
 

 

Abstract: Diameter-2-critical graph is a 
graph of diameter 2, such that deletion of any 
of its edges leads to a graph with larger 
diameter. Large portion of graphs are of 
diameter 2, but the number of diameter-2-
critical graphs is substantially smaller. There 
is not much known about these graphs. We 
obtained a list of diameter-2-critical graphs 
with at most 10 nodes using two different 
methods. The first method starts from the 
McKay's catalog of non-isomorphic graphs 
and checks all these graphs if they are 
diameter-2-critical. The second method is 
backtracking, starting from the list of all non-
isomorphic trees and adding edges to them in 
all possible ways, with pruning, when a graph 
of graph diameter 2 is reached. Efficiencies of 
these two methods are compared and an 
estimation is given how the list could be 
extended for graphs with larger number of 
nodes. 
 

Index Terms: diameter-2-critical graph, 
graph diameter,  
 

1. INTRODUCTION 

he aim of this paper is to obtain the list of 
diameter-2-critical graphs with as many 

vertices as possible. Diameter-2-critical graphs 
are extensively studied in the literature. See, for 
example, [4, 5, 6, 11]. The number of graphs with 
diameter 2 is very large, while the number of 
graphs with diameter 2, which are also diameter-
2-critical, is much smaller and it seems they have 
an interesting structure. The idea to investigate 
these graphs is based on [9], where diameter-2 
graphs appear. Looking at [7], this paper used 
two methods to obtain new results. The first is 
specialization - from the list of connected graphs 
to diameter-2-critical graphs by filtering. The 
second is hybridization: the algorithm combines 
known algorithm for generation of non-isomorphic  
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trees with the backtracking algorithm to obtain 
diameter-2 graphs by adding new edges to trees 
in all possible ways. Finally, diameter-2-critical 
graphs are obtained by filtering the list of  
diameter-2 graphs. According to [8], this paper 
could be classified as a research article, because 
a new method is described to generate diameter-
2-critical graphs. 

The rest of paper is organized as follows. 
Necessary definitions are given in Section 2. Two 
methods to obtain diameter-2-critical graphs are 
described in Section 3. and Section 4. In Section 
5. we compare these two methods and comment 
the results obtained. 

2. DEFINITIONS 

We first introduce necessary terminology, see 
[3] for example. 

Graph � = (�, �) consists of two sets, � and �; 
� is the set of vertices (or nodes) and � is the set 
of edges. The number of nodes |�| in a graph is 
called its order. An edge � = (�, �)) ∈ � is a pair 
of two vertices. Two nodes � and � joined by an 
edge � = (�, �) are adjacent. These two nodes 
are neighbors. Let �(�) denote the set of 
neighbors of �.  

The adjacency matrix of a labeled graph � =
(�, �) (a graph with labels attached to its nodes) 
is an |�| × |�| matrix with rows and columns 
labeled by graph vertices, such that the element 
at the intersection of row corresponding to � ∈ � 
and the column corresponding to � ∈ � is 1 or 0 if 
(�, �) ∈ � or (�, �) ∉ �, respectively.  

A path in � is a sequence of nodes ��, ��, … , �� 
such that (��, ��) ∈ �, (��, ��) ∈ �, … , (����, ��) ∈

�. The length of the path ��, ��, … , �� is �. The 
graph is connected if for any its two nodes � and 
� there is a path from � to �. The distance 
between two nodes � and � is the minimum 
length of paths connecting them. 

The diameter of a graph is the length of the 
longest of the shortest distances between any 
two nodes of the graph. A graph of diameter � is 
diameter-�-critical if deleting any edge from the 
graph gives a graph whose diameter is greater 
than k.  

Isomorphism of two graphs � = (�, �) and � =
(�, �) is a bijection �: � → � such that (�, �) ∈ � 
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if and only if (�(�), �(�)) ∈ �. If there is an 
isomorphism between for two graphs � and �, 
then � and � are isomorphic.  

A star graph is a graph that has edges only 
from one node to each other node in the graph. 

3. ALGORITHM 1: FILTERING 

The first method to obtain diameter-2-critical 
graphs of order � is based on simple Algorithm 1. 
This algorithm takes the list of all non-isomorphic 
connected graphs of order � [1, 6]. For each such 
graph the algorithm checks if its diameter is 2, 
and afterwards if the graph is diameter-2-critical. 

A.List of Non-Isomorphic Connected Graphs 

For complete list of all connected non-
isomorphic graphs of order n≤ 11, see [1]. This 
list of non-isomorphic connected graphs, can be 
also generated using the program geng [1] for 
small values of � exceeding 11. 

This list contains a series of strings 
representing graphs in g6 format. Format g6 is a 
graph format that allows graph representation 
using ASCII characters from character “?” to 
character “~”. Each character in a sequence 
represent a series of six bits, so that character “?” 
represents a series of bits [0, 0, 0, 0, 0, 0], and 
character “~” represents a series of bits [1, 1, 1, 
1, 1, 1]. Concatenation of series of bits that can 
be obtained from all g6 characters, except the 
first one, represents the lower triangle of the 
adjacency matrix. The bottom triangle of the 
matrix is filled in row by row from left to right 
using the resulting string of bits. The upper 
triangle of the adjacency matrix is obtained from 
the lower triangle, as the adjacency matrix is 
symmetric. 

Each g6 format graph representation has more 
than two characters. The first character 
represents the order of the graph, and other 
characters represent values in the lower triangle 
of the adjacency matrix. Since each character is 
represented by six bits, the maximum order of 
graphs that can be represented by the format g6 
is 63.  

B. Diameter Check Using Adjacency Matrix 

Diameter check of a graph � = (�, �) can be 
done using its adjacency matrix �. For each 
node � it has to be checked if the distance from � 
to each other node � ∈ � is at most 2, or in other 
words, if � covers all other nodes.  

If a node � covers all other nodes in a graph 
can easily be checked using the bit operator OR 
applied to rows of � corresponding to � and to all 
nodes � ∈ �(�). The node � covers all other 
nodes, if the result is the row of � ones. The 
diameter of � is less than or equal to 2, if this 
condition is satisfied for all nodes of �. The 

additional check that diameter of � is not 1 is 
usually unnecessary.  

C. Criticality Check 

When checking the diameter-2-criticality of a 
graph � = (�, �), instead of trying to delete each 
edge � ∈ � from �, it is enough to check only 
those edges that are part of some triangle in �. 
The check, that a particular edge � = (�, �) is 
contained in a triangle, can be performed using 
the adjacency matrix � of �, and the matrix � =
��. The edge � = (�, �) is contained in some 
triangle if and only if the row equals to AND of 
two rows of � corresponding to nodes � and � is 
not zero-vector.  

D. Results 

The task o filtering all connected non-
isomorphic graphs is performed using Wolfram 
Mathematica. Diameter-2-critical graphs of order 
� ≤ 7 are shown in Fig. 1.  

Table 1. lists for each � ≤ 10 the number �(�) 
of connected non-isomorphic graphs of order �, 
the number ��) of diameter-2-critical graphs of 
order �, and the time in seconds needed to 
obtain these graphs by filtering. 

3. ALGORITHM 2: BUILDING FROM TREES 

Every diameter-2-critical graph has some tree 
as a subgraph; Algorithm 2 is based on this fact. 
In essence, Algorithm 2 is given by the following 
code. 

 
initialize � to be the empty set; 
for each non-isomorphic tree � of order � 

let � be the set of edges missing from � 
for all subsets � ⊆ �  
  (lexicographicaly ordered) 
 let � be the graph obtained from T by 

 adding edges from � 
 If diameter of � is 2 then  

append � to � 
skip all supersets of �  

for all graphs � from �:  
if � is diameter-2-critical graph then 
 output � 

We used the algorithm for generating all non-
isomorphic free trees described in paper by 
Sawada [2], which is based on the algorithm to 
generate all rooted trees. 

If the graph � of diameter 2 is obtained in 
Algorithm 2 by adding edges from some subset 
� ⊆ �, then the supersets of � don’t have to be 
considered, because the corresponding graphs 
cannot be diameter-2-critical by definition. 

For each � ≥ 3, there is exactly one tree of 
diameter 2, the star graph. Because the 
diameter-2 condition for this tree is reached when 
� is an empty set, this tree don’t have to be 
expanded by adding edges to it. Furthermore, 



 

star graph is in fact diameter-2-critical. The other 
trees have the diameter greater than 2, hence, in 

 
Figure 1. Diameter-2-critical graphs of order � ≤ 7 

order to obtain graph of diameter 2, a number of 
edges have to be added to them. 

The set � has to contain only non-isomorphic 
graphs. Hence, each graph � that has to be 
appended to �, has to be checked for 
isomorphism (the operation supported by 
Mathematica) with all graphs in �. In order to 
avoid such an expensive step, we have chosen 
to accompany each graph � with its invariant 
�(�), equal to the concatenation of the sorted list 
of nodes degrees and the list of its characteristic 
polynomial coefficients. Hence, � is in fact a 
multimap (hash table), containing pairs (�(�), �), 
where �(�) are keys, and � are values; multimap 
can handle collisions - events when more graphs 
have the same invariant. Now, when � has to be 
inserted in �, one has to check the isomorphism 
of � only with graphs from � having the invariant 
equal to �(�).  

In fact, we have been appending to multimap � 
not only the graphs of diameter 2, but also all 
other graphs obtained by expansion. The effect is 
that, if the graph is reached that is isomorphic to 
one that has previously been expanded, then this 
graph and all its supergraphs are skipped, 
because we have already seen all its 
supergraphs. This makes the algorithm very 
efficient, but for � = 10 we could not obtain the 
list of diameter-2-critical graphs, because of large 
memory requirements. 

4. RESULTS 

The implementations of two algorithms used to 
generate diameter-2-critical graphs give the 
same lists for � ≤ 9, which provides a kind of 
their verification. The summary of results 
obtained by Algorithm 1 and by Algorithm 2 is 
given in Table 1. The largest part of the execution 
time of Algorithm 2 is spent of isomorphism 
checking. It is interesting to note that Algorithm 2 
is faster than Algorithm 1 for � ≤ 9. Hence, if the 
problem with memory requirements is solved 
somehow, Algorithm 2 is more promising. 
Another reason why Algorithm 1 is not promising 
is the enormous number �(11) = 1018997864 of 
non-isomorphic connected graphs of order 11. 

 

n g(n) c(n) Alg. 1 (s) Alg. 2 (s) 
3 2 1 0.008 0.017 

4 6 2 0.018 0.023 

5 21 3 0.045 0.034 

6 112 5 0.187 0.098 

7 853 10 1.298 0.702 

8 11117 30 16.298 9.004 

9 261080 103 380.989 237.476 

10 11716571 519 17373.600   

 
Table 1. Results obtained by Algorithm 1 an–d by 

the Algorithm2. 

Diagram shoving the logarithms of values in 
Table 1 is given in Figure 1. It is seen that the 
logarithms of execution times of both algorithms 
follow the speed of growth of log �(�). This fact 
suggests the possibility of designing more 
efficient algorithm for obtaining all diameter-2-
critical graphs. 

4. CONCLUSION 

We used two different methods to obtain a list of 
diameter-2-critical graphs with at most 10 nodes. 
The second method, which starts from the easy-
to-form list of free trees, seems to be more 
promising. 

 



 

 
Figure 1. The logarithms of �(�), �(�) and of 

execution times of Algorithm 1 and of Algorithm2 

APPENDIX 

The list of all diameter-2-critical graph with � ≤
9 nodes in g6 graph format.  

 

n=3 2 n=8 11117 

1 BW 1 G???F{ 

n=4 6 2 G??F~w 

1 CF 3 G?AFrw 

2 C] 4 G?B@~o 

n=5 21 5 G?BDr{ 

1 D?{ 6 G?BDzw 

2 DFw 7 G?Bcr{ 

3 DUW 8 G?Bczw 

n=6 112 9 G?B~vo 

1 E?Bw 10 G?`Ffw 

2 E?~o 11 G?`cnw 

3 ECxo 12 G?bDjo 

4 EEhw 13 G?bvbo 

5 EFz_ 14 G?o~Ec 

n=7 853 15 G?o~f_ 

1 F??Fw 16 G?q`vg 

2 F?B~o 17 G?qczw 

3 F?bro 18 G?qjc{ 

4 F?o~_ 19 G?rF`w 

5 F?qrw 20 G?re`{ 

6 F?zPw 21 G?~vf_ 

7 F?~v_ 22 GCOfFw 

8 FCRfo 23 GCR`uw 

9 FCptO 24 GCR`vo 

10 FCxv? 25 GCRbdo 

  26 GCY^B_ 

  27 GCZJdo 

  28 GCZLas 

  29 GCpdVg 

  30 GCrb`o 

 

n=9 261080     

1 H????B~ 53 H?`ejq{ 

2 H???F~} 54 H?`fBq] 

3 H??CFx} 55 H?`vBY] 

4 H??E@~{ 56 H?aNbps 

5 H??EDx~ 57 H?bATpv 

6 H??ED|} 58 H?bAV_} 

7 H??F?~{ 59 H?bAViy 

8 H??FCx~ 60 H?bBDjy 

9 H??FC|| 61 H?bBThY 

10 H??FC|} 62 H?bDJqU 

11 H??FeW~ 63 H?bDjpw 

12 H??F~z{ 64 H?bDrpu 

13 H?AAFr} 65 H?bFUov 

14 H?ABCv} 66 H?bF`xw 

15 H?AEDp~ 67 H?bL`pv 

16 H?AEDt{ 68 H?bL`xr 

17 H?AFCp~ 69 H?bLbpu 

18 H?AFCt{ 70 H?bbV_] 

19 H?AFvp{ 71 H?be`xi 

20 H?B@xzw 72 H?bebov 

21 H?B@|px 73 H?bebo} 

22 H?B@~rw 74 H?bfBqU 

23 H?BD@zy 75 H?bvbro 

24 H?BDC|} 76 H?opvJ[ 

25 H?BDJq^ 77 H?opvbK 

26 H?BDKxz 78 H?ovdX[ 

27 H?BDjqN 79 H?o~D`R 

28 H?BEFo} 80 H?o~fbo 

29 H?BF@zY 81 H?q`qjo 

30 H?BFEo~ 82 H?q`uja 

31 H?Bcrhn 83 H?qa`ru 

32 H?Be`~M 84 H?qbbY^ 

33 H?BeeO~ 85 H?qczXr 

34 H?BffO^ 86 H?qrbYY 

35 H?B~vrw 87 H?qrdrE 

36 H?`@Fb} 88 H?rF`zo 

37 H?`@eF} 89 H?re`ov 

38 H?`F@z] 90 H?re`o} 

39 H?`FEf{ 91 HCOf@r[ 

40 H?`F`zM 92 HCOfBb{ 

n=9 continued   
41 H?`F`z{ 93 HCOfeW{ 

42 H?`Fbq{ 94 HCQb`rK 

43 H?`FdX\ 95 HCQbepl 

44 H?`Ffb{ 96 HCQeR`} 

45 H?`cjrl 97 HCQeRg} 



 

46 H?`cjr{ 98 HCQfAZx 

47 H?`cmq| 99 HCQfAyw 

48 H?`cn@| 100 HCQfBrK 

49 H?`cn`{ 101 HCRbdQY 

50 H?`c~`w 102 HCp`eji 

51 H?`eIyy 103 HCpdehi 

52 H?`eiy{     
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