
 

 

Abstract: Semicircular canals (SCCs) and 
cupulas, as part of them, are structures of the 
inner ear involved in detecting the angular motion. 
First, we briefly recall on the mechanical model for 
determining cupula deformation with analytical 
solution. After that, we present procedures for 
numerical solving of the domain problem and 
compare obtained solutions with the analytical 
one. Finally, we present a “mobile client – server” 
application for visualising the finite element (FE) 
solutions in a way that is convenient for the 
clinical praxis usage. In contrast to analytical and 
plain numerical solution, FE model also 
incorporates the influence of otoconias - a small 
carbide particles that disturb the fluid flow inside 
semicircular canals. FE model solutions bundle 
contains fifty solutions for a predefined cupula 
rotation angles in a range from 0 to 120. 
 

Index Terms: cupula, finite element, mobile, 
otoconia, semicircular canal 

1. INTRODUCTION 

Angular motion is being detected by humans 
due to excitation occurring inside the inner ear, or 
more precisely, due to excitation of the afferent 
hair cells found at the ends of the three mutually 
orthogonal semicircular canals (SCCs). Those 
ends are a bit widened and are called ampulas. 
Inside them, a sensory hair cell receptors are 
being embedded into a gelatinous object called 
the cupula. Sensory hear cells are able to detect 
even small changes of the SCCs axial fluid 
(endolymph) flow as the fluid flow deflects cupula 
all the time. All those hair movements give 
enough input data to the brain to determine the  
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direction of the head rotation. Actually, it does so 
by vectorial summation of all the inputs, of all six 
SCCs (left and right ear), producing, as a result, 
the perception of angular motion. 

Besides, there is canalithiasis. It presents 
unwanted condition where small calcite particles 
(otoconias, i.e. otoliths) [5] disturb the fluid flow 
[6, 7] inside SCCs thus leading to the benign 
paroxysmal positional vertigo disorder. 

Obrist and Hegemann [1] proposed the 
following equation for the cupula deformation: 
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where the �(�) is cupula volumetric 
displacement, � is a constant (� = −1.07 ∙
10���	���) and integral part denotes the error of 
displacement velocity. 

For this observation, we will be considering the 
case of head rotation from 0° to 120° in a period 
of time that lasts 3 seconds. After that, the head 
stays in that position long enough to let the 
cupula relax fully. During such head maneuver, 
the angle of the cupula, rotation, can be 
presented as a polynomial of the seventh order 
[2]. 
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At the beginning of the relaxing phase, there is 

a conspicuous overshot in the diagram (Figure 1) 
of the cupula deformation whereupon real 
relation occurs. Just in order to make a distinction 
between rotation and relaxing phases on a time-
line, we assume that those phases have 
happened in the intervals [-3s, 0s] and [0s, ∞], 
respectively. 
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Derivation of angle by time denotes the angular 
velocity of the cupula: 
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2. METHODOLOGY 

Now, we present solving of the equation 1 
analytically and numerically. 

Integral part of equation 1, i.e. velocity error, 
can easily be resolved numerically by presenting 
the integrand as a series of small portions and 
summing them up at the end. This can easily be 
done in some of the specialized numerical 
software packages, e.g. MatLab. 

Analytical solution is much trickier to obtain. 
Actually, it is necessary to apply partial 
integration of the mentioned integral six times to 
get the analytical solution of the velocity error 
function. Essentially, it is easy to apply partial 
integration as the integrand function is a product 
of two other functions: a) angular velocity of the 
delayed input signals, and b) exponential 
function. Besides, there are two constants: a) 
� = 0.0256�, and b) � ≈ 0.0061. Integration of 
equation 2 gives: 
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Previous integral has a value when the 

argument of the angular velocity is in the range 
[-3s, 0s] (equation 3); otherwise it is equal to 
zero. So, the following inequalities apply to the 
argument of the angular velocity: 
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The same inequalities apply to the � [0, ∞] so 

the new borders of the previous integral will be 
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Now, analytical solving of the integral can go 

into two phases. The solution for the � ≤ 0� must 
be obtained first and then for the � > 0�. Both 
procedures are quite similar and straightforward. 
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The procedure for integral solving for � > 0� is 

quite the same, only the lower border is different: 
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The final solution for velocity error integral has 

the form: 
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Analytical and numerical solutions for the 

cupula displacement are given in Figure 1. As 
can be seen, they are practically identical. 

 

 

Figure 1. Cupula displacement – numerical, analytical 
and FE results. 

3. DETERMING CUPULA DISPLACEMENT USING 

FINITE ELEMENTS METHOD 

Cupula deformation is a reaction of the 
endolymph’s pressure changes during its 
movements in the semicircular canals. Interaction 
between endolymph and cupula can be 
considered a typical fluid-structure interaction. 
So, it is natural to model the cupula as an elastic 
membrane and to model the endolymph using 2D 
4-nodes finite elements. 

4. NUMERICAL REPRESENTATION OF THE FLUID 

DOMAIN 

Navier-Stokes and continuity equations were 
employed to model the fluid domain inside 
semicircular canals. In order to avoid calculation 
of the pressure in the velocity-pressure 
formulation, Penalty method was used [3]. In 
essence, that means that the continuity equation 
had to be simplified, i.e. approximated by using 
the so-called penalty parameter - selected big 
number �. Approximated continuity equation now 
has the form: 
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After solving the previous equation by the 

pressure � and substituting it in the Navier-
Stokes equations, we get: 
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so the FE equation of balance now takes the 
form of: 
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5. FE SOLVER WITH AN IMPLEMENTATION OF LOOSE 

COUPLING NUMERICAL PROCEDURE 

 
This approach assumes that the systems of 

balance equations have to be created separately 
for the domains of fluid and solid. This also 
means that the solutions for both domains have 
to be obtained with different FE solvers, causing 
the parameters from one solution to affect the 
solution parameters of the other structure. They 
are being transferred successively for each 
iteration step of the calculation [4]. 

For the movements of the nodes of the finite 
element mesh, “Arbitrary Lagrangian Eulerian” 
formulation was used and because of time 
linearization procedure, known values had to be 
used at the very beginning of the each step 
during incremental analysis. Finally, the 
approximation for the quantity of F takes the 
following form: 
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Previous relation is being applied to the both 

sides, i.e. to the left (LHS) and to the right (RHS): 
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In order to calculate mesh-referential time 

derivatives, we used the following two relations: 
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After presented linearizations, the governing 

equations of fluid motion are [3]: 
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We evaluated integrals over the known FE 

volumes and surfaces at the beginning of each 
time step, although, some terms were calculated 
at the last iteration. Note that incremental 
algebraic equations were obtained by replacing 
referential time derivatives �∗ and �∗ with 
�∗ = ∆�/∆�  and �∗ = ∆�/∆�, respectively. 

The previously described formulation of the FE 
model is a must for the cases where fluid 
boundaries deform in a great range over time and 

practically behave as a solid. That approach 
enabled us to model the solid-fluid interaction 
successfully. Also, consider that the solution for 
the fluid flow is not dependable on the motion of 
the FE mesh [3]. 

6. SOFTWARE IMPLEMENTATION 

We developed a client-software software for 
visualising the FE analysis results of cupula 
displacement. The governing idea was to enable 
clinical doctors to have an insight into cupula’s 
deformation and dispersion of otoconias during 
rotation of the cupula, i.e. during head rotation 
about vertical axis. For the best results on the 
client side, a phone carrier device for the head 
and a cell phone with Android 4.1 or greater and 
wireless Internet connection need to be available. 

As said, the software solution consists of two 
parts: 1) client-side application for visualising 
results of the FE analysis, running on the Android 
4.1 or greater smart phone [9, 10], and 2) server-
side application for performing FE calculations 
and sending results to the client. There are few 
reasons for this architectural style. Some of them 
are related to hardware issues, some of them are 
related to software issues and some of them are 
related to practical reasons from the viewpoint of 
end users. The main reasons are the following: 1) 
for performance reasons, FE solver had been 
written in Fortran programming language thus 
discriminating itself for running on the Android 
platform, 2) FE calculation solvers are usually 
very demanding to the processing power as all 
they do are the complex arithmetic computations, 
so running them on the cell phone would certainly 
prolong calculation time considerably compared 
to the time needed to get the same job done on 
the server, 3) in connection with the previous 
one, running FE solver on cell phone would 
certainly drain its battery very quickly, whre such 
problem does not exist on the server side, and 4) 
end users will not be obligated to update the 
application very often as the most frequent 
updates will be related to FE solver and only 
rarely to the mobile user interface. 

Server-side application has been implemented 
in a Java programming language and exposed to 
the users as a bunch of REST [8] web services. 
Upon starting a web service for FE analysis, the 
service starts a solver in its own thread and 
backs the control to client immediately, releasing 
the Internet connection, so the client does not 
block its user interface. The FE solver works ~20 
seconds and during that period, the user 
occasionally, in an asynchronous manner, 
checks whether the analysis got finished. The 
server will readily answer on every user request 
with the accurate information about job progress. 

In the current stage, the application, i.e. the FE 



 

solver, receives only two input parameters. The 
first one is the predefined geometry of the SCC 
and is permanently stored on the server. It is a 
finite element mesh with 5540 four-square finite 
elements. The second one is the number of 
otoconias set by the client and embedded as a 
request parameter for starting the FE analysis. 

The work-flow of the application is shown in 
Figure 2. 

 

 

Figure 2. Schematic representation of the “mobile 
client - server” application for the visualisation of the 

inner ear’s cupula deformation and dispersion of 
otoconias in the corresponding SCC 

A user sends the number of otoconias to the 
server and initiates the FE analysis. The server 
starts the FE solver forwarding to it the 
predefined SCC geometry and given number of 
otoconias. Then, it returns control to the client so 
it can retain responsivity and overall functionality 
of its cell phone in a good condition. Upon end of 
the FE calculation, working Java thread parses 
produced plain text file that contains solutions 
data for 50 various rotation angles, filtering only 
the results related to mesh displacements. Then, 
in calculates some other values that are not 
products of the FE analysis, e.g. total 
displacement of the cupula, max. and. min. 
cupula displacements and the corresponding 
angles etc. After that, the results are packed and 
saved in the compact form, waiting for the client 
to download them. The client downloads data, 
sets the starting zero-angle for vertical-axis 
rotation and waits few seconds for the cell phone 
to unpack and display the solutions. The user is 
able to: visually inspect the solutions, visually: a) 
inspect displacements of the SCC and the cupula 
in particular, b) inspect the otoconias dispersion 
in the endolymph of the SCC and finally, c) plot 
the graphs of cupula displacement and angle of 
rotation in the same chart. Note that the rotation 
angle cannot be read directly from the sensor as 

there is no such device in the cell phone, but the 
angle value can be obtained as a product of 
calculation [10] taken from the readings of two 
other sensors: magnetometer and accelerometer. 
Of course, the resulting value must be filtered 
with the low-pass filter in order to obtain 
stabilized and usable values. 

7. DISCUSSION 

Diagram of cupula displacement, the yellow 
one, from Figure 2 has been superimposed on 
Figure 1 and is in presented in a red color there 
thus allowing us to make comparison with the 
analytical and numerical solutions obtained 
earlier. Stepped look of the red diagram is a 
consequence of the distribution of the 50 FE 
solutions over the range of 120° of cupula 
rotation, which gives us a step of 2.4° per 
solutions. 

As it can be seen from Figure 1, order of 
magnitude between solutions is essentially the 
same. The main difference lies in the part that 
towards to the relaxing phase of the cupula 
movement. That means that the (red) diagram 
obtained by the FE analysis, does not follow the 
trend of the other two diagrams short after it 
reaches the maximum value so it is nowhere 
near to the point of crossing the horizontal axis 
and making an overshot before relaxing to zero 
slowly and monotonically [1]. The main reason for 
such behavior is that FE solver didn’t take into 
account the integral part of equation 1, thus 
partially omitting the relaxing phase from the 
model. 

8. CONCLUSION 

First, we proposed a comparison of the 
analytical, numerical and FE numerical results for 
the deformation inner ear’s structure – cupula 
membrane. Then, we presented a “mobile client - 
server” application for server calculation of the 
cupula deformation and for visualising results on 
the mobile (Android) platform. Solver for the FE 
calculations were made in Fortran programming 
language and is single-threaded so on a server 
platform with Intel i7 3.2 GHz processor and 16 
GB RAM, it takes approximately 20 seconds to 
finish the job. Output file is ~250 MB, and after 
parsing and packing (compressing) the relevant 
data: mesh geometry, fluid pressure in mesh 
nodes, calculated cupula deformation etc., the 
ready to download file is just ~5.5 MB. It 
wirelessly transfers to the Android cell phone in 
just about few seconds. Testing mobile platform, 
a cell phone with the following specifications: 
processor Quad-core 1.4 GHz Cortex-A9, 
Chipset Exynos 4412 Quad, GPU Mali-400MP4 
and Android 4.3 (Jelly Bean), takes another ~10 



 

seconds to decompress downloaded file and 
show the graphical solutions.  

Rotating the phone about vertical axis displays 
to the clinical doctor the graphical solutions 
(cupula deformation with the dispersion of the 
otoconias in the SCC endolymph) and the 
corresponding label denoting rotating angle, all 
that in real time. It can be said that the salient 
feature of this “mobile client - server” approach 
are the speed and the accessibility to the 
otherwise complicated and demanding to get FE 
results. 
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