
 

 

Abstract: Nowadays, as we are facing with the 
rapid science and technology development, 
according to that the most important is the speed 
that all work can be done. As the science 
practitioners we take part in such  situations where 
you need to process large amounts of data. For 
example, the various calculations in the complex 
mathematical and physical systems, processing 
large amounts of data for a variety of medical and 
astronomical research, etc. In these situations, it is 
necessary that the speed of processing of such 
data is as short as possible. This topic is about 
resolving these situations, and it displayed a way 
how we can, in the shortest possible time, to 
process a large amount of data, through the  
example of calculating polynomial and rational 
functions on Maxeler architecture.  

 

Index Terms: Maxeler, rational function, 
polynomial function, real number, complex number  

1. INTRODUCTION 

HIS topic will demonstrate the acceleration 
process of the applications, that are used as 
a calculating value of the polynomial and 

rational functions. These values have very large 
number of coefficients (order 1M, 1G, 1T ...) and 
as a part of the Maxeler’s architecture, we will do 
a comparison with the applications created in 
C++ programming language. In this project we 
also formed lexical analyzer and parser that 
enable easier data entry. This is accomplished by 
complying with all the rules that define lexer and 
parser to read out data from a file. The file is 
represented as the polynomial is entered using 
the keyboard. 

1.1. The Term “Complex Number” 

The algebraic form of a complex number is 

represented as an expression: biaz  , where  

 

 

  
a and b are real numbers and i is the imaginary 

unit that has the value of 1- . The real part of a 

complex number is represented as az )Re(  

and the imaginary part as bz )Im( . 

Trigonometric form of a complex number is 

))sin((cos   irz , 0r , R , where: 

)(zabsr   is modulo, and )(zArg  is 

argument. Exponential form of a complex number 

is represented as an expression: 
ierz  , 

0r , R , where: )(zabsr   is modulo, 

and )(zArg  is argument. Conjugate 

complex number of the number z is ibaz  . 
Complex numbers are not used for any specific 
quantity, but have been introduced in order to 
solve problems such as the passage of electricity 
through a conductor, in order to solve the 

equation 012 x  etc. The absolute value of a 

complex number is z  and represents the 

distance of point  ba,  from the center of the 

coordinate system  0,0 , where z is 

22 baz  . 

1.2. The Term “Polynomial” 

In mathematics, a polynomial is an expression 
consisted of one or more variables and 
constants, using the operations of addition, 
subtraction, multiplication, and positive degrees 

grading. For example, 9103  xx  is a 

polynomial. 

1.2.1. Definition 

Function, 

�(�) = ���
� + �����

��� +⋯+ ��� + ��	,	� ∈
��, �� ∈ �, �� ≠ 0	 

is called polynomial of the degree � ∈ �. This 
form is obtained by "arranging" (adding, 
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subtracting ...) and is called canonical, � is a 
variable, ��, ����,..., �� are coefficients 
(constants), n is a positive integer or zero. If 
�� ≠ 0, then we say that  � is a polynomial of 
degree �, �� is the "oldest" coefficient. According 
to definition, it is assumed that the constant is 
polynomial of zero degree. Two of polynomials, 

�(�) = ���
� + �����

��� +⋯+ ��� + ��	     and    

  �(�) = ���
� + �����

��� + ⋯+ ��� + �� 

are equal if they have the same degree and have 
the same coefficients, and if � = �,  �� = ��, 
�� = ��,..., �� = ��. ��(�) polynomial we observe 

for  � ∈ �. Then the number 
0x C   is “zero” of 

the polynomial  nP x , if the   0 0nP x  .  The 

number 0x  - zero of the polynomial  nP x , can 

be rational, real or complex number and we call 
the zero rational, real or complex zero of these 
polynomials. Elementary properties of 
polynomials: 

1. The sum of two polynomials is a polynomial 

2. The product of two polynomials is a 
polynomial 

3. The Derivative of the polynomial is a 
polynomial 

4. The primitive polynomial function is also a 
polynomial. 

Polynomials can be used to approximate other 
functions such as sine, cosine, and exponential 
functions. Every polynomial of degree n can be 
decomposed into a product of n linear factors: 

1 2( ) ( - )( - )...( - )n n nP x a x x x x x x
, 1 2,  , ,  nx x x

where x1, x2,...., xn are zeros of the polynomial 
and can be real or complex numbers. If some of 
them are mutually equal, we are talking about 
multiple zeros. For complex zeros it applies that 

they come in pairs, ie. if 1x a bi 
 
is one of the 

zeros polynomial, then the conjugate  complex 

number 2x a bi   is also  zero of the polynomial. 

Examples of polynomials: 

- Constant function,  
 f x c

 

- Linear function,  
 f x ax b 

 

- Quadratic function,  
2( )f x ax bx c    

- Cubic function,  
3 2( )f x ax bx cx d     

 

 

1.3. The Term “Rational Functions” 

1.3.1. Definition 

Function, 

( )
( )

( )
n

m

P x
R x

Q x


 

, x R  , { | ( ) 0}mx R Q x   

where  nP x   and   mQ x  are polynomials of the 

degree n or m is called rational function. 

After forming of rational functions ("polynomial 
divided by polynomial") they became similar to 
rational numbers ("integer divided by integer"). 

These similarities define genuine ( 1

2
) and quasi-

rational functions ( 5

2
 ). 

Definition: A rational function 

 ( )
( )

( )
n

m

P x
R x

Q x
   

is genuine if n <m, otherwise it is quasi-rational 
function. 

Examples of genuine rational functions: 

3 2

5 3
( )

7 2

x
f x

x x x

 


  ,

2

3 2

2 7
( ) ...

6 3

x x
f x

x x x

  


   

So real rational functions are those rational 
functions where the degree of the polynomial in 
the numerator is strictly less than the degree of 
the polynomial in the denominator. As there is a 
possibility to extract an integer from quasi-
fraction, also we can extract an integer from 
rational functions, i.e. polynomial of degree (n-m). 

2. THE CURRENT SOLUTIONS  

There are numerous algorithms for calculating 
the value of the polynomial. Given algorithm is 
reduced to a loop that executes one iteration or 
add up interim resulting with the current 
coefficient and multiply the value of the variable. 
In the expression showed below, we can see the 
main principle of the calculation  and 
implementation on The Maxeler chip which they 
are based on. The problem solution of calculating 
the value of a rational function relies on an 
algorithm applied to the polynomial. Mainly, it 
calculates the value of the first and the second 
polynomial, and at the end it calculates their 
quotient. We assume that you know enough 
never to evaluate a polynomial this way: 

p=c[0]+c[1]*x+c[2]*x*x+c[3]*x*x*x+c[4]*x*x*x*x; 

or (even worse!), 

p=c[0]+c[1]*x+c[2]*pow(x,2.0)+c[3]*pow(x,3.0)+c[
4]*pow(x,4.0); 



 

p=c[0]+x*(c[1]+x*(c[2]+x*(c[3]+x*c[4]))); 

or 

p=(((c[4]*x+c[3])*x+c[2])*x+c[1])*x+c[0]; 

If the number of coefficients c[0..n] is large, one 
writes 

p=c[n]; 

for (j=n-1;j>=0;j--) p=p*x+c[j]; 

or 

p=c[j=n]; 

while (j>0) p=p*x+c[--j]; 

Calculating the value of rational functions: 

for (sumn=cof[mm],j=mm-1;j>=0;j--) 
sumn=sumn*x+cof[j]; 

for (sumd=0.0,j=mm+kk;j>=mm+1;j--) 
sumd=(sumd+cof[j])*x; 

result= sumn/sumd; 

3. EXPLANATION OF PRINCIPLES OF 
REALIZED FUNCTIONS IN MAXELER 

ARCHITECTURE 

The example of the polynomial: 

(2.3+4.45i)*x
4
+5*x

3
+6i*x

2
+9 

Steps of calculating: 

0) 0           (initial value) 

1) 0           +(2.3+4.45i) 

2) (2.3+4.45i)           *x 

3) (2.3+4.45i)*x          +5 

4) (2.3+4.45i)*x+5         *x 

5) (2.3+4.45i)*x2+5x       +6i 

6) (2.3+4.45i)*x
2
+5x+6i      *x 

7) (2.3+4.45i)*x
3
+5x

2
+6i*x      +0  

(there is no coefficient of the first degree) 

8) (2.3+4.45i)*x
3
+5x

2
+6i*x        *x 

9) (2.3+4.45i)*x4+5x3+6i*x2       +9 

10) (2.3+4.45i)*x4+5x3+6i*x2+9 

4. LEXICAL ANALYZER  

Lexical analyzer (lexer) implements lexical 
analysis phase in the process of translating 
languages. Within the code we identify lexical 
units that have some syntactic sense, 
transformed into symbols (tokens) and further 
forwarded to the syntax analyzer. 

5. SYNTAX ANALYZER 

Syntax analyzer or parser receives a set of 
tokens from the lexical analyzer and checks 
whether the string belongs to the language that 

describes the given grammar. The aim of syntax 
analyzer is to form syntax tree for the input string 
tokens. In order to generate syntax tree, it is 
necessary to determine the rules and in which 
order they are used when mapping is performed 
for starting symbols into the analyzed string. 
There are two basic principles that determine the 
order of the rules. For description of language 
non-context grammar is usually used. In every 
step of performing a non-terminal symbol is 
mapped in a word, so the order of applied rules 
may be: 

1. from left to right - when it replaces the first non-
terminal symbol on the left 

2. from right to left - when it replaces the first non-
terminal symbol on the right side. 

6. SOME PERFORMANCE INDICATORS 

With the personal computers, illustrated in the 
section 3 besides carrying out major operations 
(multiplication, division, addition, subtraction) 
time is also spent on decoder logic, memory 
access and the wrong prediction during jump. A 
set of data that needs to be proceeded is 
necessary first to be loaded into memory. In 
order to reach an element by element, the main 
request has to be sent to the memory. That lasts 
approximately Tack = 3 units of time. Just setting 
data from memory on the data bus, lasts 
approximately TMemo = 30 units of time. 
Significant acceleration is obtained when using 
cache. Its function is to load into "Itself" the next 
few elements, so that in the future, we don’t have 
to access the working memory for those 
elements (if it guesses them correctly). For a set 
of data with size of n =1.000.000.000 elements, 
the number of elements that cache memory 
reaches is nc = 100 readings, so it will retrieve 
data from the memory, but it will take time. 

T = (n/nc)*(Tack+Tmem)+(n-n/nc)*Tcache = 
330.000.000+9.900.000.000 = 10.230.000.000  

units of time. In Maxeler machines, obtaining one 
element of string takes 1 clock (tick) of the FPGA 
chip, which is approximately 5 ns at 200 MHz. 
Time needed for all n elements is  

T = 5 ns * n = 5s  

(Order of 5.000.000.000 units of time).In the 
programming process, if it is necessary to 
complete one set of instructions several times, it 
is not necessary to repeat this set as many times 
as we need. We need to use a loop if we want to 
obtain more iterations. Since we know which is 
the advantage of using loops, we can take into  
consideration the faults that occurs indirectly 
during the use of loops (on the lower level 
programming conditional jumps) and related 
instructions. Todays personal computers are 
using processors that have a depth of pipelines 



 

up to 32 degrees (maybe even more). Using 
pipelines ensures that instructions are executed 
one after another. Because we cannot know in 
advance whether the condition of the jump will be 
fulfilled or not, and the instructions after the jump 
conditions are in processors Pipeline. There are 
two cases at this point: 

1. The condition is fulfilled - it is necessary to 
jump to an already fixed address and proceed 
with the execution of the next instruction  

2. The condition is not fulfilled - it is necessary to 
empty the Pipeline to the part which contains 
invalid instruction and load (valid) instructions 
starting from the address of the jump. Second 
case causes consumption of time. There are 
various partial solutions to this problem. We will 
discuss this solution using the jump predictor. 
Jump predictor is a part of the processor that it is 
based on the past few fulfilled or not fulfilled jump 
conditions, it predicts whether a jump will occur 
or not, currently. I.e, whether the processor will 
load the address of the next address jump 
instruction or to load the address to which the 
jump instruction has jumped on. The solution 
itself has efficiency up to 95%. The time that is 
spent to empty pipelines due to wrong predictions 
is: 

T = n * (1 - p) * 2 * Nc * t = 3.000.000.000 

time units (filling and emptying pipelines with 
invalid instructions) Nc- degree of pipeline in 
which we learned that the condition is true or not 
(Order 15); t- length of one clock of processor 2 
units of time; p- efficiency of 95%.  Maxeler 
architecture does not have jump instructions and 
therefore, there is no need for the jump predictor. 
According to that, we do not wasting time in this 
case because todays processors carry out a 
limited set of instructions. Information that is read 
out from the memory represents an instruction as 
itself. The information that had been read out  
should be decoded in order to find out which 
instruction we are facing with and which registers 
are participating in. The time that is spent in the 
decoding process is: 

T = n * Nins * t = 15.000.000.000 

where t - is the time required for decoding one 
instruction (order of 1); Nins - the number of 
instructions that are executed on a single 
element of the array (order of 15). Maxeler 
machine does not have instruction decoder. 

 

The conclusion regarding the calculation 
performances: 

If we take into consideration that according to 
previously mentioned data obtained in theory, we 
can come to a conclusion that Maxeler 
architecture can be programmed for a certain 
kind of processing that, which means that we 

spent less time to the same processing as it is. 
adapted to spend as little time as it is given. 

The theoretical difference in execution time on 
the PC and Maxeler architecture for n elements: 

T = Tpc-Tmax = 
10.230.000.000+3.000.000.000+15.000.000.000-
5.000.000.000 = 23.230.000.000 

7. CONCLUSION 

In ahead of time it was established that PCs 
that are designed for widespread use cannot 
perform a calculation for the large amount of data 
in a short time interval. The problem is solved by 
using specialized hardware in order to perform 
the same data calculation. One of the 
technologies that represents the given hardware 
is Maxeler technology and it is reprogrammable. 
That means it can be programmed repeatedly 
paying the attention to the needs of a specific 
application. The main part of this project is 
calculation the polynomial value and rational 
functions on the basis of input parameters. The 
input parameters are consisted of two arrays and 
constants (value of the variable and expanded 
numbers represent the number of coefficients of 
the first and second polynomials). The first array 
shows the real coefficients of the first and second 
(if any - only rational functions) polynomial. The 
second array represents the imaginary 
coefficients, analog to the first array. 
The first input method resolves one of the sub-
programs: Maxeler provides the output results 
after each input parameter, but these 
intermediate results are not relevant to us. After 
the calculation of the input coefficient of all arrays 
is done, the result is obtained at the output of the 
Maxeler. As this is a complex issue, we can gain  
the result that has a real and imaginary part. The 
existing project can be upgraded by introducing: 

• Calculating zero of polynomials 

• Calculation of function approximation 

• Polynomials and rational functions can appear 
in many different variables 

From all this we can come to the following 
conclusion: We used Maxeler machine to 
calculate the value of polynomial and rational 
functions of real and complex numbers. However, 
the question is: When can I use a Maxeler 
machine for such purposes? Maxeler machine 
show the best results when the number of 
operations in one loop iteration is above the 
critical value. Then larger amounts of data means 
higher advantage for Maxeler, and therefore 
better performance. Otherwise, if the number of 
operations in one iteration of the loop is below 
some critical value, just increase the amount of 
data will not bring better performance. Since the 
polynomial and rational functions are composed 
of one variable and constants, using the 
operations of addition, subtraction, multiplication 



 

and positive degrees grading, it might be said 
that they meet the necessary conditions. The 
main conclusion is that this kind of use of 
Maxeler architecture is best applied when we are 
facing with problems during the calculation of the 
complex mathematical systems and large 
quantities of data processing. 

APPENDIX 

For the further details regarding the source 
code you can go to: https://drive.google.com/ 
open?id=0ByecImwbSuDWaURaZTNxd0JuLU0. 
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