONTAINS ALSO AN EMPTY SET.

∑

s(Ni ).

(10)

t<i≤p
Ni ∈G
/ b

Let a and b be vectors given by (6) and (9), respectively.
We now present the backtracking algorithm, that discards
large quantity of families that have a share greater than dli,k .
Algorithm 3 (backtracking()).
Input: family Fi , family Ni,k , integer k, vector b =
(a1 , . . . , at )
set Gb ← Nb ⊎ Fi
if Q(Gb ) and R(Gb , i) then

(K)

1G (K)

then
}
{
1G (K)
set
← min s(Gb ), di,kb
if t < |Ni,k | then
backtracking(Fi , Ni,k , k, (a1 , . . . , at , 1))
if Nt+1 ∈
/ Gb then
backtracking(Fi , Ni,k , k, (a1 , . . . , at , 0))

if v(b) < di,kb

}

1G (K)
di,kb

Even this algorithm, though more efficient than the previous one, is to demanding. It is possible to further reduce
the number of calculations with backtracking algorithm. We
now introduce some notation that makes it easier to explain
the steps of the backtracking algorithm.
Let a be a vector given by (6) and
b = (a1 , . . . , at ), 1 ≤ t ≤ p

The following algorithm can be used to call backtracking
algorithm for each i ∈ {1, . . . , 33}, thus calculating the
values dli,k .

(9)
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1
0
The values d32,0
= −16 and d32,1
= 4 are calculated after
the sequence of recursive calls listed in Tables II and III,
respectively.

Algorithm 4.
Input: families Fi , 1 ≤ i ≤ 33.
Output: values d0i,k and d1i,k , for every
i ∈ {1, 2, . . . , 33} and k ∈ {0, 1, . . . , 12 − ri }.
for all i ∈ {1, . . . , 33} do
for all k ∈ {0, . . . , 12 − ri } do
0
1
set di,k
← ∞, di,k
←∞
set K ← {ri + 1, . . . , ri + k}
calculate Ni,k
backtracking(Fi , Ni,k , k, b = (1))
if k > 0 then
backtracking(Fi , Ni,k , k, b = (0))
return d0i,k and d1i,k

TABLE III
T HE SEQUENCE OF RECURSIVE CALLS , k = 1, E XAMPLE 2.
a
Na,i,k
K ∈ Ga
1
{{5}}
K∈
/ Ga
01 {{1, 5}}

Proof. Let a and b be vectors given by (6) and (9). Let
Ga and Gb be families given by (8), obtained from the
vectors a and b, respectively. We have the following simple
observations
1) Gb ⊆ Ga ,
2) if Q(Ga ) then Q(Gb ),
3) if R(Ga , i) then R(Gb , i),
l
l
4) v(b) ≤ s(Ga ), thus if v(b) ≥ di,k
then s(Ga ) ≥ di,k
.
Hence, when Gb contains as a subfamily some F C-family
l
or Fj , for some j < i, or when v(b) ≥ di,k
, then all the
vectors a, having b as a prefix, can be skipped. Let i ∈
{1, . . . , 33} and let F contain Fi , as a subfamily. Let G be
1 (K)
an (Fi , k)-correct family such that s(G) = di,kG , where
p
k ∈ {0, . . . , ri }. Let a ∈ {0, 1} be the vector corresponding
to the sets from Ni,k that are included in G. We prove that
1 (K)
the value of di,kG
can be obtained by the backtracking
algorithm. Let l = |Na,i,k |.
We proceed by induction on l. Obviously, for l = 0 the
1 (K)
value of di,kG
is obtained. Thus, we may assume that l ≥
1 and that for every 0 ≤ j < l, the family induced by
1 (K)
the vector (a1 , . . . , aj ) with di,kG
can be reached by the
backtracking algorithm. Let H = G ∩ Ni,k , and let m be
the largest number, such that Nm ∈ H, 1 ≤ m ≤ l and
G − Nm ̸= G. Furthermore, let n be the largest number,
such that 1 ≤ n < m, Nn ∈ G, and in case such Nn does
not exists, let n = 0. By the induction hypothesis, family
Gb = N b,i,k ⊎ Fi , where b = (a1 , . . . , an ), can be reached.
1 (K)
Since value of v(b) from (10) is smaller or equal to di,kG
the backtracking algorithm will continue with recursive calls,
all the way to the a = (a1 , . . . , am ), thus the values of dli,k
for l = 0, 1 are obtained.

•

•

•

•
•
•

yes, Ga contains FC family {{1, 5}}

1 ≤ i ≤ 33, k = 0, l = 0.
This is done because an empty set is implicitly included
in all of the considered families;
1 ≤ i ≤ 33, k ∈ {1, 2}, l = 1.
According to Theorem 1, any family containing a
singleton or doublet is Frankl’s.
i ≥ 18, k = 3, l = 1.
Ga contains a family equivalent to F17
=
{{1, 2, 3}, {4, 5, 6}}, the first 3-set is K, and the
second one is an element of Fj , 18 ≤ j ≤ 24.
i ≥ 25, k = 3, l = 1.
Ga ⊇ K ∼ F25 = {{1, 2, 3}}.
i = 25, k = 4, l = 1.
Ga ⊇ F25 ∪ {K} = {{1, 2, 3}, {4, 5, 6, 7}} ∼ F24 .
i = 33, k = 4, l = 1.
Ga ⊇ K = {{1, 2, 3, 4}} ∼ F32 .

Lemma 3. Suppose A, B and C are three different threemember sets. Then at least one of the following three
statements is true:
1) The union of some two of the sets A, B and C is a
five-element set.
2) There are two pairs of disjoint sets among A, B, C.
3) The family {A, B, C} is FC.
Proof. Since the size of the intersection of two different
three-member sets is 0, 1 or 2, we have the following
possibilities:

Example
2. Let i = 32, then F32 = {{1, 2, 3, 4}}, Si =
∪
F32 = [4], ri = |Si | = 4. The weights are w(1) = w(2) =
w(3) = w(4) = 5, and w(x) = 2 for all x > 4; t(w) = 18.
When k = 0, then the base of the hypercube is K = ∅, and
in case when k = 1 the base of the hypercube is K = {5}.
In both cases sets with negative share are
=

yes, Ga contains FC family {{5}}

l
The values of di,k
, given in the Table IV, are obtained
with program written in Java programming language implementing the Algorithm 4. It takes about five minutes to
calculate all these values, on 64-bit Acer laptop with Intel’s
i7 processor, on 2.4 GHz, with 16 GB of RAM. The largest
number of recursive calls for some of the cases is 34437982
for (i, k) = (14, 2). Note that values of (i, k, l) are left out
from the Table IV when:

Lemma 2. Using the Algorithm 4 we obtain the values
of d0i,k and d1i,k for every i ∈ {1, 2, . . . 33} and k ∈
{0, 1, . . . 12 − ri }.

N

backtracking?

{∅, {1}, {2}, {3}, {4}, {1, 3}, {2, 3}, {1, 2}, {1, 4},
{2, 4}, {3, 4}, {1, 2, 4}, {1, 2, 3}, {1, 3, 4}, {2, 3, 4}} .
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1) The intersection of some two of the sets is one-element
set. Then the size of their union is five, and the first
statement is true.
2) Neither of the two-set intersections is one-element set.
a) Some two of the three sets A, B, C are disjoint.
Assume that A ∩ B = ∅. Then |C ∩ A| = 0 or
|C ∩ B| = 0 (otherwise, it would be |C ∩ A| =
|C ∩ B| = 2, implying |C| ≥ 4), and the second
statement is true.

b) Intersection of any two of the sets A, B and C
is a nonempty set. Then |A ∩ B| = |A ∩ C| =
|B ∩C| = 2. Let |A∩B ∩C| = q. The case q = 0
is impossible. If q = 1, then |A ∪ B ∪ C| = 4,
and if q = 2, then |A ∪ B ∪ C| = 5. In both
cases the family {A, B, C} is FC by Theorem 1,
hence the third statement is true.

TABLE V
C ALCULATIONS ACCOMPANYING THE PROOF OF L EMMA 4. b ∈ {0, 1},
1
i IS THE NUMBER OF ROW IN TABLE
∪ IV WITH di,3 < 0, mi ∈ {3, 4},
ri = | Fi |.
|K|
i \b
1
2
3
4
5
6
9
10
11
12
13
14
15
16

Lemma 4. The families Fi listed in Table I are 12-FC,
1 ≤ i ≤ 33.
Proof. Let the values of
0 ≤ k ≤ 12 − ri , l ∈ {0, 1},
given in the Table IV, be the smallest values of share of
all the families that contain family equivalent to Fi as a
subset, and do not contain as a subset a family equivalent to
some FC family from Theorem 1 or Fj , for any 1 ≤ j < i.
Let
Kk) = {K|K ⊆ X \ Si , |K| = k}. We have that |Kk | =
(12−r
i
. CK,Si ∩F ̸= ∅ for |K| = 0 and |K| = 12−ri , since
k
Si ∈ F and X = [12] ∈ F , and in both cases |Kk | = 1. Let
Wi denote smaller of the two values of the share bounds
(when F contains, and when it does not contain a set K) of
0
1
the upper hypercube, that is Wi = min{di,12−r
, di,12−r
}.
i
i
Case i = 7, 8 or 17 ≤ i ≤ 33:
l
From Table I could be seen that di,k
< 0, and
hence s(CK,Si ∩ F ) < 0 is possible only when
k = 0. But, for all such i, the negative share of the
lowest hypercube is compensated by the share of
1
+ Wi ≥ 0.
the uppermost hypercube: s(F) ≥ di,0
Case 1 ≤ i ≤ 6 or 9 ≤ i ≤ 16:
l
di,k
< 0 is possible only if k ∈ {0, 3}. We have
12 − ri ∈ {5, 6, 7}. Let
{
3, if 12 − ri = 5
mi =
4, if 12 − ri ∈ {6, 7}.
dli,k ,

0
1
60
30
6
-3
2
60
30
-9
-17
27
3
6
3
-2

3
1
-36
-40
-15
-6
-2
-18
-23
-4
-5
-7
-1
-9
-5
-10

5
1
30
56
15
6
20
140
56
24
26
49
23
32
14
24

6
1
58
96
30
12
29

7
1
86

0
55

18

23

38
87
45

64

33

24
48

64

28

96

mi
4
4
4
4
4
3
4
3
4
4
4
3
4
4

ri
5
6
6
5
6
7
6
7
6
6
5
7
6
5

s(F) ≥
37
62
6
3
45
164
113
7
32
142
56
20
26
20

Thus, all sets in F (except the set ∅) have 6 or more
elements. Let the weight function w be such that w(x) = 1
for all x ∈ X. Then t(w) = 6, s(∅) + s(X) = 0, and for
all non empty sets A ∈ F we have s(A) ≥ 0. Therefore,
s(F) ≥ 0, and F is Frankl’s, which is a contradiction, thus
proving the theorem statement.
If there
∪ exists a counterexample F to Frankl’s conjecture,
when F < 12, then it would be∪possible to construct
(see [2]) a counterexample F ′ , when∪ F ′ = 12. Therefore,
if F is a union-closed family, X = F and |X| ≤ 12, then
F is Frankl’s.
Lo Faro [8] and later Roberts and Simpson [10]
∪ proved
that if minimal counterexample, in terms of | F|, has
m elements than any counterexample has at least 4m − 1
sets. As a direct consequence of this statement we have the
following corollary.

If |K3 | ≥ mi , then the family K3 ⊂ F is FC
by Theorem 1. Otherwise, if |K3 | ≤ mi − 2, then
s(F) ≥ di,0 +Wi +(mi −2)d1i,3 ≥ 0 (see Table V).
In the remaining case |K3 | = mi − 1 the inequality
s(F) ≥ 0 is also true; indeed, from Lemma 3 and
Table V it follows that:
1
1
• 12 − ri = 7: s(F) ≥ di,0 + (mi − 1)di,3 +
1
1
min{di,5 , 2di,6 } + Wi ≥ 0
1
1
• 12 − ri = 6: s(F) ≥ di,0 + (mi − 1)di,3 +
1
1
di,5 + di,6 ≥ 0
1
1
1
• 12−ri = 5: s(F) ≥ di,0 +(mi −1)di,3 +di,5 ≥
0

Corrolary 3. Frankl’s conjecture is satisfied for any union
closed family with at most 50 sets.
4. C ONCLUSION
Implementing technique presented in this paper on families having 13 or more elements is ∪
probably a difficult task.
The main problem is that, when F has only one more
element, the number of families that should be considered
grows exponentially. That, even with very efficient algorithm, demands too many calculations.
5. ACKNOWLEDGEMENT

Theorem 2. If F is a union-closed family, X =
|X| = 12, then F is Frankl’s.
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F and

Proof. Suppose F is not Frankl’s. Then F does not contain
a singleton, nor does F contain a doublet. From Lemma 4
it follows that F does not contain
• a subfamily equivalent to F25 = [3],
• a subfamily equivalent to F32 = [4],
• a subfamily equivalent to F33 = [5].
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TABLE II
T HE SEQUENCE OF RECURSIVE CALLS , E XAMPLE 2.
a
K ∈ Ga
1
11
101
1001
10001
100001
1000001
10000001
100000001
1000000001
10000000001
100000000001
1000000000001
10000000000001
100000000000001
100000000000000

l
L OWER BOUNDS di,k

|K|
i \l
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

0
1
60
30
6
−3
2
60
22
58
30
−9
−17
27
3
6
3
−2
−12
−8
−1
−18
−7
−8
−4
−10
−9
0
−7
−5
0
−6
−6
−16
−14

1
0
38
47
19
12
12
25
11
18
14
6
8
14
19
3
8
10
2
4
16
2
5
15
3
4
1
8
0
1
5
3
7
4
5

2
0
15
45
12
3
9
1
8
7
3
0
16
12
18
6
11
4
6
4
13
1
3
12
4
3
2
5
0
0
3
3
2
6
5

Na

backtracking?

{∅}
{∅, {1}}
{∅, {2}}
{∅, {3}}
{∅, {4}}
{∅, {1, 3}}
{∅, {2, 3}}
{∅, {1, 2}}
{∅, {1, 4}}
{∅, {2, 4}}
{∅, {3, 4}}
{∅, {1, 2, 4}}
{∅, {1, 2, 3}}
{∅, {1, 3, 4}}
{∅, {2, 3, 4}}
{∅}

no
yes, Ga contains FC family {{1}}
yes, Ga contains FC family {{2}}
yes, Ga contains FC family {{3}}
yes, Ga contains FC family {{4}}
yes, Ga contains FC family {{1, 3}}
yes, Ga contains FC family {{2, 3}}
yes, Ga contains FC family {{1, 2}}
yes, Ga contains FC family {{1, 4}}
yes, Ga contains FC family {{2, 4}}
yes, Ga contains FC family {{3, 4}}
yes, Ga contains {{1, 2, 4}} equivalent
yes, Ga contains {{1, 2, 3}} equivalent
yes, Ga contains {{1, 3, 4}} equivalent
yes, Ga contains {{2, 3, 4}} equivalent
1
no, t = |N |, d33,0
= s(Ga ) = −16

to
to
to
to

F25
F25
F25
F25

TABLE IV
∪
L EMMA 4, 1 ≤ i ≤ 33, 0 ≤ k ≤ 12 − | Fi |, l ∈ {0, 1}.

ON HYPERCUBE SHARES IN

3
1
−36
−40
−15
−6
−2
−18
7
15
−23
−4
−5
−7
−1
−9
−5
−10
0

4
0
13
11
6
1
4
9
4
6
1
1
9
1
20
1
7
12
0
1
14
0
0
2
2
0
3
2
0
1
6
0
6
1
6

1
0
8
0
0
5
52
26
77
8
9
8
3
1
9
0
0
0
0
0
3
0
1
2
3
8
1
4
6
1
6
0

5
0
43
53
20
19
15
31
14
27
28
12
27
28
26
12
13
20
8
8
19
16
7
17
10
10
1
19
6
3
0
3
10
5
5

1
30
56
15
6
20
140
53
155
56
24
26
49
23
32
14
24
8
6
19
17
9
14
10
10
0
43
16
8
7
3
5
0
1

6
0
51
55
23
21
16
33
15
29
31
13
29
31
29
13
17
24
11
9
25
19
9
23
11
11
4
21
8
7
10
6
11
8
8

71

7

1
58
96
30
12
29

0
53
57
24
22
17

80

16

96

33

38
87
45

31
33
31

24
48
12
14
41
27
20
31
18

18
26
12
10
27
21
10
25
12

3
65
24
15
18
9
12
7
9

6
23
9
9
12
8
12
13
14

8

1
86

0
55

18

23

64

33

64

28

19

11

27
43

11
27

5

7

22

10

14

10

12
14

16
17

9

1

0

24

12

7

8

16

18

1

0

9

9

12 − ri
7
6
6
7
6
5
6
5
6
5
6
6
7
5
6
7
6
8
6
6
7
7
6
5
9
6
6
7
6
7
6
8
7

ri
5
6
6
5
6
7
6
7
6
7
6
6
5
7
6
5
6
4
6
6
5
5
6
7
3
6
6
5
6
5
6
4
5

Row Space Cardinalities Above 2n−2 + 2n−3
Vučković, Bojan and Živković, Miodrag

Abstract: Denote by Bn,m the set of n × m Boolean
matrices, and let Bn = Bn,n . Denote by R(A) the row
space of A ∈ Bn,m , i.e. the subspace of {0, 1}m spanned
by the rows of A, with Boolean operations and, or. Denote
Rn = {a | a = | R(A)|, A ∈ Bn }. Konieczny
determined Rn ∩ [2n−1 , 2n ], and other authors determined
some information about Rn ∩ [2n−2 + 2n−3 , 2n−1 ). Here the
set Rn ∩ [2n−2 + 2n−3 , 2n−1 ) is completely determined.

Let
An,3 ={2n−2 + 2n−3 + 2i | 0 ≤ i ≤ n − 4, n ≥ 4}
An,4 ={2n−2 + 2n−3 + 2i + 2j |
0 ≤ j < i ≤ n − 4, n ≥ 5}
A′n,5 ={2n−2 + 2n−3 + 2i + 2k+1 + 2k |
0 ≤ k, k + 2 ≤ i ≤ n − 4, n ≥ 6}

Index Terms: row space cardinality

A′′n,5 ={2n−2 + 2n−3 + 2i + 2j + 2k | 1 ≤ k,
k + 2 ≤ j < i, i + j ≤ n + k − 5, n ≥ 11}
(1)
An =(An,3 ∪ An,4 ∪ A′n,5 ∪ A′′n,5 )

1. I NTRODUCTION
ENOTE by Bn,m the set of n × m Boolean matrices,
and let Bn = Bn,n . Denote by R(A) the row space
of A ∈ Bn,m , i.e. the subspace of {0, 1}m generated by the
rows of A, with Boolean operations and, or. Analogously,
let C(A) denote the column space A; it is known [1] that
| C(A)| = | R(A)|. Denote Rn = {a | a = | R(A)|, A ∈
Bn }. Obviously, Rn ⊆ [1, 2n ]. Konieczny proved [2] that
Rn ∩ (2n−1 , 2n ] = {2n−1 + 2k | 0 ≤ k ≤ n − 1}, and
conjectured that [1, 2n−1 ] ⊂ Rn . Li and Zhang [3] disproved
the conjecture, by showing that 2n−1 − 1 ∈
/ Rn if n > 6.
Hong [4] proved that Rn ∩ (2n−1 − 4, 2n−1 ) = ∅ if n ≥ 8.
Yu [5] proved that

D

Rn ∩ [2n−1 − n + 6, 2n−1 − 1] = ∅,

The conjecture Rn ∩ (2n−2 + 2n−3 , 2n−1 ] = An [9], can
easily be verified for n ≤ 9, and it is proved here for general
case, see Theorem 6.
We introduce now some notation. Denote r(A) = | R(A)|,
A ∈ Bn,m . For a square matrix A ∈ Bn define the density
of A by ρ(A) = r(A)/2n of A. Denote by In and 0n , n ≥ 1,
the n×n unit matrix and the n×n zero matrix, respectively.
Then ρ(In ) = 1, ρ(0n ) = 2−n and 2−n ≤ ρ(A) ≤ 1 for
all A ∈ Bn , because 1 ≤ r(An ) ≤ 2n . Denote by 0n,m ,
1n,m the matrices from Bn,m whose all elements are 0, 1,
respectively.
Let A, B ∈ Bn,m . We say that A is equivalent to B and
write A ≡ B, if there exist two permutation matrices P
and Q such that A = P BQ. We say that A ≤ B holds
(A is lexicographically less than or equal to B) if the row
obtained by concatenating all rows of A is lexicographically
less or equal than the row obtained by concatenating all rows
of B. Denote by can(A) the canonical form of A ∈ Bn,m ,
the lexicographically smallest matrix among all the matrices
equivalent to A.
Let A ∈ Bn,m . Denote by A(i, j) the (i, j) element
of A. Let A(i, ∗) and A(∗, j) denote the ith row and the
jth column of A, respectively. If p and q are a positive
integers, let A−p∗ (A−∗p ) denote the matrix C ∈ Bn−1,m
(D ∈ Bn,m−1 ) obtained by excluding pth row (column)
from A, and let A−p∗,−q∗ (A−∗p,−q∗ ) denote the matrix
C ∈ Bn−2,m (D ∈ Bn,m−2 ) obtained by excluding pth and
qth row (column) from A. Let A ∈ Bn,m and let p be a
positive integer. Denote

n≥7

Furthermore, Hong [6] proved that
Rn ∩ ((2n−1 − 2n−5 , 2n−1 − 2n−6 )
∪ (2n−1 − 2n−6 , 2n−1 )) = ∅,

n≥7

i.e. that the set R0n = Rn ∩ [1, 2n−1 ] has at least two continuous gaps. He also proved that 2n−1 −2n−5 , 2n−1 −2n−6 ∈
Rn . Zhang, Hong and Kan [7] investigated the matrices
A ∈ Bn−1,n and proved that for such a matrices, if |R(A)| ∈
(2n−2 + 2n−3 , 2n−1 ], then |R(A)| = 2n−2 + 2n−3 + 2s ,
0 ≤ s ≤ n−3. Breen [8] verified that R07 = [1, 64]\{61, 63}
and obtained
R08 = [1, 128] \ {109, 111, 117, 119,
121, 122, 123, 125, 126, 127}.
Živković [9] obtained R9 ,
R09

= [1, 190] ∪ [192, 204] ∪ {206} ∪ [208, 212]

R−p (A) = R(A−p∗ ),

∪{214, 216, 220} ∪ [224, 228]
∪{230, 232, 236, 240, 248, 256}.

R+p (A) = {α + A(p, ∗) | α ∈ R−p (A)},
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and r−p (A) = | R−p (A)|, r+p (A) = | R+p (A)|.
We say that A ∈ Bp,q is submatrix of B ∈ Bm,n , p ≤ m,
q ≤ n, and write A ⊂ B, if there exists B ′ ≡ B such that
[
]
A A1
B′ =
.
(2)
A2 A3
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i.e. A(i, j) = B ′ (i, j) for all 1 ≤ i ≤ p, 1 ≤ j ≤ q.
The weight w(α) of α ∈ B1,n or α ∈ Bn,1 is the number
of elements 1 in α. Note that if A and B are both row vectors
(or column vectors), then A ⊂ B implies w(A) ≤ w(B).
The transpose matrix of A is denoted by AT .

Following Konieczny [2], denote by λn , ωn and θn , n ≥
1, the matrices defined by


 1, j = i, 1 ≤ i ≤ n − 1
j = i + 1, 1 ≤ i ≤ n − 1
λn (i, j) =


0, otherwise

Definition 1. If A ∈ Bn,m and if (i1 , i2 , . . . , in ),
(j1 , j2 , . . . , jm ) are the permutations of (1, 2, . . . , n),
(1, 2, . . . , m) such that



 1,
ωn (i, j) =

w(A(i1 , ∗)) ≥ w(A(i2 , ∗)) ≥ · · · ≥ w(A(in , ∗)),
w(A(∗, j1 )) ≥ w(A(∗, j2 )) ≥ · · · ≥ w(A(∗, jm )),


1, j = i, 1 ≤ i ≤ n




j = i + 1, 1 ≤ i ≤ n − 1
θn (i, j) =

j
= 1, i = n



0, otherwise

respectively, then let
rws(A, k) = w(A(ik , ∗)),

k = 1, 2, . . . , n

cws(A, k) = w(A(∗, jk )),

k = 1, 2, . . . , m

and

These sequences appear in [10] as the sequences A005251,
A005314 and A259967, respectively. The following table
lists r(λn ), r(ωn ) and r(θn ) for n ≤ 12.

denote the row weights spectrum and column weights spectrum of A, respectively.

n
r(λn )
r(ωn )
r(θn )
n
r(λn )
r(ωn )
r(θn )

The following simple facts can be found in [6], for
example.
Proposition 1. Let A ∈ Bn,m and p ̸= q. Then
1) If A ≡ B then r(A) = r(B).
2) r(A) = r(AT ).
3) r(A) ≤ min{2n , 2m }.
4) If w(A(p, ∗)) = k then r+p (A) ≤ 2n−k .
5) R(A) = R+p (A) ∪ R−p (A).
6) r(A) ≤ r+p (A) + r−p (A).
7) R−p (A) = R−p+q (A) ∪ R−p−q (A).
8) R(A) = R+p (A) ∪ R−p+q (A) ∪ R−p−q (A).
9) r(A) ≤ r+p (A) + r−p+q (A) + r−p−q (A).

1
1
2
2
7
37
49
51

2
2
3
2
8
65
86
90

3
4
5
5
9
114
151
158

4
7
9
10
10
200
265
277

5
12
16
17
11
351
465
486

6
21
28
29
12
616
816
853

Let E denote the shift operator, Ef (n) = f (n + 1). For
example, (E 2 − E + 1) r(ωn ) = r(ωn+2 ) − r(ωn+1 ) + r(ωn ).
Lemma 2. Let
g(E) = E 3 − 2E 2 + E − 1.

(3)

Then

2. D ENSE AND P ROPER M ATRICES
We say that:
1) A ∈ Bn is dense if ρ(A) > 38 ,
2) A is proper if there exists a pair (i, j), 1 ≤ i, j ≤ n,
such that ρ(A−i∗,−∗j ) ≥ ρ(A).
After establishing some useful facts, we prove Theorem 1,
stating that all dense matrices are proper.

g(E) r(λn ) = g(E) r(ωn ) = g(E) r(θn ) = 0,
r(θn ) < r(λn ) + r(λn−1 ) < 4 r(ωn−2 ),

n>0
n>2

(4)
(5)

Proof. By Lemma 1 we obtain r(λn ) = r(λn−1 ) + r(ωn−2 ),
n ≥ 3, and
r(ωn ) = r(ωn−1 ) + r(λn−1 ), n ≥ 3

Lemma 1. Let k, l, m ≥ 1, and let
[
]
1 1 0
B=
∈ Bm+1,k+l+1 ,
0 A′ A
[
where A ∈ Bm,k and A′ ∈ Bm,l . Then r(B) = r A′
r(A).

j = i, 1 ≤ i ≤ n
j = i + 1, 1 ≤ i ≤ n − 1


0, otherwise

(6)

(it is obviously true if n = 2, also), i.e.

]
A +

r(ωn ) = (E 2 − E) r(λn ), n ≥ 1,

(7)

r(λn ) = (E − 1) r(ωn ), n ≥ 1.

(8)

Substituting r(ωn ) (7) into (8), we obtain

+1

Proof. All the elements of R (B) start with 1l+1 , and so
r+1 (B) = r(A). Since all elements of R−1 (B) start with 0
and all elements of R+1 (B) start with 1, we have R−1 (B)∩
R+1 (B) = ∅, and according to Proposition 1.7)
[
]
r(B) = r−1 (B) + r+1 (B) = r A′ A + r(A).

r(λn ) = (E − 1)(E 2 − E) r(λn ), n ≥ 1,
i.e.,
g(E) r(λn ) = 0,

n ≥ 1.

(9)

From (7) it follows
g(E) r(ωn ) = (E 2 − E)g(E) r(λn ) = 0,
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n ≥ 1,

(10)

and either A = I1 or

By using the Proposition 1.8) we get the following representation:
(
)
R(θn ) = R+n∗ (θn ) ∪ R−n∗,+(n−1)∗,+1∗ (θn )

1) for every row i, 1 ≤ i ≤ k there exists j, 1 ≤ j ≤ k,
i ̸= j, and p, 1 ≤ p ≤ l, such that A(i, p) = A(j, p) =
1;
2) for every column i, 1 ≤ i ≤ l, there exists j, 1 ≤
j ≤ l, i ̸= j, and q, 1 ≤ q ≤ k, such that A(q, i) =
A(q, j) = 1.

∪ R−n∗,−(n−1)∗,+1∗ (θn ) ∪ R−n∗,−(n−1)∗,−1∗ (θn )
∪ R−n∗,+(n−1)∗,−1∗ (θn ), n ≥ 4.
The pairs at positions 1, n in the elements of these four
sets have values (1, 1), (1, 0), (0, 0), (0, 1) respectively, so
the sets are disjoint. Furthermore, R−n∗,+(n−1)∗,+1∗ (θn ) ⊆
R+n∗ (θn ), n ≥ 4. Therefore,

Definition 3. Let A ∈ Bn be a matrix without zero rows
and without zero columns. We say that matrix A is in block
diagonal form if


A1
0
0
...
0
 0 A2
0
...
0 


.
.
.
.
.
.
.
.
.
.
.
.
.
..
(11)
A=


 0 ...
0 Am−1
0 
0 ...
0
0
Am
∑
∑
where Ai ∈ Bki ,li are blocks and
ki = li = n, ki , li ≥
1, 1 ≤ i ≤ m . If m = 1 then we call A a block matrix.
If there exists k, such that Ak = I1 we say that A contains
1-block.

r(θn ) = | R+n∗ (θn )| + | R−n∗,−(n−1)∗,+1∗ (θn )|
+ | R−n∗,−(n−1)∗,−1∗ (θn )| + | R−n∗,+(n−1)∗,−1∗ (θn )|
= r(λn−1 ) + r(ωn−3 ) + r(λn−2 ) + r(ωn−3 )
Substituting r(ωn ) = r(λn+2 ) − r(λn+1 ) (7) into r(θn+3 ) =
r(λn+2 ) + r(ωn ) + r(λn+1 ) + r(ωn ), we obtain
r(θn+3 ) = r(λn+3 ) + r(λn+2 ) − r(λn )
= (E 3 + E 2 − 1) r(λn ), n ≥ 1.

Let B ∈ Bn be a matrix without zero rows and
without zero columns. Let G = (V1 , V2 , E) be a bipartite graph with vertex sets V1 = {a1 , a2 , . . . , an }
and V2 = {b1 , b2 , . . . , bn }, and with the set of edges
E = {(ai , bj )|A(i, j) = 1}. Connected component Gk =
(Vk1 , Vk2 , Ek ) of graph G corresponds to the block Ak of
A, 1 ≤ k ≤ m. Since w(A(i, ∗)) ≥ 1, 1 ≤ i ≤ n, and
w(A(∗, j)) ≥ 1, 1 ≤ j ≤ n, graph G does not contain
isolated vertices. The blocks Ak , 1 ≤ k ≤ m, obtained when
we exclude from matrix B all rows i such that ai ̸∈ Vk1 (G),
and all columns j, such that bj ̸∈ Vk2 (G), correspond to the
blocks of matrix A ≡ B, that is in block diagonal form.
This implies the following lemma.

Multiplying with g(E), we obtain g(E) r(θn ) = 0, n ≥ 4.
It is immediately seen that this is true also for n = 1, 2, 3,
thus proving
g(E) r(θn ) = 0,

n ≥ 1,

which, together with (9) and (10), implies (4). From the
identity
(E 2 + 2E + 2)g(E) = (E 5 − E 3 − 3E 2 − 2)
it follows
(E 5 − E 3 − 3E 2 − 2) r(ωn ) = (E 2 + 2E + 2)g(E) r(ωn )
= 0, n ≥ 1.

Lemma 3. Let B ∈ Bn be an arbitrary matrix without zero
rows and without zero columns. Then there exists A ≡ B,
such that A is in block diagonal form.

But
(E 5 − E 3 ) r(ωn ) = (E 4 + E 3 )(E − 1) r(ωn )

Lemma
4. If diagonal blocks of B are Ai , then r(B) =
∏
r(Ai ).

= (E 4 + E 3 ) r(λn ),
implying

Proof. The row space of B is a direct sum of row spaces
of row-sets of B corresponding to diagonal blocks.

r(λn+4 ) + r(λn+3 ) = 3 r(ωn+2 ) + 2 r(ωn ), n ≥ 1,
From (6) follows that r(ωn − 1) > r(ωn−2 ) and since
r(ωn ) = r(ωn−1 )+r(ωn−2 )+r(ωn−4 ) we have that r(ωn ) >
2 r(ωn−2 ). Combining this with the previous equality, we
get r(λn+4 ) + r(λn+3 ) < 4 r(ωn+2 ), which is the second
inequality of (5).
The first inequality of (5) follows from

Lemma 5. If A ∈ Bk is one of diagonal blocks of B ∈ Bn ,
and if A is proper, then B is proper.
Proof. We can suppose WLOG (without loss of generality)
that A is the first diagonal block of B. If A = I1 , then
2 · r(B −1∗,−∗1 ) = r(B), and B is proper. Suppose now A ̸=
I1 . Because A is proper, suppose WLOG that the matrix
C = A−1∗,−∗1 is such that r(A) ≤ 2 r(C). From Lemma 4 it
follows r(B) = a r(A), where a is the product of row space
cardinalities of other blocks of B. If D = B −1∗,−∗1 , then
r(D) = a r(C) and r(B) = a r(A) ≤ 2a r(C) = 2 r(D),
hence B is proper.

r(θn ) = r(λn ) + r(λn−1 ) − r(λn−3 ) < r(λn ) + r(λn−1 ).
Definition 2. Let B ∈ Bn , A ⊆ B and A ∈ Bk,l . We call
A a block in B if for some B ′ ≡ B, we have
[
]
A 0
B′ =
,
0 C

Lemma 6. The matrix θn is proper, n ≥ 2.
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and consequently R−p∗ (A) ∪ R+p∗ (A) = R(A) ⊆ R(D)
and r(A) ≤ r(D). By Lemma 1 we have

Proof. Let B = θn−2∗,−∗1 ∈ Bn−1 . If n = 2 then
ρ(B) = 1 > ρ(θ2 ) = 1/2. Otherwise if n > 2, then r(B) =
2 r(ωn−2 ), because B consists of two blocks, I1 and ωn−2 .
From Lemma 2 it follows r(θn ) < 4 r(ωn−2 ) = 2 r(B), i.e.
ρ(B) > ρ(θn ).

r(D) = r(θp )(r(λq ) + r(λq−1 )),
and so

Lemma 7. Let A ∈ Bn , n ≥ 2, be matrix such that the
weights of all rows and columns of A are equal to 2, i.e.
rws(A, 1) = rws(A, n) = cws(A, 1) = cws(A, n) = 2.
Then A is proper.

r(A) ≤ r(θp )(r(λq ) + r(λq−1 )).
Furthermore r(C) = r(θp ) · 2 r(ωq−2 ), hence by Lemma 2
we have
2 r(C) = 4 r(θp ) r(ωq−2 ) > r(A)

Proof. By Lemma 3, there exists a matrix A′ ≡ A, the
block diagonal form of A. Since all rows an columns in A′
have weight 2, the blocks of A′ are equivalent to some θmi ,
mi > 1. By Lemma 6 these blocks are proper, and from
Lemma 5 it follows that A is proper.

and ρ(C) > ρ(A).
Lemma 10. Let a ∈ {0, 1}, α ∈ B1,n−1 , β ∈ Bn−1,1 ,
A′ ∈ Bn−1 and let
[
]
a α
A=
β A′

Lemma 8. Let A = (λ−n∗
)T ∈ Bn,n−1 . Let α ∈ Bn,1 ,
n
w(α) = 3, α(1) = 1, α(n) = 1[ and α(j)
] = 1 for some
1 < j < n. Then the matrix B = α A is proper.
Proof. Let C = A−(n−1)∗ = B −(n−1)∗,−∗1 ; it is enough to
prove that ρ(C) ≥ ρ(B). Let
[
]
θn
D=
∈ Bn+1,n .
1 01,n−1

If w(β) ≥ 3 and w(α)+a ≥ 3, or w(β) ≥ 2 and w(α)+a ≥
4 then

From D−j∗,−(n+1)∗ = B −j∗ it follows R−j∗,−(n+1)∗ (D) =
R−j∗ (B). We also have that R+j∗,+(n+1)∗ (D) = R+j∗ (B).
Hence R−j∗ (B) ∪ R+j∗ (B) = R(B) ⊆ R(D) and r(B) ≤
r(D). Applying Lemma 1 to transpose of D, we obtain
r(D) = r(λn ) + r(λn−1 ), and so r(B) ≤ r(λn ) + r(λn−1 ).
The matrix C has two diagonal blocks, and so r(C) =
2 r(ωn−2 ). From Lemma 2 it follows

Proof. a) Let k = w(β), l = w(α) + a. Since A′ ∈ Bn−1 ,
from Proposition 1 it follows
[
]
r β A′ ≤ r(A′ ) + 2n−1−k

2 r(C) = 4 r(ωn−2 ) > r(λn ) + r(λn−1 ) > r(B),

Since k ≥ 3 and l ≥ 3, or k ≥ 2 and l ≥ 4, we have in
both cases r(A) ≤ r(A′ ) + 2n−3 + 2n−4 .
b) If ρ(A) > 38 , i.e. r(A) > 2n−2 + 2n−3 , then r(A′ ) ≥
r(A) − 2n−3 − 2n−4 > 2n−3 + 2n−4 , hence r(A) ≤ r(A′ ) +
2n−3 + 2n−4 < 2 r(A′ ), i.e. ρ(A′ ) > ρ(A) > 83 .

 θp
A=

0

0
I1
θq

b)

If A is dense, then A′ is dense and A is proper.

r(A) ≤ r(A′ ) + 2n−1−k + 2n−l .

Lemma 9. Let A ∈ Bn , p + q = n, and

1, j = i, i = 1, 2, . . . , n





j = i + 1, i = 1, 2, . . . , n − 1


i = p, j = 1
A(i, j) =



i = n, j = p + 1




0, otherwise


r(A) ≤ r(A′ ) + 2n−3 + 2n−4 .

and

thus proving ρ(C) > ρ(B).

i. e.

a)

Lemma 11. Suppose A ∈ Bn,m , α = A(n, ∗) and w(α) =
k. Furthermore, suppose there exists β ∈ R−n∗ (A), such
that α + β = β (i.e. if α(i) = 1 then also β(i) = 1, for
every 1 ≤ i ≤ m), and w(β) = l ≥ k. Then r(A) ≤
r−n∗ (A) + 2n−k − 2n−l . The analogous inequality holds for
the column space cardinalities.


0
0 



Proof. If l = k, then α ∈ R−n∗ (A), and r(A) = r−n∗ (A),
so suppose l > k. Let γ ∈ R+n∗ (A) \ R−n∗ (A). Then
α + γ = γ, i.e. if α(i) = 1 then also γ(i) = 1, for every
1 ≤ i ≤ m. Furthermore, γ cannot contain all the ones
contained in β and not contained in α — otherwise it would
be γ ∈ R−n∗ (A). The number of vectors γ that satisfy
these two conditions is 2n−l (2l−k − 1) = 2n−k − 2n−l .
From Proposition 1 follows that r(A) ≤ r−n∗ (A) + 2n−k −
2n−l .

Then A is proper.
Proof. Let C = A−(n−1)∗,−∗(p+1) ∈ Bn−1 ; we prove that
ρ(C) ≥ ρ(A). Let


0
θp
θq  ∈ Bn+1,n
D= 0
0 I1 0

Note that this is somewhat better upper bound for r(A),
than the simple bound r(A) ≤ r−n∗ (A)+2n−k , that follows
from Proposition 1.

Then D−p∗,−(n+1)∗ = A−p∗ imply R−p∗,−(n+1)∗ (D) =
R−p∗ (A). We also have that R+p∗,+(n+1)∗ (D) = R+p∗ (A),
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Proof. Let A be redundant matrix such that r(A) = r(A−i∗ ),
and let 1 ≤ j ≤ n be an arbitrary column index. Then
r(A) ≤ 2 r(A−i∗,−∗j ), i.e. ρ(A) ≤ ρ(A−i∗,−∗j ).

Lemma 12. Let A ∈ Bn , is dense, n > 3, and suppose


1 01,n−4 0
1
1


1
0



0
A’
0
A=
n−4,1 
 n−4,1


1
0
1
0 01,n−4 1
1

Theorem 1. Let A ∈ Bn . If A is dense and n ≥ 2, then A
is proper.
Proof. Let

where w(A(i, ∗)) = 2, 1 < i < n, and w(A(∗, j)) = 2,
1 < j < n. Then A is proper.

m = min{rws(A, n), cws(A, n)}

Proof. Let B = A−n∗,−∗n , D = A−∗n and α = D(n, ∗).
We have w(α) = 2, α(1) = α(n−1) = 1. Since w(A(∗, n−
1)) = 2, we have w(B(∗, n − 1)) = 1, implying B(j, n −
1) = 1 for some j, 2 ≤ j ≤ n − 1. Let γ = B(1, ∗) +
B(j, ∗) ∈ R(B). Depending on the value of j, we have two
cases:
1) j ∈ {2, n − 1}. Then w(γ) = 3.
2) 2 < j < n − 1. Then w(B(j, ∗)) = 2, and B(j, i) = 1
for some i, 2 ≤ i ≤ n − 1, and w(γ) ≤ w(D(1, ∗)) +
w(D(j, ∗)) = 4.
From Lemma 11 it follows

and
M = max{rws(A, 1), cws(A, 1)}

r(D) ≤ r(B)+2(n−1)−2 −2(n−1)−4 = r(B)+2n−4 +2n−5 .
Since w(A(n − 1, ∗)) = 2, we have w(D(n − 1, ∗)) = 1,
implying D(n − 1, j) = 1 for some j, 2 ≤ j ≤ n − 1. Let
γ = D(∗, 1) + D(∗, j) ∈ C(D). Depending on the value of
j, we have two cases:
1) j ∈ {2, n − 1}. Then w(γ) = 4.
2) 2 < j < n−1. Then w(D(∗, j)) = 2, and D(i, j) = 1
for some i, 2 ≤ i ≤ n − 1, and w(γ) ≤ w(D(∗, 1)) +
w(D(∗, j) = 5.
From Lemma 11 it follows
| C(A)| ≤ | C(D)| + 2n−3 − 2n−5 = | C(D)| + 2n−4 + 2n−5 .
Combining this with the upper bound on r(D), we obtain
r(A) ≤ r(B)+2n−4 +2n−5 +2n−4 +2n−5 = r(B)+2n−3 +2n−4 .
Since A is dense, i.e. r(A) > 2n−2 + 2n−3 , we have
2n−2 + 2n−3 < r(B) + 2n−3 + 2n−4 ,
hence r(B) > 2n−3 + 2n−4 , so
r(A) ≤ r(B) + 2n−3 + 2n−4 < 2 · r(B),
implying that A is proper.
Lemma 13. If
A=

[
B
α

]
0n−1,1
∈ Bn .
a

then ρ(B) ≥ ρ(A),
[
]
Proof. From r B 0n−1,1 = r(B), it follows r(A) ≤
2 r(B)
Definition 4. We say that matrix A is redundant if there
exists a row (column) i such that r(A) = r(A−i∗ ) (r(A) =
r(A−∗i )).
Lemma 14. Every redundant matrix is proper.
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Case m ≤ 1:
then A contains a row or column with weight in
{0, 1}, and the claim follows from Lemma 13.
Case m = M = 2:
then A is proper by Lemma 7.
Case m ≥ 2 and M ≥ 4:
then there exists k, such that w(A(k, ∗)) ≥ 4 (or
w(A(∗, k)) ≥ 4), and because the sum of rows of
A equals to the sum of columns of A, there exists
l, such that w(A(∗, l)) ≥ 3 (w(A(l, ∗)) ≥ 3). From
Lemma 10 it follows that A is proper.
Case m ∈ {2, 3} and M = 3:
Let t > 0 denote the number of rows with
the weight equal to 3. Assume WLOG that
w(A(1, ∗)) = 3. There exists k, such that
w(A(∗, k)) = 3 (otherwise would be t = 0 and
M < 3). If A(1, k) = 0 (or more generally,
if the element of A at the intersection of any
row with the weight 3 with any column with the
weight 3 is 0), then from Lemma 10 it follows
that ρ(B) ≥ ρ(A), where B is the matrix obtained
from A by removing the corresponding row and
column with the weight equal to 3.
Therefore, we suppose that any row with weight
3 and any column with weight 3 intersect at the
element of A with the value equal to 1.
Case t = 1:
Only the first row and the kth column
of A have weight 3, and from previous
assumption we have that A(1, k) = 1. If
A contains a block equivalent to θl as a
submatrix, then by Lemma 6 there exists
C ∈ Bl−1 , such that ρ(C) ≥ ρ(θl ), so
the claim is true. Otherwise, A is a block
matrix, so it’s equivalent to either matrix
from Lemma 8 or Lemma 9, hence it is
proper.
Case t ≥ 2:
We can assume that A doesn’t contain two
identical rows or columns, since otherwise it’s redundant, and consequently it’s
proper. If t = 2, since M = 3, there
are exactly two rows and two columns
of weight 3. Four elements at their intersections are all 1s (otherwise the claim
follows from Lemma 10), therefore from

If x = 0, then in Kx,y (A, i, j, k, l) we write ∗ instead of j, K0,y (A, i, ∗, k, l), because A(k, p) = 0 for all
p ̸= l. Similarly, if y = 0, then we write ∗ instead of i:
Kx,0 (A, ∗, j, k, l). The element A(k, l) = 1 is 1-block if
and only if A has a cross K0,0 (A, ∗, ∗, k, l).

Lemma 12 it follows that the claim is true.
If t > 2, A contains two identical rows
(columns), or it contains row i and column
j, with weight 3, such that A(i, j) = 0,
and in both cases A is proper.

Definition 8. Let B ∈ Bn ∩ D. We say that A is a base
matrix of B and denote A = Base(B) if A is obtained from
B by Algorithm 1.

Corrolary 1. Let An ∈ Bn , n ≥ 2, and An is dense. Then
there exists a sequence A1 , A2 , ..., An−1 , such that Ai ∈ Bi ,
Ai−1 ⊂ Ai and ρ(Ai−1 ) ≥ ρ(Ai ) for each i = 2, , . . . , n.

Algorithm 1. Given B ∈ Bn ∩ D, compute A = Base(B).

We verified with computer that for 2 ≤ n ≤ 7 all matrices
in Bn are proper, so we state the following conjecture.

Input : B ∈ Bn ;
Output : A = Base(B) ∈ Bp , p ≤ n.
begin
while B has a 1-block K0,0 (∗, ∗, k, l)
and B ∈ Bm , m > 1 do
remove row k and column l from B.
if type(B) = 1 then
we can assume that w(B(∗, 1)) > 4.
while w(B(∗, 1)) > 5
and B has a cross K1,0 (B, ∗, 1, k, l) do
remove row k and column l from B.
else if type(B) = 2 then
we can assume that w(B(1, ∗)) > 3 and w(B(∗, 1)) > 3.
while w(B(∗, 1)) > 4
and B has a cross K1,0 (B, ∗, 1, k, l) do
remove row k and column l from B.
while w(B(1, ∗)) > 4
and B has a cross K0,1 (B, 1, ∗, k, l) do
remove row k and column l from B.
while w(B(∗, 1)) > 4 and w(B(1, ∗)) > 4
and B has crosses K1,1 (B, 1, 1, k1 , l1 )
and K1,1 (B, 1, 1, k2 , l2 ),
k1 ̸= k2 and l1 ̸= l2 do
remove row k2 and column l2 from B.
the result is the matrix A = B ∈ Bp , p ≤ n.
end

Conjecture 1. Let n ≥ 2 and A ∈ Bn . Then A is proper.
Lemma 15. Let A ∈ Bn , A has two rows (column) with
weights not less than 4, i.e. rws(A, 2) ≥ 4 or cws(A, 2) ≥ 4.
Then ρ(A) ≤ 83 .
Proof. We may let w(A(1, ∗)) ≥ 4 and w(A(2, ∗)) ≥ 4.
Then r+1 (A) ≤ 2n−4 , r−1,+2 (A) ≤ 2n−4 (from Proposition
1), and we have r−1,−2 (A) ≤ 2n−2 . We have, from
Proposition 1:
r(A) ≤ 2n−4 + 2n−4 + 2n−2 = 2n−2 + 2n−3
so ρ(A) ≤ 38 . The proof for the case when two columns
have weights not less than 4 is analogous.
Definition 5. Suppose A ∈ Bn . Define type(A) as follows:

0 if rws(A, 1) ≤ 4, rws(A, 2) ≤ 3,




cws(A, 1) ≤ 3




or
cws(A,
1) ≤ 4, cws(A, 2) ≤ 3,




rws(A,
1)
≤3



 1 if cws(A, 1) > 4, cws(A, 2) ≤ 3,

rws(A, 1) ≤ 3
type(A) =


or
rws(A,
1) > 4, rws(A, 2) ≤ 3,




cws(A,
1) ≤ 3




2
if
rws(A,
1)
> 3, cws(A, 1) > 3,




rws(A,
2)
> 3, cws(A, 2) ≤ 3,



3 otherwise

Note that type(B) = type(Base(B)).
Let
[
]
a β
A=
∈ Bk , k ≥ 1,
α A′

Lemma 16. Let A ∈ Bn . If A is dense, then type(A) ∈
{0, 1, 2}.

where A′ ∈ Bk−1 , and x, y ∈ {0, 1}. We denote by Xx,y (A)
the matrix


a β y
Xx,y (A) = α A′ 0
x 0 1

Proof. Obviously, type(A) is uniquely defined for all A ∈
Bn . Since A is dense, from Lemma 15 it follows that
rws(A, 2) ≤ 3 and cws(A, 2) ≤ 3, hence type(A) ∈
{0, 1, 2}.

Obviously,

Definition 6. Denote by D the class of dense matrices
{A ∈ Bn | n ≥ 1, A is dense}. Denote Di = {A ∈ D |
type(A) = i}, i = 0, 1, 2.

Xx1 ,y1 Xx2 ,y2 (A) ≡ Xx2 ,y2 Xx1 ,y1 (A).

(12)

We will use the following lemma [9, Lemma 3.2.]

Obviously,

Lemma
then

A
r 0
1

D = D0 ∪ D1 ∪ D2 .
Definition 7. Let A ∈ Bn , and let 1 ≤ i, j, k, l ≤ n,
i ̸= k, j ̸= l, x, y ∈ {0, 1}. We say that A has a cross
Kx,y (A, i, j, k, l) if A(k, j) = x, A(i, l) = y, A(k, l) = 1,
w(A(k, ∗)) = x + 1 and w(A(∗, l)) = y + 1.
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17. If A has no zero rows and no zero columns,
0
C
E



1
1 0
D  = (r(A) − 2) r(C) + r  0 C
F
1 E


1
D 
F

Lemma 18. Let A ∈ Bn , A′ ∈ Bn−3 ,
B1,n−3 , a ∈ B1,1 ,

a β
[
]
α A′
a β
2
A = X1,1
=
1 0
α A′
1 0

[

]
a β
. We now show how r(B) can be
α A′
computed if B ∈ Ci (A), i = 0, 1, 2. First we have


a β 0
( p
)
r X0,0 (A) = r α A′ 0  = 2p r(A), p ≥ 0
0 0 Ip

α ∈ Bn−3,1 , β ∈
1
0
1
0

Let A =


1
0
,
0
1

Using Lemma 17 and Lemma 1 we obtain


[ ]
a β 0
( q
)
β
r X1,0 (A) = (2q − 2) r ′ + r α A′ 0
A
1 0 1
[ ]
[
]
β
a β
= (2q − 1) r ′ + r
, q ≥ 0.
A
α A′
(13)

and B = A−n∗,−∗n . Then ρ(B) ≥ ρ(A) and A is proper.
Proof. By Lemma 17 we have
r(A) = (r(I2 ) − 2) r(A′ ) + r(B) = 2 r(A′ ) + r(B)
[ ′
]
A 0
Let C =
, then r(C) = 2 r(A′ ). Since C ⊂ B we
0 1
have 2 r(A) = r(C) ≤ r(B) and

Note that this equality trivially holds if q = 0. Analogously,


a β 1
( r
)
[
]
r X0,1 (A) = (2r − 2) r α A′ + r α A′ 0
0 0 1
[
]
[
]
a
β
r
′
= (2 − 1) r α A + r
, r ≥ 0.
α A′
(14)

r(A) = 2 r(A′ ) + r(B) ≤ 2 r(B)
which completes the proof.
Lemma 19. If B ∈ Di , then A = Base(B) ∈ Di , i =
0, 1, 2.
Proof. Since A is obtained from B by Algorithm 1 we have
that type(B) = type(A). Consider the following cases:
Case B ∈ D0 :
Then ρ(A) = ρ(B) > 38 .
Case B ∈ D1 :
Then, from Lemma 13 it follows ρ(A) ≥ ρ(B) >
3
8.
Case B ∈ D2 :
Then, from Lemmas 13 and 18 it follows ρ(A) ≥
ρ(B) > 38 .

Theorem 2. Let A′ ∈ Bk,k−1 , α ∈ Bk,1 ,
let

α A′ 0
p
q

B = X0,0 X1,0 (A) = 1 0 Iq
0 0 0

A = [α A′ ], and

0
0  ∈ Bn .
Ip

Then
r(B) = 2n−k r(A′ ) + 2p (r[α A′ ] − r(A′ )) .
Proof. Let
B′ =

Definition 9. For i = 0, 1, 2 define Ei by
∪
Ei =
{can(Base(B))}

[

α
1

A′
0

0
Iq

(15)

]

Using (13), we obtain r(B ′ ) = 2q r(A′ ) + r[α A′ ] − r(A′ ),
hence r(B) = 2p+q r(A′ )+2p (r[α A′ ]−r(A′ )) proving (15),
since n = k + p + q.

B∈Di

Definition 10. Let n ≥ 1 and A ∈ Bn ∩ E0 . Define the class
C0 (A) by
{ p
}
C0 (A) = X0,0
(A) | p ≥ 0 .
[
]
Definition 11. Let A = α A′ ∈ Bn ∩ E1 and suppose
w(α) > 4. Define the class C1 (A) by
{ q p
}
C1 (A) = X1,0
X0,0 (A) | p, q ≥ 0 .
[
]
a β
Definition 12. Let A =
∈ Bn ∩ E2 , where A′ ∈
α A′
Bn−1,n−1 , w(α)+a > 3 and w(β)+a > 3. Define the class
C2 (A) by
{ s r q p
}
C2 (A) = X1,1
X0,1 X1,0 X0,0 (A) | p, q, r, s ≥ 0 .

The following theorem solves the general
[
a
′
Theorem 3. Let A ∈ Bk−1,k−1 , A =
α
p, q, r, s ≥ 0, B ∈ Bn , and let

a β 1
α A′ 0

 1 0 Is
p
q
r
s
B = X0,0 X1,0 X0,1 X1,1 (A) = 
0 0 0

1 0 0
0 0 0
where n = k + p + q + r + s. Denote
[
A2 = α

Proposition 2. For each i ∈ {1, 2, 3}, and for each D ∈ Di ,
if E = Base(D), then D ∈ Ci (E).

]
′

A ,

[

]
β
A3 =
,
A′



case.
]
β
∈ Bk Let
A′
1
0
0
Ir
0
0

a
A4 =  α
1

0
0
0
0
Iq
0

β
A′
0


0
0

0

0

0
Ip

1
0 ,
1

Then

Proof. Follows from the fact that E is obtained from D by
Algorithm 1.

r(B) = 2n−k r(A′ ) + 2p+q c3 + 2p+r c2 + 2p c1 ,
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(16)

where

we obtain
c2 = r(A2 ) − r(A′ ), c3 = r(A3 ) − r(A′ ),

and

r(B ′ ) = 2q+r+s r(A′ ) + 2q+s (r(A3 ) − r(A′ )) +
+ 2r+s (r(A2 ) − r(A′ )) + (r(A4 ) − r(A2 ) − r(A3 ))

{

r(A) + r(A′ ) − r(A2 ) − r(A3 ), s = 0
r(A4 ) − r(A2 ) − r(A3 ),
s > 0.

c1 =
Proof. Let



a
α

B′ = 
1
0
1

β
A′
0
0
0

1
0
Is
0
0

1
0
0
Ir
0

= 2q+r+s r(A′ ) + 2q+s c3 + 2r+s c2 + c1 .
(17)

Multiplying this equality with 2p and replacing p + q + r + s
with n−k, we obtain (16) for the remaining case s > 0.


0
0

0

0
Iq

3. C HARACTERIZATION OF D ENSE M ATRICES
Note that the classes Ci (A) have infinite number of
elements. It turns out that the numbers of matrices in the
sets Ei , i = 0, 1, 2, of base matrices in Di , i = 0, 1, 2 are
finite. Furthermore, we prove in Theorem 5 that for classes
Fi , i = 0, 1, 2, obtained by the following algorithm, holds
that Ei = Fi .

and suppose first s = 0. Using (13) we obtain

 

β 1
a β 1
r(B ′ ) = (2q − 1) A′ 0  + α A′ 0  .
0 Ir
1 0 Ir

Algorithm 2. Determine effectively the classes of matrices
Fi , i = 0, 1, 2.

By (14) we have


β 1
r A′ 0  = (2r − 1) r(A′ ) + r(A3 )
0 Ir
and



a
r α
1

β
A′
0

Output : The classes Fi , i = 0, 1, 2
begin
// initialization
set n = 1 and G1 = {I1 }
while |Gn | > 0 do
set Gn+1 = ∅
for all A ∈ Gn do
if type(A) = i, i = 1, 2 then
insert can(Base(A)) into Fi
else if type(A) = 0
and A contains more than 3 1-blocks then
insert can(Base(A)) into F0
else
for all B ∈ Bn+1 such that
B(i, j) = A(i, j), 1 ≤ i, j ≤ n do
if ρ(B) > 83 then
insert can(B) into Gn+1
replace n by n + 1
end


0
0  = (2r − 1) r(A2 ) + r(A),
Ir

hence
r(B ′ ) = (2q − 1)((2r − 1) r(A′ ) + r(A3 ))
+ (2r − 1) r(A2 ) + r(A)
= 2q+r r(A′ ) + 2r c2 + 2q c3 + c1 .
Multiplying this equality with 2p and replacing p + q + r
with n − k, we obtain (16) for the case s = 0.
In order to obtain r(B ′ ) if s > 0, we use (16) for the case
s = 0 and replace there
[ ] [
]
[
]
β
a β
A ′ , α A′ ,
,
A′
α A′
with
[ ′
A
0

] [
0
α
,
Is
1

′

A
0

]



β
0
, A′
Is
0

 
1
a
0  , α
Is
1

β
A′
0

The maximum reached value of matrix dimension during
the execution of the algorithm is n = 12, i.e. G13 = ∅.


1
0
Is

Definition 13. We say that A is continue-matrix if A is
dense, type(A) = 0, and A does not contain more that 3
1-blocks.

respectively, i.e. replacing there
[ ′
]
A 0
′
r(A ) with r
= 2s r(A′ ),
0 Is
[
]
[
]
α A′ 0
r α A′ with r
= (2s − 1) r(A′ ) + r(A2 ),
1 0 Is


[ ]
β 1
β
r ′ with r A′ 0  = (2s − 1) r(A′ ) + r(A3 ), and
A
0 Is


[
]
a β 1
a β
r
with r α A′ 0  = (2s − 1) r(A′ ) + r(A4 )),
α A′
1 0 Is

Theorem 4. Let n > 1, and suppose A ∈ Bn is continuematrix. Then there exists C ∈ Bn−1 , C ⊂ A, such that C is
continue-matrix.
Proof. If n = 2, from ρ(A) > 38 it follows that r(A) > 1, so
there exist k and m, such that A(k, m) = 1, k ≥ 1 and m ≤
2. We can assume that A(1, 1) = 1. Then C = A−2∗,−∗2
satisfies ρ(C) = 1, and C is continue-matrix.
Suppose now n > 2. If A contains a 1-block, then let C
be matrix obtained from A by removing this 1-block. Then
ρ(C) = ρ(A) > 38 , type(C) = 0 and C contains at most
two 1-blocks, hence C is continue-matrix.
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Proof. From the fact that Fi are obtained by Algorithm 2,
it follows that Fi ⊆ Ei for every 1 ≤ i ≤ 3. It remains
to prove that Ei ⊆ Fi , i. e. that every dense base matrix is
obtained by Algorithm 2. According to Lemma 20 it suffices
to show for every matrix A ∈ Bn , A ∈ Ei , 0 ≤ i ≤ 2, that
A is continue-matrix or there exists a matrix C ∈ Bn−1 ,
C ⊂ A, such that C is continue-matrix. In either case A
can be obtained by Algorithm 2. Consider the following:

Suppose now n > 2 and suppose A does not contain
1-block. Consider the following cases:
Case rws(A, n) = 0:
Since type(A) = 0, A can contain at most one
column of weight 4, so A contains a column
with weight less than 4. We can assume that
w(A(1, ∗)) = 0 and w(A(∗, 1)) ≤ 3. Let C =
A−1∗,−∗1 , then C contains at most 3 1-blocks,
ρ(C) ≥ ρ(A) and type(C) = 0, so C is continuematrix.
Case cws(A, n) = 0:
The proof is analogous to the previous case.
Case rws(A, n) = 1:
We can assume that A(1, 1) = 1 and w(A(1, ∗)) =
1. Let D = A−∗1 and C = A−1∗,−∗1 . We have
3
−1∗
.
r(C) = r(D) ≥ r(A)
2 so ρ(C) > 8 . Let E = A
Furthermore, C contains at most 3 1-blocks, since
w(E(1, ∗)) ≤ 3, E does not contain 1-block and
C = E −∗1 ; hence C is continue-matrix.
Case cws(A, n) = 1:
The proof is analogous to the previous case.
Case rws(A, n), cws(A, n) ≥ 2:
From Theorem 1 it follows that there exists C ∈
Bn−1 such that C ⊂ A and ρ(C) ≥ ρ(A). We
can assume C = A−1∗,−∗1 . From type(A) = 0 it
follows type(C) = 0, hence C does not contain
a row and column both of weight greater than
3. Since A does not contain row or column with
weight less than two, the only 1-blocks in C could
be for k, l such that A(1, k) = 1 and A(m, 1) = 1.
Since either w(A(1, ∗)) < 4 or w(A(∗, 1)) < 4, or
both, C can not contain more than 3 1-blocks.

Case A ∈ E0 :
Since A is dense, type(A) = 0 and A doesn’t
contain 1-block, A is a continue-matrix. From
Lemma 20 it follows that A ∈ F0 .
Case A ∈ E1 :
Assume WLOG that cws(A, 1) > 4 and
rws(A, 1) ≤ 3 — otherwise, if rws(A, 1) > 4 and
cws(A, 1) ≤ 3, then consider AT instead of A.
Assume WLOG that w(A(∗, 1)) ≥ 5.
Case cws(A, n) = 0:
We can assume WLOG that w(A(∗, 2)) =
0. Let C = A−∗1 and D = A−∗1−∗2 .
Since r(C) = r(D) and D ∈ Bn,n−2
we have that r(C) ≤ 2n−2 and r(A) ≤
2n−2 + 2n−5 , hence A is not dense and
A∈
/ E1 , which contradicts the assumption.
Case cws(A, n) = 1:
Assume WLOG that w(A(∗, 2)) = 1 and
A(1, 2) = 1. Since A is base matrix, it
doesn’t contain 1-block, so w(A(1, ∗)) >
1. We now have two possibilities:
1) w(A(1, ∗)) = 2. Again, we have two
cases:
a) If A(1, 1) = 1 then A contains a
cross K1,0 (A, ∗, 1, 1, 2) and since
A is base matrix, there has to be
A(∗, 1) = 5. Let D = A−1∗ and
C = A−1∗,−∗2 . Since r(C) =
r(D) we have that 2 r(C) ≥
r(A), hence C is dense. Since
rws(C, 1) < 4 and cws(C, 1) < 4,
and C can not contain 1-block, C
is continue-matrix.
b) If A(1, 1) = 0, let D = A−∗1 and
C = A−1∗,−∗1 . From Lemma 10
it follows that ρ(C) ≥ ρ(A). If
C contains less than 4 1-blocks,
then C is a continue-matrix, and
we are done. Otherwise, D has
to contain at least two 1-blocks,
i.e. for some 1 < i ≤ n and
2 < j ≤ n, A contains a cross
K1,0 (A, ∗, 1, i, j). Since A is base
matrix, w(A(∗, 1)) = 5. Then,
let E = A−i∗,−∗j . According to
Lemma 13 E is dense matrix,
and since A(i, 1) = 1 we have
cws(E, 1) = 4. We also have
that rws(E, 1) ≤ 3, and since

Lemma 20. If A is an arbitrary continue-matrix, then B =
can(Base(A)) is obtained by Algorithm 2.
Proof. Let Fi , i = 1, 2, 3 be the classes of matrices obtained
by the Algorithm 2. Suppose A ∈ Bn for some n ≥ 1.
If n = 1, then A = B = I1 ∈ F0 , so suppose n ≥ 2.
From previous theorem it follows that there exists Ck−1 ⊂
A, Cn−1 ∈ Bn−1 and Cn−1 is continue-matrix. The same
applies to Cn−1 , so there exist Ci , i = 1, 2, . . . , n − 1,
such that I1 = C1 ⊂ C2 ⊂ · · · Cn−1 ⊂ A and all Ci are
continue-matrices, which means that A can be obtained with
Algorithm 2.
Note that this is a similar statement to Theorem 1. There
are infinitely many dense matrices, but the classes Fi ,
i = 0, 1, 2 are finite. This fact enables finding effectively
all dense matrices, as the following theorem claims.
Theorem 5. Let Fi , i = 1, 2, 3 be the classes of matrices
obtained by Algorithm 2. Then
Ei = Fi ,
and
D⊆

∪

i = 1, 2, 3
∪

Ci (A).

(18)

i=1,2,3 A∈Fi
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a) rws(C, 1) = 1. If rws(C, n −
1) = 0 then WLOG we assume that w(C(1, ∗)) = 0,
hence r(A−∗1 ) = r(A−2∗,−∗1 )and
A−2∗,−∗1 is continue-matrix.
So, we consider now the case when
rws(C, n − 1) > 0, i.e. rws(C, n −
1) = 1. If cws(C, n − 1) = 0 and
since for all columns i such that
A(1, i) = 1 is w(A(∗, i)) = 2
(since C contains four 1-blocks
and w(A(1, ∗)) = 4), hence
cws(A, n) = 0. We can assume
WLOG that w(A(∗, 2)) = 0, so
r(A) ≤ 2n−2 + 2n−5 so A is
not dense, which contradicts the
assumption. If rws(C, n − 1) > 0,
since w(C(i, ∗)) = 1 for every
1 ≤ i ≤ n − 1, C = In−1 , which
implies that A is not base matrix,
which contradicts the assumption.
b) rws(C, 1) ≥ 2. We can assume
that w(C(1, ∗)) ≥ 2. Let D =
A−2∗,−∗1 . Since type(D) = 0, D
is dense according to Lemma 10,
D contains at most three 1-blocks,
hence D is continue-matrix.

E doesn’t contain 1-blocks, E is
continue-matrix, so we are done.
2) w(A(1, ∗) = 3. Let C = A−1∗,−∗1 .
According to Lemma 10 ρ(C) ≥
ρ(A), i. e. C is dense. We have that
cws(C) < 4 and rws(C) < 4, and if
C contains less than four 1-blocks C
is continue-matrix, and we are done.
Otherwise, A has to contain a cross
K1,0 (A, ∗, 1, i, j). But then for E =
A−i∗,−∗j and according to Lemma
13 E is dense matrix, and since
A(i, 1) = 1 we have cws(E, 1) = 4.
We also have that rws(E, 1) ≤ 3, and
since E doesn’t contain 1-blocks, E is
continue-matrix, so we are done.
Case cws(A, n) ≥ 2:
The sum of row weights equals to the sum
of column weights, which is more than
2n, implying that A contains a row with
weight larger than 2. Since rws(A, 1) ≤ 3
it follows rws(A, 1) = 3. Assume WLOG
that w(A(1, ∗)) = 3. Let C = A−1∗,−∗1 .
From Lemma 10 it follows that C is
dense. Since A doesn’t contain 1-block,
and since w(A(∗, i)) ≥ 2 for every 1 ≥
i ≥ n, C has at most three 1-blocks, hence
C is a continue-matrix.
Case A ∈ E2 :
Consider the following cases:
Case rws(A, 1), cws(A, 1) ≥ 5:
Assume
WLOG
that
w(A(1, ∗)), w(A(∗, 1))
>
4. Let
C = A−1∗,−∗1 . Since A is base matrix, it
can not contain a cross K1,0 (A, 1, 1, k, l)
or K0,1 (A, 1, 1, k, l), nor it can contain
two
crosses
K1,1 (A, 1, 1, k1 , l1 ),
K1,1 (A, 1, 1, k2 , l2 )
such
that
k1 , l1 , k2 , l2 > 1, k1 ̸= l1 , k2 ̸= l2 .
Hence, C contains at most one 1-block.
Furthermore, type(C) = 0 because
rws(C, 1), cws(C, 1) ≤ 3, and C is
dense by Lemma 10. Therefore C is a
continue-matrix.
Case cws(A, 1) ≥ 5, rws(A, 1) = 4:
Assume WLOG that w(A(1, ∗)) = 4
and w(A(∗, 1)) > 4. Since A is a
base matrix, it does not contain a cross
K1,0 (A, 1, 1, k, l). Let C = A−1∗,−∗1 . By
Lemma 10, C is dense. Now, we have two
possibilities:
1) C contains at most three 1-blocks.
Since rws(C, 1) ≤ 3 and cws(C, 1) ≤
3 we have that type(C) = 0, and
therefore C is a continue-matrix.
2) C contains four 1-blocks. Again, we
consider cases:

Case rws(A, 1) ≥ 5, cws(A, 1) = 4:
The case is analogous to previous case.
Case rws(A, 1) = cws(A, 1) = 4:
We can assume that w(A(1, ∗)) = 4 and
w(A(∗, 1)) = 4. Let C = A−1∗,−∗1 .
Since type(C) = 0, C is dense (Lemma
10), and if it contains less then four 1blocks C is a continue-matrix, and we are
done. Suppose that C has four 1-blocks.
C contains 1-blocks only in the following
cases:
1) A contains a cross K1,0 (A, 1, 1, k, l).
Then D = A−k∗,−∗l is dense,
type(D) = 0 and D does not contain
1-block, so D is a continue-matrix.
2) A contains a cross K0,1 (A, 1, 1, k, l).
Then D = A−k∗,−∗l is a continuematrix, as in the previous case.
contains
two
crosses
3) A
K1,1 (A, 1, 1, k1 , l1 ),
K1,1 (A, 1, 1, k2 , l2 )
such
that
k1 , l1 , k2 , l2 > 1, k1 ̸= l1 , k2 ̸= l2 . Let
D = A−k1 ∗,−∗l1 . From Lemma 18
it follows that ρ(D) ≥ ρ(A).
Furthermore, type(D) = 0, since
A(1, l1 ) = 1 and A(k1 , 1) = 1, and
D does not contain 1-blocks, hence
D is a continue-matrix.
The statement (18) follows from Ei = Fi , Lemma 19, and
Algorithm 1.
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TABLE I
T HE SET OF TRIPLETS (k, r(A), w) FOR ALL THE MATRICES A IN THE
SHORTENED LIST E0 .

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

k
1
1
2
2
3
3
4
4
4
4
5
5
5
5
5
6
6
6
6
6
6
6
6
6
7

r(A)
1
2
2
3
4
5
7
8
9
10
13
14
15
16
17
25
26
27
28
29
30
31
32
33
49

w
1
1
1
2
1
2
3
1
2
2
3
3
4
1
2
3
3
4
3
4
4
5
1
2
3

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

k
7
7
7
7
7
7
7
7
7
7
8
8
8
8
8
8
8
8
8
8
8
8
9
9
9

r(A)
50
51
52
53
54
56
57
58
64
65
97
98
99
100
101
102
104
105
106
108
112
128
195
200
208

TABLE II
T HE SET OF QUADRUPLES (k, r(A′ ), c2 , w) FOR ALL THE MATRICES A
IN THE SHORTENED LIST E1 .

w
3
4
3
4
4
3
4
4
1
2
3
3
4
3
4
4
3
4
4
4
3
1
4
3
3

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

4. T HE M AIN T HEOREM
By executing Algorithm 2, the lists Ei , i = 0, 1, 2 are
obtained. They are shortened by further simplifying the
elements A ∈ Ei , i = 1, 2: while A ∈ Bk , k > 1, has a cross
Kx,y (A, 1, 1, k, l), x+y > 0, the row k and the column l are
removed from A. Let w(m) denote the number of ones in
the binary form of m. In Tables I, II, and III, the following
values for the matrices A ∈ Bk in shortened lists Ei , are
presented:

k
1
1
2
2
3
3
3
3
3
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
5
5
6
6
6
6
6
6
6

r(A′ )
1
1
2
2
3
4
3
4
3
7
8
7
6
8
7
6
7
6
13
12
13
12
13
12
13
12
13
12
24
24
24
24
24
23
24

c2
1
0
1
0
3
1
2
0
1
3
1
2
3
0
1
2
0
1
4
5
3
4
2
3
1
2
0
1
8
6
4
3
2
3
1

w
2
1
2
1
4
2
3
1
3
5
2
4
4
1
4
3
3
3
4
4
5
3
4
4
4
3
3
3
3
4
3
4
3
6
3

Theorem 6. Let An = An,3 ∪ An,4 ∪ A′n,5 ∪ A′′n,5 , see (1).
Then
Rn ∩ (2n−2 + 2n−3 , 2n−1 ) = An .

Table I:
the values k, r(A) and w = w(r(A)).
Table II:
[
]
for A = α A′ the values: k, c2 = r(A)−r(A′ ),
and w = w(r(A′ )) + w(c2 ) (see Theorem 2).
Table III:
[
]
a β
for A =
the values: k, r(A′ ), c2 , c3 , c1
α A′
and w = w(r(A′ )) + w(c2 ) + w(c3 ) + w(c1 ) (see
Theorem 3). Each row of Table III also contains
an example matrix, written as an array of integers
whose binary representations are the matrix rows.

Proof. We prove first that if a ∈ An , then a = r(A) for
some A ∈ Bn . Note that this[ is in fact
] proved by another
a β
construction in [9]. Let A =
.
α A′
Case a ∈ An,3 :
Consider the matrix


1 0 0
A = 1 0 1 ∈ E2 ∩ B3 .
1 1 1
from row 13 of Table III. We have r(A′ ) = 3,
c2 = c3 = 0, c1 = 1 (the case s = 0 in (17),
Theorem 3), hence i may be chosen, 0 ≤ i ≤ n−4,
such that
( n−3−i i
)
r X0,1
X0,0 (A) = 2n−2 + 2n−3 + 2i = a,

The last column in each of these tables is the upper bound
on w(r(A)) for corresponding A ∈ Ei , for:
i = 0:
p
r(X0,0
(A)), p + k = n

i = 1:

i.e. R(C2 (A) ∩ Bn ) ⊇ A3 .
Case a ∈ An,4 :
Consider next the matrix


1 0 0
A = 1 0 1 ∈ E2 ∩ B3 .
0 1 1

p
q
r(X0,0
X1,0
(A)), p + q + k = n

i = 2:
p
q
r
s
r(X0,0
X1,0
X0,1
X1,1
(A)), p + q + r + s + k = n

Using these results, we now prove that the conjecture
Rn ∩ (2n−2 + 2n−3 , 2n−1 ) = An is in fact true.
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TABLE III
T HE SET OF QUINTUPLES (k, r(A′ ), c2 , c3 , c1 , w) FOR ALL THE MATRICES A IN THE SHORTENED LIST E3 .
the matrix A
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

1
0
4
1
5
2
4
4
0
1
6
1
4
0
0
0
10
12

1
3
6
1
5
1
5
6
1
5
5
1
1
6
9
9

3
6
3
7
3
7
3
7
7
7
7
3
7
7
5
10

6
7

k
1
1
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4
4

r(A′ )
1
1
3
3
3
3
3
3
3
3
3
3
3
3
3
3
5
5

s>0
c2
0
0
0
1
1
0
0
0
0
0
0
0
0
0
0
0
2
1

from row 7 of Table III. We have r(A′ ) = 3, c2 =
0, c3 = c1 = 1 (the case s = 0 in (17), Theorem 3),
hence i, j may be chosen, such that 0 ≤ j < i ≤
n − 3, and
(
)
n−3−i i−j j
r X1,0
X0,1 X0,0 (A) = 2n−2 + 2n−3
i

c3
0
0
0
1
1
1
1
0
1
1
1
0
0
0
0
0
2
3

s=0

s>0

c1
0
1
0
2
0
2
0
0
2
1
0
1
0
3
2
1
0
0

s=0
w

1
0
3
0
0
1
1
2
0
0
0
1
1
0
0
0
1
0

1
2
2
5
4
4
3
2
4
4
3
3
2
4
3
3
4
5

2
1
4
4
4
3
4
3
3
3
3
3
3
2
2
2
5
5

Note that
An,i = {a ∈ (2n−2 + 2n−3 , 2n−1 ) | w(a) = i},

i = 3, 4

Note also that
A′n,5 = {a ∈ (2n−2 + 2n−3 , 2n−1 ) | w(a) = 5

j

+ 2 + 2 = a,

n−2

n−3

i

k+1

and a = 2
+2
+2 +2
0 ≤ k, k + 2 ≤ i ≤ n − 4}

i.e. R(C2 (A) ∩ Bn ) ⊇ A4 .
Case a ∈ A′n,5 :
Consider the matrix


0 0 1
A = 0 1 1 ∈ E2 ∩ B3 .
1 1 0

(19)
k

+2 ,

(20)

contains all integers in (2n−2 +2n−3 , 2n−1 ) with five binary
ones, such that their lowest two binary ones are adjacent.
Hence we need to check only those matrices A that can be
obtained from Tables I, II, and III, such that w(r(A)) ≥ 5,
and if w(r(A)) = 5, then the two lowest binary ones of
w(r(A)) are not adjacent.

From row 4 of Table III we can see that r(A′ ) = 3,
c2 = c3 = 1 and c1 = 2 (corresponding the case
s > 0 in (17), Theorem 3), hence i, j, k may be
chosen, such that 0 ≤ k, k + 1 < i ≤ n − 4, and

Table I:
Only the entry 22 has w ≥ 5. If A ∈ B6 is such
n−6
that r(A) = 31, and B = X0,0
(A), then r(B) =
n−6
′
31 · 2
∈ An,5 (because the lowest two binary
ones of r(B) are adjacent).
Table II:
Let A = [α A′ ] ∈ Bk , be the matrix corresponding
to some entry in Table II, where A′ ∈ Bk,k−1 and
α ∈ Bk,1 . Let

i−k k
r(X1,1 X1,0
X0,0 (A)) = 2n−2 + 2n−3

+ 2i + 2k+1 + 2k = a
i.e. R(C2 (A) ∩ Bn ) ⊇ A′n,5 .
Case a ∈ A′′n,5 :
Using the same matrix A from the row 4 of
Table III, we may choose i, j, k, such that 1 ≤ k,
k + 2 ≤ j < i, i + j ≤ n + k − 5, and

p
q
B = X0,0
X1,0
(A) ∈ Bn ∩ C1 (A),

p + q + k = n.

Then r(B) = 2n−k r(A′ ) + 2p c2 , see Theorem 2.
In Table II there are two entries with w = 5 (10,
21) and one with w = 6 (34). The entries 10 and
21 have c2 = 3, implying that if w(r(B)) = 5,
then r(B) ∈ A′n,5 (the two lowest binary ones are
adjacent).
Let B be the matrix obtained from the matrix
corresponding to entry 34 in Table II. If B is dense,
then r(B) = 23 · 2n−6 + 3 · 2p > 2n · 3/8, which is
equivalent to p ≥ n − 7. But from p + q = n − 6 it
follows p ≤ n − 6, hence p ∈ {n − 7, n − 6}.

j+1 i+1 k−1
s
r(X1,1
X1,0
X0,1 X0,0 (A)) = 2n−2 + 2n−3 + 2k+i

+ 2k+j + 2k = a,
i.e. R(C2 (A) ∩ Bn ) ⊇ A′′n,5 .
Hence, R′n ⊇ An .
Now we prove
∪ ∪
R′n = {r(B) | B ∈
Ci (A) ∩ Bn }
i=1,2,3 A∈Ei

∩ (2n−2 + 2n−3 , 2n−1 ) ⊆ An .
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Consequently, r(B) ∈ {49 · 2n−7 , 13 · 2n−5 },
w(r(B)) = 3 and r(B) ∈ An,3 in both these cases.
Table III:
[
]
a β
Let A =
be the matrix corresponding to
α A′
some entry in Table III, where A′ ∈ Bk−1,k−1 . Let
p
q
r
s
B = X0,0
X1,0
X0,1
X1,1
(A),

Case r = q:
r(B) = 5 · 2n−4 + 2p+q+2 , hence
w(r(B)) ≤ 3.
Case r = q − 1:
r(B) = 5·2n−4 +2p+q+1 +2p+q−1 ,
hence w(r(B)) ≤ 4.
Case r < q − 1:
r(B) > 3/8 · 2n is equivalent to
p+q ≥ n−5. From p+q+r ≤ n−4
it follows p + q ≤ n − 4, hence
p + q ∈ {n − 4, n − 5}. If p + q =
n − 4, then r(B) = 2n−1 + 2p >
2n−1 . Otherwise if p + q = n − 5,
then r(B) = 13 · 2n−5 + 2p+r and
w(r(B)) ≤ 4.
Case r > q + 1:
r(B) > 3/8 · 2n is equivalent to
p+r ≥ n−4. From p+q+r ≤ n−4
it follows p + r = n − 4 and q = 0,
hence r(B) = 3 · 2n−3 + 3 · 2p and
w(r(B)) ≤ 4.

p+q+r+s+k = n.

Then from Theorem 3 it follows
r(B) = 2n−k r(A′ ) + 2p+q c2 + 2p+r c3 + 2p c1 ,
p + q + r + s = n.
There are three entries (4 with s > 0, 17 with
s = 0, and 18 with s ≥ 0) with w ≥ 5.
entry 4 with s > 0:
We have already considered the entry 4
in the first part of the proof, showing
that it covers A′n,5 and A′′n,5 . If A is the
corresponding matrix, then
r(B) = 3 · 2n−3 + 2p+q + 2p+r + 2p+1 ,
p + q + r < n − 3.
Obviously, r(B) > 3/8 · 2n , so B is
always dense. If q = r, then r(B) =
3 · 2n−3 + 2p+q+1 + 2p+1 , implying
w(r(B)) ≤ 4 and r(B) ∈ An . Suppose
WLOG r > q. If q = 0, then
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r(B) = 3 · 2n−3 + 2p+r + 2p+1 + 2p ,
p + r < n − 3,
i.e. r(B) ∈ A′n,5 . If q = 1, then
w(r(B)) ≤ 4. If q = 2 and w(r(B)) = 5,
then r(B) ∈ A′n,5 . Otherwise if q ≥ 2,
then p + q + r < n − 3 is equivalent to
(p + r) + (p + q) ≤ n − 5 + (p + 1), and
we have r(B) ∈ A′′n,5 .
entry 17 with s = 0:
If A is the corresponding matrix, then
r(B) = 5 · 2n−4 + 2p+q+1 + 2p+r+1 + 2p ,
p + q + r = n − 4.
If q = r, then w(r(B)) ≤ 4, hence
suppose WLOG q > r. The condition
r(B) > 3/8 · 2n is equivalent to 2p+q+1 +
2p+r+1 + 2p > 2n−4 , i.e. p + q ≥ n − 5.
From the other side, p + q = n − 4 − r ≤
n − 4, hence p + q ∈ {n − 5, n − 4}.
If p + q = n − 5, then r = 1, r(B) =
3 · 2n−3 + 2p+2 + 2p , and w(r(B)) ≤ 4.
Otherwise, if p + q = n − 4, then r = 0
and r(B) = 3 · 2n−3 + 2n−4 + 2p+1 + 2p ,
implying r(B) ∈ A′n,5 .
entry 18 with s ≥ 0:
If A is the corresponding matrix, then
r(B) = 5 · 2n−4 + 3 · 2p+q + 2p+r ,
where p + q + r ≤ n − 4.
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