
 

 

Abstract: We recently introduced a composite 
smeared finite element (CSFE) which represents a 
new methodology for modeling drug transport in 
complex system such as tumor or organs. The 
main achievement in the CSFE is that a discrete 
transport (approximately 1D) within capillary 
system is transformed into a continuum 
framework. In this paper we provide some 
additional details regarding the derivation of the 
fundamental relations of the CSFE, and present    a 
short accuracy analysis of the element. Accuracy 
is tested on several simple 2D examples of 
capillary network with different direction and 
characteristics. It is also shown that the size of the 
CSFE does not affect the solution, for various 
capillary densities. The new smeared concept is 
suitable for applications to real geometries with 
complex capillary and tissue domains in modeling 
tumors or entire organs. 
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1. INTRODUCTION 

RANSPORT of particles and molecules from the 
blood to tissue and from tissue back to blood 

is a complex process. This problem of mass 
transport and its applicability to drug delivery is 
studied in the field of transport oncophysics [1-3]. 
Transport within tumors has additional 
complexities due to variability of vessel diameters 
and lengths, and especially due to irregular blood 
vessel branching [4-5]. The number of capillaries 
is enormous [6], and generating a true model with 
all those capillaries included will be time 
expensive and practically unrealistic. In order to 
develop model which is suitable for general 
applications it is needed to use some  
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simplification. The most commonly used is the 
“network” method [7], where pressure change 
along segments is governed by the Hagen-
Poiseuille law [8, 9]. One of the idea is to use 
recently introduced smeared modeling concept 
[10] which allows modeling of large domains 
which can be used for drug transport in the 
capillary system and tissue, Figure 1a. Since 
capillary network in tumor is represents a 1D 
transport in capillary directions, the idea in [10] is 
to transform the basic equations into continuum 
form. 

 
Figure 1. a) Continuum finite element with both convective 

and diffusive transport b) Fluxes through pipes (capillaries) at 
a branching point 

2. DERIVATION OF THE CONTINUUM CONSTITUTIVE 

TENSORS 

2.1 Basic Formulation 

We consider first the pressure field within 
capillaries, hence we need to transform the 
Hagen-Poiseuille 1D relationship into the Darcy 
law of the continuum [10]. To achieve this, we 
consider fluxes at a branching point P of 
capillaries (pipes), Figure 1b. Then the flux in the 
pipe K due to pressure gradients in the coordinate 
directions, ∂p/∂xi, is  
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where K represents an order number of pipe 
passing through the considered spatial point of 

the tissue continuum; pKk  
is the pipe 

conductance coefficient, dK is the pipe diameter,  

Kj  is the directional cosine of the pipe axis with 

respect to the coordinate axis j (absolute value).  
The flux in the direction  i is 
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The unit flux in direction i of all pipe elements is 
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is the total cross-sectional area of capillaries. The 
constitutive equation of the continuum is 
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Hence, the smeared continuum Darcy tensor 
components are 
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Following the same approach, the 1D 
convective-diffusive transport within capillary 
network can be “smeared” to the continuum 
volume rVV according to [10], where the 
continuum diffusion coefficients can be 
determined in the way analogous to (6). 
Therefore, we have that diffusion tensor 
components Dij are:   
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where pipeKD  is diffusion coefficient within pipe 

K. Fluid velocities can be determined according to 
the pressure gradients of the continuum and 
Darcy’s coefficients (6). Here, also, boundary 
conditions for the diffusion within capillaries are to 
be satisfied.  

This methodology has been built in our general-
purpose FE package PAK [11, 12] for 2D and 3D 
conditions. 
 

2.2 Alternative Derivation of the Relations 

We have that the flux from the pipe K is given 
by (1) and the surface through the total flux 
passes is Atot given by (4). The balance equation 
for the K-pipe for equation is 
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where Kx  is the axis along pipe. We have 

coordinate transformation  
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and the derivative in (5) can be expressed as 
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and equation (8) becomes 
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If we sum all balance equations (11), we obtain 
one equation: 
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In continuum we need equation corresponding 
to the unit surface, hence 
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From this equation follows (6). Note that the 
surface corresponds to the unit volume of 
continuum, i.e. volume rVV. The same process 
applies to diffusion and expression (7). 

 

2.3 Interpolations in case of General Capillary 
Mesh  

In this case we take points at capillaries 
between cross-sections or branching, as in Fig. 9. 
Then, in a point B of a continuum, we calculate 
the coefficients as in (7): 
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where summation goes over all points AK in the 
vicinity of the point B, Figure 2. 

 

Figure 2. Interpolations of coefficients of transport tensor: 
summation over all points AK in the vicinity of the point B 

 
 Interpolation for direction factors is done as 

follows. Distances between point B and points A1, 
A2, A3,…, An are denoted as L1, L2, L3,…, Ln. We 
calculate coefficients as: 
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Further, we calculate a coefficient a , 
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and then the coefficients: 
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Note that the following relation is fulfilled: 
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Using this interpolation coefficients c1, c2, c3, …,  
cn we can calculate resulting diffusion coefficient 
in node B as  

ij k pipeK Ki Kj
K

D c D              (20) 

3. ACCURACY OF THE SMEARED MODEL  

In order to test accuracy and applicability of 
concept of the smeared finite element, we 
generated few examples with different capillary 
diameters and orientation in space.  

Simple 2D model of capillary domain (10 x 10 
mm) is shown on Figure 3a, where capillaries are 
aligned in a grid. The following data are used: 
volume fraction is rV = 0.298, diffusion coefficient 
in pipe element is 100 mm

2
/s, diffusion coefficient 

in pipe wall is 10 mm
2
/s, wall thickness is δ = 0.01 

mm, diffusion coefficient in tissue is 10 mm
2
/s, 

pipe diameter is Dpipe = 0.1 mm, inlet 
concentration is cin = 1 M (prescribed at the left 
border of the model), and outlet concentration is 
cout = 0 M (prescribed at the right boundary). 
Concentration fields for both true and smeared 
model are shown on Figure 3a and 3b.  

In second example, which is consisted of the 
parallel-aligned capillaries (rV = 0.1459), we have 
both capillary and tissue domains (Figure 4).  

It can be seen from Figures 4d and 4e that 
smeared model has exactly the same response 
as true model, for both capillary and tissue 
domain.  

 

 

Figure 3. a) Concentration field in true capillary domain. b) 
Concentration field in smeared capillary domain. c) Mean 

concentration evolution within capillary domain for true and 
smeared model. 

 
The mean concentration evolution within 

capillaries is shown on Figure 3c, and it can be 
seen that solutions are same for both smeared 
and true model.  

 
Figure 4. Model with parallel capillaries (a). Concentration 

field in true (b) and smeared (c) domain. Mean concentration 
evolution in capillary (d) and tissue (e) domain. 

In order to prove applicability of direction 
factors with oblique capillaries, we included 
diagonal capillaries to current configuration. 
Example is shown in Figure 5, and characteristics 
of the model are same as for model from Figure 
3, while volume fraction of capillary domain is rV = 
0.502. 

 
Figure 5. Model with oblique capillaries. Field of concentration 

for capillary (upper panel) and tissue domain (lower panel), 
for both true and smeared model 

 
Using direction factors in the smeared model 

enables accurately preservation of anisotropic 
conditions, which can be shown from Figures 6a 
and 6b. 

 
Figure 6. Model with oblique capillaries. Concentration vs. 
time diagrams for true and smeared model:  a) capillary 

domain, b) tissue domain. 



 

Anisotropic conditions are also preserved for 
case when diameter of diagonal capillaries is 10 
times bigger than diameter of capillaries in the 
grid (Ddiag = 0.1 mm, and Dgrid = 0.01 mm, Figure 
7), which can be shown from Figures 8b and 8d.  
 

 
Figure 7. Model with anisotropic conditions. Diameter of 
diagonal capillaries is 10 times bigger than diameter of 
capillaries in the grid. Field of concentration for capillary 

(upper panel) and tissue domain (lower panel), for both true 
and smeared model 

 

 
 

Figure 8.  Case with anisotropic condition and different 
diameter of capillaries. Concentration vs. Time diagrams for 

true and smeared model: a) capillary domain, b) tissue 
domain. 

3.1. Systemic Concentration as Function of 
Time 

In reality, systemic drug change is usually 
provided as time function, so we also need to 
consider case when systemic concentration is not 
constant. Prescribed condition for this case is 
shown on Figure 9, where systemic concentration 
has similar character as curves on Figure 10c. 
 

 
Figure 9. Model with prescribed concentration c(t). 

Configuration of the model. 

 
Concentration field in tissue domain, for few 

time steps of simulation, and for true and 

smeared model are shown on Figures 10a and 
10b.   Evolution of the mean concentration within 
capillaries (capillary domain) and tissue is shown 
in graphs of Figure 10c, and this proves that 
direction factors and composite smeared finite 
element are independent on inlet concentration. 

 
Figure 10. Field of concentration for true (a) and smeared (b) 
model. Concentration vs. Time (c) for both true and smeared 

model 

3.2. Effects of Mesh Density on Accuracy of 
the Model 

In order to prove that size of FE element 
doesn’t affect accuracy of composite smeared 
finite element, even when having anisotropic 
conditions, we generated the different meshes for 
tissue domain, consisted of 100, 400, and 900 
finite elements, respectively. Models are shown 
on Figure 11. 

 
Figure 11. Models with different mesh size in tissue domain. 

Division: a) 10 x 10, b) 20 x 20 and c) 30 x 30 elements. 

 
Fields of concentration for those tree models, 

and for t = 0.5s, are shown on Figure 12a,b,c.  

 

Figure 12. Concentration field for models with different mesh 
size in tissue domain. Division: a) 10 x 10, b) 20x20 and c) 

30x30 elements 



 

 
Results from Figure 13 shows that mesh 

density in tissue domain doesn’t affect accuracy 
of the model. 
 

 

Figure 13. Concentration vs. Time diagram for various 
number of smeared FE inside tissue domain. 

 

3.3. Application to Realistic Capillary-Tissue 
System 

Using following example we will demonstrate 
applicability of our model to simplified capillary 
bed, consisted of arteries, veins and capillary 
network, as shown on Figure 14. Boundary 
conditions are prescribed at inlet arteries and 
outlet veins. True and corresponding smeared 
capillary model are shown at Figures 14a and 14 
b. True model which is consisted of both capillary 
domain (represented by 1D pipe elements) and 
tissue domain is shown at Figure 14c.   

 

Figure 14. Capillary bed model a) True capillary domain b) 
Smeared capillary domain c) True model consisted of both 

capillaries and tissue, d) Smeared tissue domain. 

 

Solutions for concentrations are shown in 
Figure 14. It can be seen that smeared model, 
when compared concentration fields in capillaries 
and capillary domain, gives a reasonable 
agreement (Figures 14a and 14b). The similar 
agreement is achieved when comparing 
concentration within tissue (Figures 14c and 14d). 

Also, the mean concentration evolution within 
capillary and tissue domains (Figures 15a and 
15b) is in a good agreement when calculated by 
using both true and smeared models. 

 

 

Figure 15. Concentration vs time in capillary (a) and tissue 
domain (b) for smeared and true model 

 

4. CONCLUSION 

Recently introduced composite smeared finite 
element relies on the following three basic steps 
in the element formulation. First, a transformation 
of the fluid flow and convection-diffusion 1D 
constitutive relations to the continuum constitutive 
relations is performed. In the second step, two 
domains of the finite element are introduced: 
capillary and tissue domain. Finally, in the third 
step, the connectivity (fictitious) 1D finite 
elements are introduced at each element node to 
couple the two domains. 

First step of construction CSFE is achieved by 
a straightforward derivation of the Darcy and 
diffusion tensor for general 3D conditions, starting 
from the Hagen-Poiseuille relation for flow in 
pipes and 1D Fick’s law for diffusion within pipes.  

The formulated smeared methodology, which 
relay on direction factors for including anisotropic 
conditions, is tested with respect to accuracy on 
characteristic simple examples.  

It has been shown that methodology doesn’t 
depend on inlet concentration, diameter of 
capillaries, and size of the smeared FE, which is 
a proof that method can be accurately applied to 
various practical problems in biomedical 
engineering. Last example shows applicability to 
the real physiological conditions, such as organs 
and tumors.  
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