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Abstract - Large scale instances of NP-hard 

problems cannot be solved to optimality with 
limited computational resources. A general 
approach is to use a heuristic method to obtain an 
approximate solution. However, when the model of 
a problem contains a sub-problem, it is possible to 
perform an exhaustive search on some subset of 
all sub-problems, thus improving solutions or 
confirming the optimality of existing solutions on 
the given subset. In this paper we demonstrate one 
such approach, for solving the Single Allocation 
Hub Location Problems (SAHLP), the capacitated 
version (CSAHLP) and the uncapacitated 
(USAHLP) version. An exhaustive search is 
performed for all hub configurations with small 
number of hubs (the location part) and for each 
one CPLEX is employed to solve the sub-problem 
for that hub configuration (the allocation part of 
the whole problem). We tested this method on 
USAHLP and CSAHLP test instances between 100 
and 200 nodes, for which the optimal solutions are 
not known. Our extensive computational tests 
have resulted in 2 improved solutions and 
confirmed that other best known solutions may be 
considered optimal, in the sense of tested hub 
configurations with a certain number of hubs. 

 
Index Terms - hub location, sub model, discrete 

optimization, exhaustive search 

 
1. INTRODUCTION 

UB  location problems consist of two parts: 
the location part establishes hubs at some 

nodes in a given network and the allocation part 
determines the allocation of non-hub nodes to 
newly established hubs. The objective function 
and the constraints can vary between different 
types of hub location problems. In this study we 
focus on minimization of a combination of the 
total  transportation  cost  and  the  fixed  cost  of 
establishing hubs.   For the   constraints, we 
consider single allocation type, which means that 
a non-hub node is allocated to only one hub. If 
each  hub  has  a  predetermined  capacity,  the 
problem  is  known  as  the  Capacitated  Single 
Allocation Hub Location Problem (CSAHLP). If 
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hubs have unlimited capacities, we are dealing 
with the Uncapacitated Single Allocation Hub 
Location Problem. USAHLP has been studied 
extensively and solved either using exact or 
heuristic approaches [1], [2], [3], [4]. More recent 
papers on USAHLP are [5], [6], [7]. An overview 
of papers dealing with CSAHLP is given in [8]. 
Different formulations of the problem are given in 
[9], [10], [11] and [12] and the most successful 
heuristic methods for solving CSAHLP are 
presented in [11], [13], [14] and [15]. 

 
The method presented herein was inspired by 
our research which resulted in paper [17]. 

 
2. MATHEMATICAL MODELS 

 

2.1 Full model 

Correia et al. demonstrated in [10] that an 

additional set of constraints must be added to the 

mathematical model of CSAHLP in order to avoid 

potentially infeasible solutions. Therefore, we use 

this revised formulation of the CSAHLP from [10], 

including the missing cuts. The same model was 

used in [17]. 

A set of n distinct nodes represents a network 

I. Every two nodes in the network are connected 

and two matrices are given, Wij and Cij. 

Wij is the flow matrix, it represents the amount 

of flow from an origin i to destination j. This matrix 

is not necessarily symmetric, and Wii may be 

greater than 0. 

The matrix Cij represents transportation cost 

per unit flow between any two nodes i and j from 

the network I. The transportation cost Cij could be 

any abstract value corresponding to an ordered 

pair of two nodes i and j. In practice, however, 

the value Cij often depends on the distance 

between i and j and for this reason, for two nodes 

l and k, l≠k, we will often say that l is the node 

nearest to node k which technically means that 

for a given k, the value Ckl is the lowest. 

In CSAHLP, each potential hub has limited 

capacity. This collection capacity of each node k 

is given by Gk. 



Establishing a hub incurs some cost, which will 

be a part of the objective function. The cost of 

establishing a hub differs between locations and 

therefore, for every node k a fixed cost value is 

given by a constant Fk. In literature on USAHLP 

it has been noted that this fixed cost greatly 

affects the objective function. For this reason, 

each test instance of USAHLP is usually tested 

with three different values of the fk vector: fk = 

Fk, fk = 0.9*Fk and fk = 0.8*Fk. For CSAHLP we 

will only use fk = Fk. 

Standard formulation of xSAHLP (CSAHLP or 

USAHLP) problems states that direct 

transportation between non hub nodes is not 

allowed, it must be routed via hubs. This means 

that any flow between an origin i and a 

destination j is routed via some hub nodes k and l 

respectively, where k,l∈H and H⊆I is a set of 

established hubs and node i is always allocated 

to hub k and node j is always allocated to hub l 

(single allocation). Hence, the total cost of 

transportation between i and j consists of three 

parts: the costs of collection (from origin i to hub 

k), transfer (from hub k to hub l) and distribution 

(from hub l to destination j). Collection, transfer 

and distribution should each incur different 

weighted costs and this is given by the 

parameters χ, α and δ, respectively. The transfer 

between the hubs should have lower cost than 

collection and distribution, so it is assumed that 

χ,δ>α. Therefore, the total transportation cost per 

unit flow from an origin i to a destination j, via 

hubs k and l, is equal to χCik+αCkl+δClj.  

Finally, we introduce binary decision 

variables Zij, i,j∈I, which determine both the 

location of hubs and the allocation of non-hubs to 

hubs. Assuming H⊆I is a set of established hubs, 

then Zkk=1⇔k∈H, so hubs are always allocated 

to themselves. Also, Zij  takes the value of 1 if 

node i is allocated to a hub node j∈H, and 0 

otherwise. Since no direct flow between non-hub 

nodes i and j is allowed, continuous non-negative 

decision variables are added to the model: Ykl
i 

represent the amount of flow originated from 

node i, collected at hub k and distributed via hub 

l. The triangle-inequality holds for the 

transportation costs between nodes, so the flow 

will always be routed via at most two hubs. 

Finally, Oi and Dj represent the amount of flow 

which departs from i∈I and the amount of flow 

that is distributed to node j∈I, respectively, i.e. 

Oi=∑j∈IWij and Dj=∑i∈IWij. 

Using this notation, we formulate one model 

for xSAHLP, which is used both for the CSAHLP 

and USAHLP, with only one set of constraints 

that is different between the two problems: 
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CSAHLP uses all of the above constraints; 

USAHLP does not include the constraint set (5), 

which states that the collection in each hub must 

be limited by hub’s capacity. 

The first term in the objective function (1) is 

the sum of all collection and delivery costs; the 

second term is the sum of all transfer costs and 

the third term is the sum of fixed costs for 

establishing hubs. The constraint set (2) ensures 

single allocation: each node is allocated to 

exactly one other node and the constraints set (3) 

enforces that if any node is allocated to a node k 

then k must also be allocated to k, i.e. k is a hub. 

The constraint set (4) enforces the flow 

conservation equality in the network. The 

constraint set (6) ensures that if i is not allocated 

to k, then there is no flow from i through k to any 

destination l. This is the missing cuts set 

introduced in [10]. Variables Ykl
i are continuous 

and non-negative (7), while the variables Zij are 

binary (8). 

The model with all constraint sets will also be 

referred to as CSAHLP and the model without (5) 

will be referred to as USAHLP, while xSAHLP will 

be used to refer to both models. 

 

2.2 Model for a fixed set of hubs 

Using the same notation as in section 2.1, let us 

assume that a set of hubs H⊆I is given, i.e. it is 

predetermined and fixed. The location part in that 

case is done, but the allocation of non-hubs to 

hubs still needs to be optimized. For a given set 



of hubs H⊆I, we are dealing with a sub-problem 

of the xSAHLP, denoted as xSAHLP(H). In [16] 

O'Kelly demonstrates that even this problem is 

NP hard. 

For a given H⊆I, the sum of costs of establishing 

hubs is determined, so we need an objective 

function which minimizes the sum of all 

transportation costs and the constraints which 

accommodate for this change: 
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Again, the constraint set (12), which 

corresponds to the constraint set (5) of the full 

model, is used only for CSAHLP; hence, 

CSAHLP(H) is this model with the constraint set 

(12) and USAHLP(H) is the same model but 

without (12).  

Since each hub from H⊆I must be allocated 

to itself, and having in mind that variables Zik are 

binary, the constraint set (3) has become trivial 

and can be removed from both xSAHLP(H) 

models. All other constraint sets correspond to 

the same constraint sets from the full model. The 

difference is that for Zik variables, the first index i 

takes values from the set I∖H only, and the 

second index k takes values from the set H (15). 

Likewise, for the Ykl
i variables, i∈I∖H and k,l∈H 

(14). Since the hubs are already known, the 

objective function is reformulated to define the 

minimization of the sum of transportation costs 

(9). 

 

 

2.3 Test approach 

If h=|H|<<|I|=n, the number of variables and the 
number of constraints in the xSAHLP(H) are 
significantly lower compared to xSAHLP model. 
Instead of n

3
+n

2
 variables in the xSAHLP models, 

there are (n−h)*h
2
+(n−h)*h variables in the 

xSAHLP(H). The case of |H|<<|I| usually occurs 
in most situations from practice. Namely, for 
Australia Post test instances between 100 and 
200 nodes, obtained from the Australian Post 
network [18], optimal solutions are not known, but 
the number of hubs in the best known solutions is 
either 2 or 3 or 4. When we attempted to solve 
the full CSAHLP with 100 nodes and USAHLP 
with 120 nodes using CPLEX, the solver ran out 
of memory, because it was dealing with millions 
of variables and constraints. However, for a given 
H with 2 or 3 or 4 hubs, xSAHLP(H) would only 
have to fix between 600 and 2000 variables. Of 
course, the number of possible hub 
configurations with h=2,3,4 grows rapidly, but 
with sufficient computational resources it was 
plausible to attempt to solve them all. Choosing h 

hubs from n nodes can be done in  
 
 
  different 

ways.  
For AP test instances, the number of these 
combinations is as follows: 
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Finally, in order to improve the best known 
solutions we do not need to find the exact 
solution of xSAHLP(H) for each H; we are only 
looking for a solution that is better than the 
currently best known solution. Therefore, if 
upperbound is the value of the best known 
solution of a particular test instance, for any given 
H we use upperbound as the upper bound 
parameter in CPLEX (denoted 
CPLEX(xSAHLP(H), upperbound)), so that it can 
stop optimizing if a solution better than that value 
cannot be found. This significantly decreases 
computational time, because, for a given H, it 
often happens that either just the fixed costs of 
establishing hubs are greater than the 
upperbound, so there is no need to invoke 
CPLEX, or CPLEX quits immediately or after 
traversing only a few nodes because the solution 
of the LP relaxed problem for the given H is 
worse than the upperbound.  
 
 
 
 



 
 
The following algorithm illustrates our approach: 
 
Algorithm: xSAHLP 

input : matrices as in section 2.1 

input : upper bound b 

input : number of hubs h 

output: solutions better than b 

 

for each H⊆I, |H|=h do 
 if (fixedCosts(H)<b) 

  solution = CPLEX(xSAHLP(H),b) 

  if (solution exists) then 

   output solution 

   update b 

  end if 

 end if 

end for each 

end algorithm xSAHLP 

3. COMPUTATIONAL RESULTS 

All tests were performed on three identical 
hardware configurations with Intel Core i7-860 
2.8 GHz processors and 8GB RAM memory 
under Windows 7 Professional operating system. 
CPLEX 12.1 package was used for solving 
xSAHLP(H) and xSAHLP algorithm was 
implemented in C programming language. The 
tests were performed on AP test instances with 
between 100 and 200 nodes for which the 
optimal solutions are not known. The best known 
solutions for USAHLP were taken from [6] and 
the best known solutions for CSAHLP were taken 
from [17] and [13]. 
The results for USAHLP are shown in Table 1 
and the results for CSAHLP are shown in Table 
2. The columns in Table 1 are as follows: the 
name of the test instance (the same name as in 
[6]); the fixed cost factor (either 1.0 or 0.9 or 0.8, 
as discussed in section (2.1)); the best known 
result from literature up to now; the upper bound 
value used for testing, which is equal to the best 
known value, rounded up to the nearest integer; 
and finally the results obtained by our tests and 
the test time in seconds, for h=2,3,4, including 
the total time in days for each test instance. The 
columns in Table 2 are the same as in Table 1 
except that there is no fixed cost factor. The test 
instance names in Table 2 are the same as in 
[17]. 
Two results better than the best known solution 
have been obtained, both for the USAHLP test 
instance 200T with 0.9 and 0.8 fixed cost factors. 
For all other test instances in Table 1, the results 
obtained are the same as the best known 
solution. However, for all USAHLP test instances 
tests were also performed for all hub 
configurations with one hub more than in the 
currently best known solution. Therefore, this 
gives a strong suggestion that the currently best 
known solution is actually optimal. As the number 
of hubs increases, the fixed cost factor 
significantly outweighs the transportation costs in 
the objective function and therefore, better 
solutions cannot be obtained. This is also visible 

from the fact that the test time was longer with a  
lower fixed cost factor than with a higher fixed 
cost factor, for the same test instance. Total 
computational time for all USAHLP tests was 
40.38 days. 
All best known solutions for CSAHLP test 
instances with 100 nodes were found and also a 
test with one more hub than in the best known 
solution was performed. Two additional tests for 
the test instance 100TT were also performed but 
are not shown in the table; first with h=5 and it 

took 37691 seconds to test all  
   
 

  75287520 

hub configurations; second with h=6, meaning 

that  
   
 

  1192052400 (≅1.2billion) hub 

configurations were tested and in just 54861 
seconds. This short running time (comparative to 
the number of tested hub configurations) means 
that the fixed cost of establishing 5 or 6 hubs was 
greater than the best known solution, for almost 
all 5-hub and 6-hub configurations. It also means 
that it is safe to say that 474068.96 is the optimal 
solution for CSAHLP test instance hub100TT. 

CSAHLP test results for test instances with 200 
nodes are not so conclusive. The best known 
solutions for hub200LT and hub200TT have 4 
hubs and testing 64 million 4-hub configurations 
was not feasible. It took about 7 days to test all 3-
hub configurations. For the test instance 200TL 
the best known solution has 3 hubs and it was 
confirmed as the best solution among all 3-hub 
configurations in less than one day. 
CSAHLP test instance 200LL requires special 
attention. The best known solution for this test 
instance, published by Contreras et al. in [13] is 
231069.50 is significantly better than the best 
known solution published in other papers ([11], 
[14], [17]), which was 241992.97. Our tests 
demonstrate that 241992.97 is the best solution 
from all 2-hub configurations and that there is no 
solution better than that with 3 hubs. The best 
solution with 4 or more hubs obtained by the 
evolutionary algorithm in [17] is 251369.64. To 
verify the solution published in [13] we contacted 
the authors of that paper, but to this day after 
more than 6 months of waiting, we have not 
received a response from the authors. Any given 
hub configuration H with any number of hubs can 
easily be tested and optimized using the 
CSAHLP(H) model. 
 

4. CONCLUSION 

The approach used herein has improved 2 best 
known solutions up to now and confirmed that 
other best known solutions are optimal for all hub 
configurations with a given number of hubs (2, 3 
or 4). It also demonstrates that the standard test 
instances which are widely used in literature do 
not reflect the theoretical complexity of the 
mathematical model xSAHLP. Test instances 
with lower fixed costs are needed, as they allow 
for more hubs to be established and thus 

increase the complexity. The value of  
 
 
  is the 

largest for k=n/2, however, the fixed cost of 



establishing any k=n/2 hubs would by far surpass 
the existing best known solutions for all available 
test instances.  
Furthermore, the same approach can be used for 
any problem with a sub problem. If in a model M 

the set of variables is V=A∪B and if fixing all 
variables from the set A results in a sub-model 
M(A) with variables B, then the model M(A) can 
be tested for some configurations of the set A. 
Depending on which configurations are chosen 
for testing, this could lead to improved results. 
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Table 1: Test results for USAHLP test instances 
 

    
2 hubs 3 hubs 4 hubs 

 

Test 
Instance 

Fixed 
cost 

factor 
Best known 

result 
Upper 
bound Result 

Time 
(seconds) Result 

Time 
(seconds) Result 

Time 
(seconds) 

Total time 
(in days) 

120T 1.0 232460.82 232461 232460.82 HUBS: 31 84 150.29 
 

3060.82 
 

49936.76 0.62 

120T 0.9 227687.23 227688 227687.23 HUBS: 31 84 166.23 
 

3596.40 
 

66194.45 0.81 

120T 0.8 222680.29 222681 
 

190.67 222680.29 HUBS: 31 76 84 4360.16 
 

86464.91 1.05 

120L 1.0 225801.36 225802 225801.36 HUBS: 31 84 393.82 
 

22457.75 
 

123898.01 1.70 

120L 0.9 221693.72 221694 221693.72 HUBS: 31 84 507.41 
 

29385.04 
 

93385.21 1.43 

120L 0.8 215865.55 215866 
 

398.80 215865.55 HUBS: 31 76 84 28677.32 
 

918814.68 10.97 

130L 1.0 227884.63 227885 227884.63 HUBS: 35 87 683.33 
 

43548.30 
 

not tested 0.51 

130L 0.9 223280.66 223281 223280.66 HUBS: 35 87 750.22 
 

49476.04 
 

not tested 0.58 

130L 0.8 218676.70 218677 218676.70 HUBS: 35 87 695.61 
 

46090.87 
 

not tested 0.54 

130T 1.0 234935.97 234936 234935.97 HUBS: 35 87 271.39 
 

5885.86 
 

67712.50 0.85 

130T 0.9 229626.87 229627 229626.87 HUBS: 35 87 330.38 
 

7831.36 
 

115687.51 1.43 

130T 0.8 224317.78 224318 224317.78 HUBS: 35 87 359.61 
 

9546.23 
 

137987.93 1.71 

200L 1.0 233802.98 233803 233802.98 HUBS: 42 147 4061.20 
 

439452.67 
 

not tested 5.13 

200L 0.9 228753.70 228754 228753.70 HUBS: 42 147 4393.91 
 

443346.29 
 

not tested 5.18 

200L 0.8 223704.42 223705 223704.42 HUBS: 42 147 5013.87 
 

448611.59 
 

not tested 5.25 

200T 1.0 272188.11 272189 272188.11 HUBS: 53 121 1561.27 
 

53131.35 
 

not tested 0.63 

200T 0.9 266134.11 266135 
 

1914.48 266116.32 HUBS: 53 94 185 79338.66 
 

not tested 0.94 

200T 0.8 258823.13 258824 
 

2137.24 258797.48 HUBS: 53 94 185 86997.01 
 

not tested 1.03 

 
 
 
 
 

Table 2: Test results for CSAHLP test instances 
 

      2 hubs 3 hubs 4 hubs 
 

Test 
Instance 

Best 
known 
result 

Upper 
bound Result 

Time 
(seconds) Result 

Time 
(seconds) Result 

Time 
(seconds) 

Total time 
(in days) 

hub100LL 246713.97 246714   127.36 246713.97 HUBS: 28 63 72  13750.84   534551.34 6.35 

hub100LT 256155.33 256156   90.67 256155.33 HUBS: 28 67 75  15252.42   581240.65 6.90 

hub100TL 362950.09 362951 362950.09 HUBS: 43 51  51.11   1094.25   3449.29 0.05 

hub100TT 474068.96 474069   56.00   2980.40 474068.96 HUBS: 4 33 85 94  17689.93 0.24 

hub200LL 231069.50* 241993* 241992.97 HUBS: 42 158  3124.18   628788.31   not tested 7.31 

hub200LT 267236.99 267237   2007.52   637303.66   not tested 7.40 

hub200TT 290743.23 290744   759.08   81858.15   not tested 0.96 

hub200TL 273443.81 273444   1247.16 273443.81 HUBS: 53 94 185  71281.27   not tested 0.84 

 


