
 

 
Abstract: The topic of this paper is the DataFlow 

implementation of the classical fourth-order 
Runge-Kutta method. The goal is to find the 
solution of an ordinary differential equation, given 
the x values at which the solution is required, and 
the solution value at the first point. There are 
existing sequential solutions which use this 
method. However, being sequential means that 
they are not making use of some possible 
parallelization. The DataFlow solution parallelizes 
the method, since it is being run on a DataFlow 
chip. The equation must be a first-order differential 
equation. Since any ODE - ordinary differential 
equation - can be reduced to first-order, virtually 
any differential equation with a single independent 
variable can be solved using this method. The 
analysis was performed on several simpler ODEs, 
but the solution works on more complex ones, too. 
The results were achieved with great precision. 

 
Index Terms: DataFlow, differential equation, 

ODE, ordinary differential equation, Runge-Kutta 

1. INTRODUCTION  

This chapter contains the details of the 
DataFlow implementation of the fourth-order 
Runge-Kutta method for solving ordinary 
differential equations (ODEs). The method works 
by advancing the solution over an array of 
predetermined points, which divide the function 
interval to segments. It starts at one point in 
which the solution is already known, and then 
finds the solution for successive points, one by 
one, until the entire solution function is mapped 
out. 

This method has significant advantages over 
the classic Euler method. While the Euler method 
uses the derivative only at the beginning of a 
segment, Runge-Kutta uses derivatives from 
several points throughout the segment. This 
improves the symmetry of the calculation process 
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which leads to improved precision. There are 
several ways in which this can be achieved, and 
most commonly used one is the fourth-order 
Runge-Kutta formula.  

The fourth-order method requires four 
evaluations of the function per segment. Due to 
the significant precision improvement, this is 
almost always superior to lower order variations 
of the formula, for example the midpoint method. 
As a result, the fourth-order Runge-Kutta 
variation is exactly the method for solving ODEs 
that will, in most cases, produce the optimal 
results for our needs. 

This is only a brief introduction to the Runge-
Kutta method. Readers interested in a deeper 
analysis of the method should take a look at 
some of these references describing it further [1] 
[2] [3]. 

2. EXISTING SOLUTIONS 

Formula for the fourth-order Runge-Kutta 
method is: 

 

 

 

 

 
 

There are four coefficients which must be 
calculated: k1, k2, k3, and k4. They are then 
added to the function value at the previous point, 
yn, with appropriate coefficients. O(h

5
) represents 

the error term of the fifth order. 

The C code for the fourth-order Runge-Kutta 
method [4]: 

 
void rungekutta4(float *x, 
    float *y, float a, int size) 
{ 
    int i; 
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    double h; 
    double k1, k2, k3, k4; 
 
    y[0] = a; 
    for (i = 1; i < size; i++) 
    { 
        h = x[i] - x[i-1]; 
        k1 = h*ODEFunction( 
        x[i-1], y[i-1]); 
        k2 = h*ODEFunction(x[i-1]  
        + h/2, y[i-1] + k1/2); 
        k3 = h*ODEFunction(x[i-1]  
        + h/2, y[i-1] + k2/2); 
        k4 = h*ODEFunction(x[i-1]  
        + h, y[i-1] + k3); 
 
        y[i] = y[i-1] + k1/6 +  
        k2/3 + k3/3 + k4/6; 
    } 
} 

 
Given values x and knowing the derivatives at 

these points, the function uses the fourth-order 
Runge-Kutta method to advance the solution over 
an interval of points and returns the results in y. 
The argument a represents the result in the first x 
point, and size represents the number of points. 
The user supplies the routine ODEFunction(x,y), 

which returns the derivative at x, y. 

For more examples of non-DataFlow 
implementations of Runge-Kutta, the reader is 
directed to one of these references [5] [6] [7]. 

3. ESSENCE OF DATAFLOW IMPLEMENTATION 

The formula can basically be divided into four 
parts (the four coefficients), all of which require 
the calculation of the ODE function at certain 
points. Therefore, our main goal is to allow those 
parts to be executed concurrently on the 
DataFlow chip. In one iteration, the results of 
those four parts are combined to produce the 
function value at the next point (yn+1), which is 
used in the next iteration.  

Figure 1 shows the diagram of the 
implementation data path. The previous y value 
(obtained by the y prev block) is, alongside the 
current x stream value (obtained by the x stream), 
used for calculating the four coefficients (k1, k2, 
k3, k4). The coefficients are used together with 
the previous y value in calculating the next y 
value (yn+1 block). The exception is the very first 
iteration in which we must already know the y 
value (y0 block). The results are returned to the 
user through the output stream (y stream block). 

The four coefficients require the calculation of 
the right-hand side of the ODE with the 
appropriate parameters. This means that our 
specific implementation depends on the 
differential equation that we want to solve. We 
can write the code for any ODE, but if we want to 
change the ODE later, we have to recompile the 
entire kernel and remap the new configuration 
onto the chip. 

Figure 1 shows the essence of implementation 
of the method. 

 
Figure 1 - Fourth-order Runge-Kutta implementation 

essence diagram 

4. DETAILS OF THE IMPLEMENTATION 

The implementation is divided into four files: 
CPU code file written in C (RungeKuttaCpu-
Code.c), manager file written in MaxJ (Runge-
KuttaManager.maxj), engine parameters file 
written in MaxJ (RungeKuttaEnginePara-
meters.maxj), and kernel file written in MaxJ 
(RungeKuttaKernel.maxj). The kernel has an 
input stream x, a scalar input a, and an output 
stream y. CPU code, manager and the engine 
parameters were all built around those 
connections with the kernel. 

The focus of this entire solution is the 
RungeKuttaKernel.maxj file, which contains MaxJ 
code that is to be executed on the DataFlow chip. 
The entire code is placed inside the 



 

RungeKuttaKernel class, which extends the 
general class – Kernel. The contents of our class 
are several constant variables, a few ODE 
functions, and the constructor which actually 
represents the DataFlow execution for the 
Runge-Kutta method. 

First we will take a look at the constants, used 
in the constructor for configuring our method. To 
fully explain them, we will make a little detour 
from the program code, and present the general 
formulas for the fourth-order Runge-Kutta method 
[8]: 

 

 

 

 

 
 

The coefficients α2, α3, α4, β21, β31, β32, β41, 
β42, β43, a1, a2, a3, and a4 have some mutual 
dependence, i.e. their values have to be assigned 
with certain limitations in mind. Those limitations 
are [8]: 

 
 

 

 

 

 

 

 

 

 
 

 

Since the number of unknowns (coefficients) is 
greater than the number of equations, we have 
an infinite number of solutions. This means that 
there are infinite possible configurations of the 
fourth-order Runge-Kutta method.  

In our kernel code, these coefficients are set 
via constant variables. This allows the user to 
configure them according to their own needs; 
however, they must keep the abovementioned 
dependencies in mind. The variables are defined 
at the beginning of the kernel class – 
RungeKuttaKernel. 

Several functions are defined in the kernel 
code. These are used to represent actual ODE 
functions, with parameters x and y, that we are 
trying to solve using the fourth-order Runge-Kutta 
method. Since we are configuring the hardware of 
a DataFlow chip, whenever we wish to change 
the ODE function that we are trying to solve, the 
code must be recompiled and hardware 
reconfigured. This, of course, will give us a 
different DataFlow execution graph for every 
different ODE function. 

For example, let’s say we want to use the 
Runge-Kutta method to solve the function: 

 
 

The code of this function will look like this: 

private DFEVar ODEFunction( 
    DFEVar x, DFEVar y) { 
    return x + y; 
} 
 

This will configure a part of the chip to calculate 
the value of x + y, which will be indicated in our 
execution graph. 

Now we will take a look at the constructor of 
the RungeKuttaKernel class itself. Two counters 
are needed to ensure the correct timing of the 
variables from the input and output streams. One 
of these – jCount – is used to indicate when a 
new stream value should be inputted or 
outputted. The other one – iCount – shows 
whether we are in the first iteration or not, which 
is important because we have to know the 
solution in the first x point in order to advance the 
method. 

After declaring the timers and the other 
variables used in the code, the main part of 
execution takes place. The values are read from 
the input stream, four coefficients are calculated, 
the result value is calculated, and the appropriate 
value is output. The following segment shows 
this: 

x = io.input(“x”, type, …); 
a = io.scalarInput(“a”, type); 
xPrev = stream.offset(x, -1); 
h = x – xPrev;  

 
k1 = h*ODEFunction(xPrev, yPrev); 
k2 = h*ODEFunction(…);  
… 
res = yPrev + a1*k1 + a2*k2 + …; 
 
y = iCount.eq(0) ? a : res; 
yPrev.connect(stream.offset( 
y, -delay)); 
io.output(“y”, y, type, …);  
 
Figure 2 shows the execution graph of this 

implementation. 

 



 

 
Figure 2 – Runge-Kutta execution graph 

5. CONCLUSION 

This solution successfully implements the 
fourth-order Runge-Kutta method. The main 
points for parallelization are the coefficient 
calculations, since they all use xPrev and yPrev 
values. It is not possible to calculate all of the 
coefficients completely in parallel, since the 
formula of each coefficient requires the value of 
the previous one. Still, a speedup is achieved 
using the DataFlow chip implementation over a 
sequential one that is run on a CPU. 

Further improvements to this implementation 
are possible in the form of adaptive step size 
control for the Runge-Kutta method [4]. This 
means that the x step size varies depending on 
the error estimation of the next solution of y. Even 
though the step in our implementation is not 
constant (it is calculated in each iteration), we can 
only affect it through the CPU code, by setting up 
the values of x before the DataFlow computation. 
For a complete solution of the adaptive step size 
control, the error estimation and step size 
variation have to be implemented in the kernel 
code, i.e. they need to be done on the DataFlow 
chip. 
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