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Abstract – This paper presents a dataflow 

approach to Gross Pitaevskii equation solving 

by using hardware dataflow accelerator. A small 

part of the sequential code written in C 

language, that is the most time consuming, is 

adapted and executed on a Maxeler MAX2 

dataflow card. Presented approach is compared 

to the approach where the same amount of 

computations is conducted on CPU. For the 

purpose of comparison, execution time and 

consumed energy are measured. Results show 

that a single dataflow implementation is faster 8 

times over compared implementation on the 

single core of CPU. Also, computation on the 

dataflow accelerator card has saved over 70% of 

electricity compared to the same computation on 

the CPU.  

I. INTRODUCTION 

Gross Pitaevskii equation is partial differential 

equation that is often used in physics simulations [1]. 

For the purpose of simulation, the equation is 

numerically solved in 3D space [2]. This method 

requires a huge amount of computations that are 

time and energy consuming. 

During research, physic scientist iteratively repeats 

simulation and analysis of results, running new 

simulation with new beginning conditions based on 

analysis of previous results. Long execution time 

slows down research process and decreases 

efficiency of researchers. Therefore, reducing 

execution time of simulation is one of main goals. 

According with contemporary concerns about 

ecology, energy consumption is the other one, no 

less important problem. Beside of ecology, large 

amount of consumed energy leads to large 

electricity bill. Therefore, alongside of reducing 

execution time, reducing energy consumed on 

calculations is highly desirable additional goal. 

Further advances in science require increase of 

precision and resolution of simulations. As the 

mentioned problem is solved in 3D space, execution 

time depends on third power of the problem size. 

Therefore, the problem of decreasing execution time 

and energy consumption is highly important for the 

future of science, and it is expected to be more and 

more important with further advances in science. 

II. PROBLEM STATEMENT 

For the purpose of numerical solving of Gross 

Pitaevskii equation, an existing sequential 

implementation written in C language is used [4]. 

Sequential implementation has several phases, 

depicted in Figure 1. At the beginning of algorithm, 

input data and parameters are prepared. After 

preparation, main loop begins that repeats five steps 
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Figure 1 Phases of sequential implementation of Gross 
Pitaevskii equation solving. 
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for a given number of times. The number of 

iterations starts from 1000 and can be significantly 

higher. When this loop finishes, some final 

processing is needed. 

The most of time is spent in the main loop, executing 

one of five steps in the loop. Each of steps takes 

one big 3D matrix on input, and based on values 

from this input, calculates new values for this 3D 

matrix. For that purpose, whole matrix has to be 

fetched from a memory, and after calculation, to be 

written back to the memory. Output matrix from one 

phase is input matrix to the next phase. Output 

matrix of the last phase in main loop is input matrix 

to the first phase of the next iteration of the main 

loop. Therefore, aside with a huge amount of 

calculations, needed memory bandwidth is huge 

because each data has to be read out and written 

into the memory six times per iteration (last phase in 

main loop requires two passes through matrix). 

Depending on a problem size, size of used matrix 

easily can be more than several gigabytes, and 

hence, it cannot fit in on chip memory (block RAM of 

FPGA has only several MBs [5]). Interchanging 

order (mixing) of operations from different phases is 

not always possible because of dependencies that 

exist in some phases. In the rest of section, phases 

of main loop will be explained from viewpoint of 

dependencies that exists in those phases. 

The first phase of main loop is Calcnu phase. Inside 

of this phase, there are three nested loops that 

process each element of input 3D matrix in the same 

way, using only already existing values. There are 

no dependencies, so given enough processing 

power, all elements of 3D matrix can be calculated 

in parallel. This is ideal kind of parallelism to 

speedup with the most of accelerators. 

The second phase of the main loop is Calclux 

phase. This phase can be thought of as processing 

of 2D matrix of arrays. Arrays are taken from input 

3D matrix along x-axe. Dependencies inside of one 

array are depicted on Figure 2. Between different 

arrays, there are no dependencies, so all arrays can 

be processed in parallel. 

Next two phases, Calcluy and Calcluz, are similar to 

the second phase. The only difference is the 

direction of processing. In Calcluy phase, arrays are 

processed along y-axis, while in Calcluz phase, 

arrays are processed along z-axis. This difference 

puts limits on possibility of concatenating phases 

Calclux, Calcluy, and Calcluz. It is not possible to 

fetch one element of input 3D matrix, process it by 

all three phases and then, write it back to the 

memory (or it will be needed to keep whole 3D 

matrix in on chip memory). 

The last phase, Calcnorm is composed of two 

passes through input 3D matrix. In the first pass, an 

accumulated value is calculated based on values of 

all elements from input 3D matrix. Calculated value 

is used in the second pass to divide all elements of 

input 3D matrix. This process is well known as 

normalization of data. One good property of last 

phase is that it does not require any particular order 

for the processing of elements. 

III. EXISTING SOLUTIONS 

There are a lot of solutions for numerical solving 

Gross Pitaevskii equation. The most of them are 

implemented for servers based on standard 

processors [4]. There are also solutions that use 

GPU to speedup execution [6, 7]. Some solutions try 

to break execution and solve the problem using 

cluster [8]. 

Mentioned solutions demonstrate significant 

performance improvement over compared base 

version. However, no one used hardware dataflow 

implementation. Also, the most of them lack of an 

energy consumption analysis that is becoming highly 

important in contemporary world. 

IV. THE PROPOSED SOLUTION 

Solution proposed in this paper is to use Maxeler 

hardware implementation of dataflow engine to 

speedup solving of Gross Pitaevskii equation. As 

Figure 2 Diagram of data dependencies in Calclux, Calcluy and 
Calcluz phases. Array PSI is one of array in matrix of arrays. 
Processing starts from the last element. The last element of 
new temporary data cbeta are calculated. Then, previously 
calculated cbeta is used in calculation of next cbeta. After 
whole cbeta array is calculated, calculation of new values for 
PSI array is started from beginning. 
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accelerator, MAX2 card is used. Card is intended for 

PCIe x16 bus that can be split into two ports, x8 

each. The card is used in system that does not 

support division of PCIe port, implying that only a 

half of card is available. 

On the dataflow system, duration of one phase is 

composed of the time needed to read data from 

memory and write results to the memory and time 

needed to fill pipeline. In the case of huge amount of 

data, as is the case, time to read from memory and 

write to memory is several orders of magnitude 

higher than time needed to fill pipeline, leading to 

conclusion that processing time in dataflow system 

will be approximately same for all phases except for 

last, that requires two passes through 3D matrix and 

it is two times longer (five phases contains six 

passes). As the execution time on dataflow system 

depends linearly on number of passes, some passes 

of original six passes will be merged to total of three 

passes per an iteration of the main loop. Whenever 

it is possible, overhead processing will be 

overlapped with calculations. In this way, the time 

needed for reordering of the data from memory, and 

the time needed for reordering results will be 

completely hidden, except at beginning of pass, and 

at the end of the pass. However, these times are 

small compared to whole processing time of one 

pass and can be ignored. 

In this paragraph, it will be explained how some 

passes can be merged. As described in section II, it 

is possible to interchange order of calculations in 

Calcnu phase to match order needed for Calclux. In 

this way, Calcnu and Calclux phases can be 

merged. Calcluy cannot be easily merged with any 

other phase. Calcnorm phase can be split into two 

sub-phases. The first sub-phase calculates weighted 

sum of all elements for normalization purpose, while 

the second sub-phase divides input data by the sum 

calculated in the first sub-phase (normalize data). 

The order of calculations of the sum in the first sub-

phase can be interchanged to match the order of the 

results produced by the Calcluz phase. In this way, 

Calcluz can be merged with first sub-phase of 

Calcnorm sub-phase. The second sub-phase of 

Calcnorm can be moved to the beginning of the next 

iteration, by dividing input data of Calcnu phase with 

sum calculated in the first sub-phase of Calcnorm 

phase from previous iteration of the main loop. In the 

first iteration of main loop, there is no previous 

iteration, so initial value for the sum will be 1 (this 

gives the same result as there is no division at the 

beginning of first iteration of the main loop). In order 

to keep correct result, after the main loop is finished, 

one additional division of values in 3D matrix by last 

calculated value of sum is needed. 

V. DETAILS 

In order to efficiently utilize pipeline and all data from 

burst fetched from memory (burst is unit of data 

transferred to/from memory; size of burst is 96B [9, 

10]), groups composed of 36 independent arrays will 

be processed in parallel. Because of the same 

reason, instead of some round number, size of input 

3D matrix will be set to 432x432x432. Type of each 

element is double. 

These data are packed in memory along Z axes, 

meaning that one burst contains data with same X 

and Y index, while Z index is in range that 

encompasses 12 succeeding elements. Special care 

must be taken to fetch data in right order for 

processing of data in phases Calclux, Calcluy, and 

Calcluz. Required order is from end of array to the 

beginning. From the group of 36 arrays, last element 

of each array is the first needed. In the case of 

Calclux and Calcluy phases, it is possible to fetch 

these 36 elements in three bursts, then previous 36 

elements in other three bursts and so on. In the case 

of Calcluz, fetching arrays starting with last elements 

of arrays requires more attention. Last 12 elements 

are fetched from memory for all 36 arrays in group, 

but in an inappropriate order. Elements are buffered 

in BRAM memory on FPGA chip. During the reading 

from BRAM memory, data are reordered and passed 

to processing kernel in the appropriate order. This 

process does not have drawbacks onto execution 

time due to overlapping of this process and 

processing of data. Only latency to the first result will 

be visible. 

Because of dependencies in phases Calclux, 

Calcluy, and Calcluz, additional latency is 

introduced. This latency is due to two passes 

through array in mentioned three phases, where the 

second pass cannot begin before the first result is 

produced. Described latency will happen after 

processing of each group of arrays, and it will be 86 

clock periods long. This latency is hidden during 

execution and it will influence only latency to the first 

result. 

The worst case is in Calcnu phase, where it is 

required to read 16 bytes from memory and to write 

8 bytes to memory. These requirements are small 

enough compared to available bandwidth to/from 

memory and cannot slowdown calculations. In these 



circumstances, hardware dataflow is capable to start 

processing one new element of input 3D matrix per 

clock period. In order to start processing of n 

elements of input 3D matrix, n clock period is 

needed. Because of pipelined implementation, the 

first result will appear on the output after d clock 

periods, and rest of n-1 results will appear in next n-

1 clock periods. Therefore, total execution time of 

one pass is n+d-1. For each new pass whole 

process has to be repeated. 

VI. AXIOMS, CONDITIONS, AND ASSUMPTIONS OF THE 

ANALYSIS TO FOLLOW 

Due to limitation of available mainboard, only half of 

used Maxeler accelerator card is available for 

calculation. In addition, used card is one of the 

oldest and of the smallest Maxeler cards, several 

generations older than used processor. In order to 

mitigate these differences, original existing code for 

CPU will be used, that is intended for single thread 

execution.  

VII. MATHEMATICAL ANALYSIS 

As described in sections IV, V, and VI, instead of 

original 6 passes through input 3D matrix, dataflow 

implementation will do only 3 passes. Let us 

suppose working frequency of streams to be 

100MHZ and dimension of a problem to be 432
3
. As 

shown in section IV, execution time is approximately 

same as time needed to flow data from memory 

through dataflow engine (one new data per clock is 

inserted in the pipeline) to memory. Now, total 

execution time of an iteration of main loop can be 

calculated as number of passes per iteration 

multiplied by number of elements that will be 

processed and divided by the working frequency of 

streams. According with previous expression and 

supposed values of parameters of the system, 

expected execution time per iteration is 2.42s. 

Comparing this value to measured value of existing 

CPU implementation of 19.85s, one can expect a 

speedup of approximately 8 times. 

VIII. IMPLEMENTATION ANALYSIS 

During the implementation, new problems raised. 

Half of used card was not enough to fit solution in its 

original form. Resource usage report shows that the 

critical resource is the number of available DSP 

blocks. In the half of the used MAX2 [11] card has 

196 DSP blocks, while original design requires 380 

DSP blocks. Further analysis shows that DSP blocks 

are mainly used for implementation of multiplication 

of floating point numbers. Original design uses 

double precision. Implementation of one 

multiplication of two double numbers requires 10 

DSP blocks, while for multiplication of float numbers, 

only 2 DSP blocks are required. Unfortunately, using 

float numbers is not possible because some 

numbers during the calculation are out of range of 

float numbers. Next tried solution was using 

combination of float and double format. Size of 

exponent field is used from double, while mantissa is 

used from float numbers. This combination also 

requires only 2 DSP blocks. Results are completely 

different from expected ones, so this combination is 

not usable too. 

The last one regular optimization is to try to use 

double numbers with slightly reduced size of 

mantissa. The first smaller size of mantissa, for 

which the number of used DSPs is decreased, is 41. 

In this case, 5 DSP blocks are required, that can fit 

in available space on the half of card. Because of 

precision reduction, it is expected to get results that 

differ from results produced with original code. As 

differences appear only after first 8 significant 

decimal digits, this case is satisfactory. 

Execution times are given in Table 1. Streams are 

clocked with 100MHz clock. Achieved speedup over 

the CPU is 8.2 times. It is interesting to compare 

actual execution time per iteration and same 

execution time predicted in section VII. Actual 

execution time is only slightly higher than predicated 

one. This difference can be explained by neglected 

latency of pipeline that results in latency to the first 

result, and latency introduced by process of time 

measurement. 

Table 1 Execution times and achieved speedups 

 Without card With card 
Execution time 19980s 2425s 
Number of 
iterations 

1000 

Execution time 
per iteration 

19.98s 2.425s 

Speedup 1 8.2 
 

Energy consumed during calculation is shown in 

Table 2. At the first glance, average power of a 

system with Maxeler card is higher than system 

without the card. But, for end user it is much more 

important how much it will spend if runs system with 

or without the card. Because the problem will be 

solved much faster, despite of higher power of 



system with the card, this system will consume 5.2 

times less energy for the same amount of 

calculations. Of course, this implies that the system 

with the card is turned off when job is finished. From 

the other viewpoint, system with the card can 

replace 8.2 systems without the card, and consume 

slightly more energy than one of replaced systems, 

while its energy consumption is significantly less 

than total energy consumed by all 8.2 systems. 

Table 2 Energy consumption during the processing 

 Without 
card 

With card 

Idle 61W 86W 
Under workload 76W 118W 
Execution time per 
iteration 

20s 2.43s 

Number of iterations 1000 
Spent Energy 422.22Wh 79.98Wh 
Relative energy 100% 18.9% 
 

IX. CONCLUSION 

Work presented in this paper shows that hardware 

dataflow has a potential to alleviate problems of time 

and energy consumption during the Gross Pitaevskii 

equation solving. The problem demonstrated 

enough parallelism, so the dataflow approach 

achieved speedup of execution of 8.2 times, while 

saves over 80% of energy spent for the same 

amount of processing on a system without the card. 

Note that more than half of consumed energy in 

system with dataflow is spent on a part of system 

that is idle. Increasing number of cards in system 

can possibly decrease influence of energy spent on 

idle part of system. Other influences of additional 

cards have to be examined. 

Using more recent Maxeler cards with larger 

capacity will open new ways for speedup of Gross 

Pitaevskii equation solver. Provided enough 

hardware resources and large enough bandwidth to 

the memory, one can implement more than one 

dataflow engine, exploiting more parallelism, just like 

multicore systems do. Also, one new way for further 

improvements in the light of new available resources 

is decreasing number of passes by splitting Calcluy 

phase into two sub-phases that will be merged to 

Calclux and Calcluz. In this way, instead of standard 

data from input 3D matrix, some intermediate result 

will be written to the memory. 
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